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, @=��A 9�; ö�÷xø ù�0�1 .B 2�C ÷�D E ø0îíï0ñEûëü ý7ÿþù:-F. , @F� ò �G
IH�J ù R × Sn−2 K ûëü ý7ÿ �
Rk × Sn−k−1 K ûÝü ý"ÿ , � ñ'L
M�#3$ON�B�P=M0ù7÷:Q�-=. �
R�S P
M .T

I ⊂ R U ��V W:XÝï , f ∈ C1(I,R+), H
J ù R × Sn−2 K ûÝü ý"ÿ=Yèæ�Z=[ U
\=] ýÿ
S :=

{
(x, y) ∈ Rn : f(x) = |y|, x ∈ I ⊂ R, y ∈ Rn−1

}
.

@=��^ S UF_a` f
ù�b'cxé

Rn
îÓï�ñ�d � x e ûÝü�1=f0ùÓý"ÿ . @=� ù'gÓ÷:h�!=" U=i�jk 
 R × Sn−2 K ûÝü ý"ÿ0ù@ÿ ��l
m

|S| =
∣∣Sn−2

∣∣
∫

I

√
1 + f ′(x)2fn−2(x)dx,

� ñ ∣∣Sn−2
∣∣ =

2π
n−1
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Γ
(

n−1
2

) n�o n−2
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ù�· ` n�¸ m , ¹=º #�$
»'¼
½�¾ º ( )a+ i�j k���¿ ù�À�#3» � � |�À�#3»�Á�� m |�gð÷ |gFÂ
YÓæ K |­Ã�Äþý��%$£Å ú
Æ ý���Ç�Ç , È éÓæ�ç U ÷
QFÉ�÷ º Á�Ê���Ëíù 6 � (
·�?FÌ

çÓ÷:D
Rk × Sn−k−1 K ûèü ý�ÿíùOÿ ��� ý'�0ù � �=Í�Î�Ï } ).

¿ ��Ð ÿ ��l�m , @
��Ñ
Ò

 cÓ÷:D `�Ó
}
Ô�Õ
Ö�×�Ø (

·�?
[1–5]) Ù É ù�E�øÓîðïÓñ@ûèü ý�ÿ
Ú�Û , C R × Sn−2 K ûü ý"ÿ
Ü C
Ý�eßÞà}
á - â � - ã
ä�å�æç� úxø è
é�ê�ÿ�ë�ì
í�î â ÿ � ùa#�Á�ï . � s ,

¿
��� , @
��ð=ñ
ò�i�j k 
 Ç
ó�Ç�ô�õ
öíù�úÝø*è�÷ � úÝø*è�øíù�ê�ÿ � » U 1 : n−1, � ñ
n U îÓï7ø ` ; È
��ùIC ¿ @=��ú
û ù�ü�ý=0�1 :

Ç=ó�Ç�úëù
è'÷ � è�ø0ù'þ � » U 1 : 3. ÿ�
, @=�
	F�F
 úxøxûÝü ý"ÿxé C�Ý�e�6�� Z ùOÿ � }�� , � ñ��
���íù�0�	 U rÝÿ . @=��

ò é�EÓøðîëïðñ , � råù�
������ s ,

r�����r3é�ù n ÿ �F8 � ú
f��3» . @�� ù iFj n�� ,

È Q }��*A � � îëïEø `�U EÓø s�� U �3»���� ; �Fù Z ,
p�q�r�ÿèé��ë÷���� 6�� ù7ÿ �

}���� ø `� �! s�"�# � ñxï%$ < ù'&�( , ¹=º éÓø ` &�)�*�+ s ÿ � }�� ù-,�. _,` ù ä
å,U�/�0�1F_,` . ��2 ù U :

é��ð÷���� 63� Z , n+1
ø�p
q�rèÿíùOÿ � }�� � n

ø�p
q�r
þåù�þ � }���4 v � � ( 5�6 , 7�8�9 p0ù 5�: ,

Âèø
rèÿíùOÿ � }�� � ÷Ýø “
r
þ

”/
��õ�;

ù
“
þ �

”/
ö�. }���<
U�=���}�� ), � ø ` &�)�*�+ s �
� ù-,�. _,` ù ä å><�U�/�0�1F_

` . ÷=D�?�@
, @�� Z 5�H�J ù R × Sn−2 K û�üþý&ÿ , �Fù�U &�(*)�A�/0ù ( B�C�D���E�8

ð�FF2�U�G ÷�#�H ù )
÷
Q C EÓøðîëïðñ�ü�ýèû�üþý&ÿåùa-�. , ¹
º�@��Fð ùJI�KF/�÷�L ÈÛ ù7ç�M

. 5�6 ,
éÓçON�P 2�4 f s , @���t # ç�M [6, 7]

Ä���Q�Å È Û ù�ô�R
þ ,
P�M�S �

È Q ä�T û�üþý&ÿ�Uèé�V�h ] Ã�ÿ�Ê0ï ,
L�M 	 � 
>8 ú
Æþý��èû�üþý&ÿ ; W M�#%$ E�X3Y

W�C » ,
þ�Z @���iFj�6 �åùJ[���\^] . _�ù�` Z , a #%$'b�c k>d .�e�õ K ù�ú�øèûÓü ýÿ

.
» 6 ,

� 6 æÝç
L�
=Ï }=H�f ù'Ú�Û ,
#3$hgÝûÝü s H�i�j ù�ô _a`�k ÷:ì _a` -
.�/��ì _a` .

T
n ∈ Z≥2, k ∈ Z≥1, 1 ≤ k ≤ n− 1. l Ω ⊂ Rk U�m X-n , u : Ω ⊂ Rk → R+ U Â�op�q
#=ë0ù 7�r�_a` , @=�
H
J ù Rk × Sn−k−1 K ûÝü ý"ÿ=Yèæ�Z=[ U
\:] ý"ÿ

S :=
{
(x, y) ∈ Rn : u(x) = |y|, x ∈ Ω ⊂ Rk, y ∈ Rn−k

}
.

# $ F32 ýEÿ S U%_�` u
ù b=c é

Rn
î ïåñ

“
d � ” � ù k

ø*õ*ï : î ï Rk “
û0ü

”

n−k−1
ø�1
fíùðý�ÿ

. � Û�s�t�ZÝç HOu ù R × Sn−2 K ûèü ý�ÿ�0�1 @
��t�u k ù,x=y�z{3| ø `�}:~ 8 }=�=���,� -
� , @=�=i�j k 
 Rk × Sn−k−1 K ûÝü ý"ÿ0ù@ÿ ��l
m

|S| =
∣∣Sn−k−1

∣∣
∫

Ω

√
1 + |Du(x)|2un−k−1(x)dx.

� ÷�v�+ , E�X�	 � ��¿ ÿ � e _ ùJw } ��� , @���x / 
 8 ü�ý ä�T ý&ÿ 6�y�C ¿ ùJz�ë
}=6�y , {a@=�
H
J^|�ä�T%}�~��h����y

div

(
un−k−1

√
1 + |Du|2

Du

)
− (n− k − 1)

√
1 + |Du|2un−k−2 = 0.

���
, � k = n−1 � , ����}�~�������y�����������|>����������� . ���������'�������

|J�^����� , �������^| Rk × Sn−k−1 � }�~����3|J�^������������}�~�������� ; �� �¡¢
Rk × Sn−k−1 � }�~��£��|'¤�¥%¤�¦�§�¨ �3©hª�«�¬ ��­�®�¯ , ��������}�~��£�����3|

���>��°�±�|-}�~��£�3| «�¬ �'­�²�³�´ , {>����}�~��£� «�¬ �'­���´ . µ�¶�·-����}�~
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�h������¼�¥%½�¾�¿�À�ÁOÂ�Ã���| z�Ä�Å ��� . µ�Æ%¡ ¢ }�~��£��|'¤�¥%¤�¦�§�¨ ��Ç ��­
|-��È , Ç�É ��|'¡ ¢ ¥�Ê���Ë , Ì�¼�Í�Î�Ï�Ð^Ñ�|�Ò�Ó�Ô�Õ3ÖØ×�� Å�Ù Ç Å�Ú�Û^Ü%Ý�Þ È ;ß�à�á�â�ã Ç�ä�å [7] �J��±�|Jæ�ç���È�èOé�ê-ë . ����}�~ì�'������| Ù |Jí��^î�¥�ï^Öð�ñ ï ©£ª^ò ï�ó�ô�µ�õ�ö�÷�ø�|�ù'ú , ¼�¨ ä�û À�ü�ý�|Jþ�� ; Í�Î ã�ÿ ¥�õ�����|JÁ�Â����� · , 	�êhæ�çO|-�����h������

� , ��¼�Ì�����¥�õ�ç�¥O|�� ñ . �� �¡ ¢���� °�� Ù
°�±3|�¿ Ä�Å ��� , Á�Â�¥�õ�����|�� Ù , ¨ ä ��������� ��!-��±3|�"�ó «�¬ �'­�#�"�ó$�% �£­�ù£ú .&('�)�* ¨ ä,+ Rn

��-
n ×�.(/�021 ; 3�4 ��5 x ∈ Rn, |x|

��- 	ì|�6,72.98: � ( {�;OÀ Å�5 « �<#�|�=�� ); detA
�(-�Û�Ü

A ∈ Rn×n |�é<>(/ ; Ik
�(-

k ?�@�²Û�Ü
; A,6 ��5 ¥�B ¬(C�D > ��5 ;

��5�EOÛ�Ü F�G � |�H,6 T
��-^ã ~(I ; J �(K Ó

S ⊂ Rn |�L %,M�N ×���¼ s × ,
ñ

|S|
��- K Ó S | s ×<L %,M�N�O�P , ���Oó�Q�Ó�Í�Î

Ì��(R���SO� E�à �O� ; Bk
r =

{
x ∈ Rk : |x| < r

} �<-�T,U �,�(V , W � � r | k × = T ;

Sk = ∂Bk+1
1 =

{
x ∈ Rk+1 : |x| = r

} ��-
k ×���X T � , Y Rk+1 �
��X T Bk+1

1 |�� Z��h� ;[ ³�	�Î^|\S�� E ��� , ]�^�_�/%��¿�` +�a (
ã � Γ, B

��- .�b�� Å �J� ):

∣∣Bk
1

∣∣ = π
k
2

Γ
(
1 + k

2

) ,
∣∣∂Bk

1

∣∣ = k
∣∣Bk

1

∣∣ = 2π
k
2

Γ
(

k
2

) ,
∣∣Sk
∣∣ =

∣∣∂Bk+1
1

∣∣ = 2π
k+1

2

Γ
(

k+1
2

) ;

c�d Í�Î�e�Ï�f�ï�g
∣∣Bn−1

1

∣∣
∣∣Bn−2

1

∣∣ =
|Sn|
|Sn−1| = B

(
1

2
,
n

2

)
∼
√

2π

n
(n→ ∞)

��¨ ä �\h�À�¥�õ�i�j^|'± + .

¨ ä ð ä Å ��k�l�m : ¤�¦�m�#�¤�n�m . ¤�¦�m�o�ø�p R × Sn−2 � }�~��£� ,
Å ��q
r

��m . ��¤ 2.1 ��m , Í�Î s�t�43Ñ�¥�B u��ì�'������|%¥�r�v wOó�x ,
� ��y{z R × Sn−2

� }�~��h�^|
|�} , ��� + ¥%½�Ò%Ó�ÔJÕ3Ö ×�� Å%Ù Ç Å�Ú�ÛOÜ�Ý�Þ È Þ ~ 	^|'����_�/ ; ±
+ µ�r�_�/ , Í�Î���¤ 2.2 ��m , ����}�~��h�^|'������� Å�� + $ ×(���\��� Ä������ | á
é�ï ; ��¤ 2.3 ��m , Á�Â $ ×(�\��#,�
�^|\�����3ê ; ������¤ 2.4 ��m , Á�Â���X T ������ � ��G |J��� Å������ ª ã � [ ù'ú . ¤ n�m�o�ø�p Rk × Sn−k−1 � }�~���� ,

Å ��n�r
��m . ��¤ 3.1 ��m , Í�Î�y
z�¥�½�ö�����| Rk × Sn−k−1 � }�~��£��|{|�} ,

c�d�� + Ò�Ó
ÔJÕ3Ö ×�� Å%Ù Ç Å�Ú�ÛOÜ�Ý�Þ È Þ ~ 	^|-��� _�/ ; ��¤ 3.2 ��m , Í�Î�Á�Â>��±��������
|�� Å ù'ú , � a ����}�~�������� ,

c�d Á�Â(!�	�| ��� °�� Ù ; ������¤ 3.3 ��m , Í�Î� + Ò�ÓOÔ>Õ3Ö ×�� Å�Ù Ç Å�Ú�Û^Ü%Ý�Þ È�¡ ¢ }�~��£�3| «�¬ �'­�# $�% �'­ , ��·�!-�
�%}�~��h�^| «�¬ �£­���´ ; Ì�����Á�Â�!���±^|��£­���� .

2 R × Sn−2 ���������

2.1 ������ �¡ ¢�£�£�¤<¥�¦�§ , ¨ R × Sn−2 ©�ª�« ¢�£�¥�¦�§�¬�­<®�¥�£�¤
[ ³ .�8{0�1��J¥�Bì�������3|�ó�x , ��¿�|-� ¯ Å�°�±�² ³ [1–4, 8, 9] ´�¼�µ�¶�� M

� �>��� Å ¯�·�m , D ��� Å ¯�|>¥�¸ Å , ¹ |S| =

∫

S

1 dS ó�x , º��� �y
z�u����������
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��� Å ��÷�� Å�È ¡ ¢ ;
E�à ��ÉÊ¹\� à È ó�x ,

ã ¨�g�¼��� �u�� ��Ë /�¡ ¢ ��� G�Ì VÍ<Î ¥�ÏÊÐ � Î w �\5 ;�Ñ�Ò Î « é�S Î S�� Ä�� ,
� ��º�° ã è�é�� Å .

¦ § 2.1 ( u����£� Î ��� ) Ó Rn � Î k ×�Ô�Õ��£� S
Î u�������¼�¥�?�Ö × á ~ Î

�%Õ Ω ⊂ Rk → S ⊂ Rn, t 7→ x,
ñ �

|S| :=

∫

Ω

√
det(xti

· xtj
)dt =

∫

Ω

√
det [(Dtx)TDtx]dt

�3�h� S
Î

(k × ) ��� .

µ�Ø�ó�x�À�Ù�l Î
Ú�Û R Í , ê\J�Í�Î á © Ù�ÜO® + 	 È ��É�¡ ¢ $ ×�}�~��h� Î ��� .

n�×�0<1��-}�~���� Î |�}�¼�Ý�;�Þ�¯ Î ,
$ × Î °�±�ß�à�À<á�õ�â � , ä�å ��� ª Î c üM

, Í�Î�s�t�4^ÑJ¥%½�¿�ã Î ê£ë�ä�åæÐ ��ç���è a Î }�~��£� Î ó�x .

¦<§ 2.2 (R × Sn−2 � }�~ì�'� ) Ó Rn (n ≥ 2) � Î �{é c Ç � é l � Rn � Î ��¥
r « � ( ¦�×�ê(0(1 )

G
,
c�d

c � l
Î ��� . ë�° 3�4 Î V P ∈ c, ´�í��^î�¥ Î V Q ∈ l,� � P , Q ´���  P Ç l ì�� Î n− 1 ×�í « � αP

G
,
ñ � αP

G Ç Q
Î{î�ï � P Ç Q

î
ï ��² Î V Î K Ó , ¼ © Q � U , © |P −Q| ��W � Î n− 2 × T � Sn−2

|P−Q|(Q). Í�Î���;�À
Sn−2
|P−Q|(Q)

Î c K

S =
⋃

Q∈l

Sn−2
|P−Q|(Q)

� Rn � Î ¥�r R × Sn−2 � }�~��h� ,
c ����é l ��	 Î }�~�� , ���ðé c ��	 Î }�~���é .

ü�ñ�¥�B�ï , ]���Í�Î<ò���� Rn 0 1���}�~���¼ x1 � (
E � x � ), }�~���é�¼ x1 �

G
�J��ó\ô Î }�~��h� . Í�Î Î ¤�¥�r ��� ¼�]�� Î R × Sn−2 � }�~��h������ó�ô .

¦�õ 2.3 Ó I ⊂ R ¼�À�Z(ö�÷�1 , f ∈ C1(I,R+),
ñ

Rn 0 1����J� f
Î ó\ô�ø�ù x �

}�~ ú�Ò Î ( Y © x ����}�~�� , © ÷�1 I
G ��� f

Î ó{ô���}�~�� é Î ) R × Sn−2 � }�~
�h�

S :=
{
(x, y) ∈ Rn : f(x) = |y|, x ∈ I ⊂ R, y ∈ Rn−1

}

Î �����
|S| =

∣∣Sn−2
∣∣
∫

I

√
1 + f ′(x)2fn−2(x)dx,

ã � ∣∣Sn−2
∣∣ =

2π
n−1

2

Γ
(

n−1
2

) ��- n− 2 ×���X T � Î ��� .

û $ ×�}�~�S Î S���¼���� Î . ß ü G , Í�Î á © Û + T � ��� ¹ Ä�� È�� a °�± Î S
��_�/ V =

∣∣Bn−1
1

∣∣ ∫
I
fn−1(x)dx.
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ý Í�Î�þ�ÿ�u����£� Î ����ó�x 2.1 ��É�4�Ñ>ó�ô 2.3
Î ��· . ��� a R × Sn−2 � }

~��h� Î���� ��� ð ¼ I × Sn−2, Í�Î á © �� �Ò%Ó�ÔJÕ È � a 	 Î u�� ��Ë /

I ×Q→ I × Sn−2 → S ⊂ Rn,

(
x

θ

)
7→
(
x

v

)
7→
(
x

y

)
,

ã �

x ∈ I ⊂ R,

Q := (0, 2π) × (0, π) × · · · × (0, π) ⊂ Rn−2,

θ =




θ1

θ2
...

θn−2




∈ Q ⊂ Rn−2, v = v(θ) =




sin θn−2 sin θn−3 · · · sin θ1
sin θn−2 sin θn−3 · · · cos θ1

...

sin θn−2 cos θn−3

cos θn−2




∈ Sn−2 ⊂ Rn−1,

y = f(x)v(θ) ∈ Rn−1.

þ�ÿ�ó�x , Í�Î
	�ø%¡ ¢���á ê ÛOÜ

J :=
∂(x, y)

∂(x, θ)
= D(x,θ)

(
x

f(x)v(θ)

)
=

(
1 0

fxv fDv

)
∈ Rn×(n−1),

ã � Dv = Dθv ∈ R(n−1)×(n−2),
ñ ��á ê�é�>�/

√
det(JTJ) =

√√√√det

((
1 fxv

T

0 f(Dv)T

)(
1 0

fxv fDv

))
=

√√√√det

(
1 + |v|2f2

x ffxv
TDv

ffx(Dv)T v f2(Dv)TDv

)

=

√√√√det

(
1 + |v|2f2

x 0

0 f2 (Dv)TDv

)
=
√

1 + f2
xf

n−2
√

det [(Dv)TDv]

=
√

1 + f2
xf

n−2 sinn−3 θn−2 sinn−4 θn−3 · · · sin θ2,

ã �OÍ�Î +9a ! |v|2 = 1 # (Dv)T v = 0, � à ¼�
^� v ∈ Sn−2 ⊂ Rn−1,

n−1∑

k=1

v2
k =

|v|2 = 1, k�� ����� ~ ,
Ú À 2

n−1∑

k=1

vk∂ivk = 0, (Dv)T v = 0; ��� ,
√

det [(Dv)TDv] =

sinn−3 θn−2 sinn−4 θn−3 · · · sin θ2
ð ¼�6�7 Î n− 2 × T ��A�6���� Î ��á ê-é�> / , u ã�]

� Î ��� 2.1.
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�� , R × Sn−2 � }�~��h� Î �����

|S| =

∫

I×Q

√
det(JTJ)d(θ, x)

=

∫

I

∫

Q

√
1 + f2

xf
n−2
√

det [(Dv)TDv]dθdx

=

∫

Q

√
det [(Dv)TDv]dθ

∫

I

√
1 + f2

xf
n−2dx

=

∫

Sn−2

dS

∫

I

√
1 + f2

xf
n−2dx

=
∣∣Sn−2

∣∣
∫

I

√
1 + f ′(x)2fn−2(x)dx.

û
2.1 ¡ ¢ √det((Dv)TDv). 
J� v = v(θ) =

(
sin θn−2 ṽ(θ̃)

cos θn−2

)
∈ Rn−1,

ã �

θ̃ =




θ1

θ2
...

θn−3




∈ Rn−3, ṽ(θ̃) =




sin θn−3 · · · sin θ1
sin θn−3 · · · cos θ1

...

sin θn−3 cos θn−4

cos θn−3




∈ Rn−2,

; ©

Dv =
∂(v1, · · · , vn−1)

∂(θ1, · · · , θn−2)
= D(θ̃,θn−2)

(
sin θn−2 ṽ(θ̃)

cos θn−2

)
=

(
sin θn−2Dṽ cos θn−2 ṽ

0 − sin θn−2

)

∈ R(n−1)×(n−2),

(Dv)TDv =

(
sin θn−2(Dṽ)

T 0

cos θn−2 ṽ
T − sin θn−2

)(
sin θn−2Dṽ cos θn−2 ṽ

0 − sin θn−2

)

=

(
sin2 θn−2(Dṽ)

TDṽ sin θn−2 cos θn−2(Dṽ)
T ṽ

sin θn−2 cos θn−2ṽ
TDṽ cos2 θn−2 ṽ

T ṽ + sin2 θn−2

)

=

(
sin2 θn−2(Dṽ)

TDṽ 0

0 1

)

=




sin2 θn−2 · · · sin2 θ3 sin2 θ2 · · · · · · 0 0

0 sin2 θn−2 · · · sin2 θ3 · · · 0 0
...

...
. . .

...
...

0 0 · · · sin2 θn−2 0

0 0 · · · 0 1




∈ R(n−2)×(n−2),
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�� √
det [(Dv)TDv] = sinn−3 θn−2 sinn−4 θn−3 · · · sin2 θ3 sin θ2,

© ª
∫

Q

√
det [(Dv)TDv]dθ

=

∫ 2π

0

∫ π

0

∫ π

0

· · ·
∫ π

0

sinn−3 θn−2 · · · sin2 θ3 sin θ2dθn−2 · · · dθ3dθ2dθ1

= 2π

∫ π

0

sin θ2dθ2

∫ π

0

sin2 θ3dθ3 · · ·
∫ π

0

sinn−3 θn−2dθn−2

= 2π

n−3∏

i=1

B

(
i+ 1

2
,
1

2

)
= 2π

n−3∏

i=1

Γ
(

i+1
2

)
Γ
(

1
2

)

Γ
(

i+2
2

) =
2π

n−1

2

Γ(n−1
2

)
= |Sn−2| =

∫

Sn−2

dS,

ã �'Í�Î � + !�.�b��J� Î ó�x�#�~�� [��

B (p, q) =

∫ π

0

sin2p−1 θ cos2q−1 θdθ, B (p, q) =
Γ(p)Γ(q)

Γ(p+ q)
.

2.2 R × Sn−2 ©�ª�« ¢�£�¥�£�¤������������ ��!�"$# £�%�&�'�(<¥�)�*�+
� G ¥���m , Í�Î�,.-�ó�x�¡ ¢ ! R × Sn−2 � }�~��£� Î ��� , Y���É�¡ ¢ u����£� Î��á ê�é�>�/ ,

� ��� Å ; µ�½���È Î ¨�g ã ü�¼�w 0 1{S�� Ä�� È . /10�n�×�0 1���}�~��
����� Î ¡ ¢ , ��¥�B Î ��¯ Å�°�±�²�³ ( u�ã [1–4]) � , µ�õ32ðÜ�´�¼�Ñ
f���¥ � �J��ó��Å Î ± + ·�m . ��4�Æ , 5�Î�6�}�~��h� Î }�~�� Å�� Ò�ë�7�8 ,

Ì ¥�8 G + ¥�r��<��� Î �
��9 ��: ���h� Î ��±.;�8 ,

c�d ü�<��3·�þ�=�� : J � µ�r ��� Î ��>'í�� , 4�	�?�¼�@�A
~��h� Î ��� . Í�Î�ü�B�ø�ù , µ�Ø�C�¥�B È p ð vED ? Y-µ�½���È�°�³���± Î $ × � ú , F
J�Í�Î�;�G Î R × Sn−2 � A�~��£� , Ì�Ò�HED ? I�J�¼�K�ó Î , Í�Î�µ�¥���m�?�o�ø È ���
µ�r3ù£ú .

J G ó , L�M�÷�1 I := [a, b]
Î 3���¥�r Å�� a = x0 < x1 < x2 < · · · < xm = b. ° Ì ¥

r i = 0, 1, 2, . . . ,m, � ∆xi := xi − xi−1, � Pi := (xi, f(xi)) ��N
Å V Í �>� f

Î ó
ô G °
± Î V ,

c + li
��- ��é�8 Pi−1Pi

Î�O P
, + si

��- ��ù��>��ó
ô Î �\é�8 P̃i−1Pi

Î�O P
.

���
, ÷�1 [a, b] R,1���� f

Î ó{ô��
é Î P�O P s =

m∑

i=1

si. 5�Î���¿ + li
È���:

si,
c +

	�Î Î À�>�# Î �E> lim
max{∆xi:1≤i≤m}→0

∑m

i=1 li
È ¡ ¢�E�à ó�x��\é P�O P s ( J � µ�Ø á é
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?�� ã � á � O �
é ).
â ��é�8 Pi−1Pi ø x � “ A�~ ”, � a Î ����¼�¥�r “

$ ×���� ” (
á

© u�L�Í�Î�ó�x 2.2 4^Ñ Î $ ×�A�~��h� Î ó�x )
Î ��� , � ã � Ti. �

G ^��ðé�Q O,Î � ú
â : , Í�Î�ÀR�S

2.4 ��> lim
max{∆xi:1≤i≤m}→0

∑m

i=1 |Ti| í�� ,
c�d ²�³�A�~��h� S

Î ��� .

�3·�@ T�ú , 	�ø�]���µ�r,y-ô .U õ 2.5 Ó n ×(��� T
Î G ]WV W ��Å�X � α # β, ��é O � l,

ñ
T
Î �����

|T | =
|Sn−2|
n− 1

· l (β
n−1 − αn−1)

β − α
.

ý ®J¯ $ h :=
√
l2 − (β − α)2, 
J� $ ×(���\��� á ©ZY Ò © ��é�8

f(x) =
β − α

h
x+ α (x ∈ [0, h])

��A�~���é , © x ����A�~�� Î A�~��h� , þ�ÿ�A�~��h������_�/ , Y>ó�ô 2.3, ¯������

|T | =
∣∣Sn−2

∣∣
∫ h

0

√
1 + f ′(x)2 fn−2(x)dx

=
∣∣Sn−2

∣∣
√

1 +
(β − α)2

h2

∫ h

0

(
β − α

h
x+ α

)n−2

dx

=
∣∣Sn−2

∣∣ l
h

h

(n− 1)(β − α)

(
β − α

h
x− α

)n−1
∣∣∣∣∣

x=h

x=0

=
|Sn−2|
n− 1

· l (β
n−1 − αn−1)

β − α
.

]����3·1T�ú 2.4.ý É<ù�¨�m�=
[<¸ Å Î ÓOó Ç �E\.]�×�è�é�� � . °�³�3<4 Î i = 1, 2, · · · ,m, ¹
f, fn−1 ∈ C1(I), ° f ����÷�1 (xi−1, xi)

G ± + b�^�_a`'����ó�ô á ¯ , í�� ηi ∈ (xi−1, xi)� � f(xi)−f(xi−1)

∆xi
= f ′(ηi),

©£ª ° f # fn−1 �O�(÷�1 (xi−1, xi)
G ± +�b�c �-��ó�ô á ¯ ,

í�� ξi ∈ (xi−1, xi)
� �

fn−1(xi) − fn−1(xi−1)

f(xi) − f(xi−1)
=

(n− 1)fn−2(ξi)f
′(ξi)

f ′(ξi)
= (n− 1)fn−2(ξi).

f���Í�Î â ¤ i r $ ×(��� Î G ]WV W � αi = f(xi−1) # βi = f(xi),
© ª ��é O

li =
√

(∆xi)2 + (f(xi) − f(xi−1))2,
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µ�õ���ÿ�d�z�y-ô 2.5,
c�d�� + G ^�����ó�ô � � ,

á ¯%¤ i r $ ×(��� Î �����

|Ti| =
|Sn−2|
n− 1

·
√

(∆xi)2 + (f(xi) − f(xi−1))2 ·
fn−1(xi) − fn−1(xi−1)

f(xi) − f(xi−1)

=
∣∣Sn−2

∣∣
√

1 +

(
f(xi) − f(xi−1)

∆xi

)2

∆xif
n−2(ξi)

=
∣∣Sn−2

∣∣√1 + f ′(ηi)2f
n−2(ξi)∆xi

=
∣∣Sn−2

∣∣√1 + f ′(ηi)2f
n−2(ηi)∆xi

+
∣∣Sn−2

∣∣√1 + f ′(ηi)2
(
fn−2(ξi) − fn−2(ηi)

)
∆xi.

¹ fn−2(x)
Î ¥
e(Ö,×�ï�¯ , °�³�3,4 Î ε > 0, í�� δ > 0,

� ��� |x − y| ≤ δ � ,

|fn−2(x)− fn−2(y)| ≤ ε. fE
J� ξi, ηi ∈ (xi−1, xi), ; © � max {∆xi : 1 ≤ i ≤ m} ≤ δ � , Í
Î�À |ξi − ηi| ≤ |xi−1 − xi| = ∆xi ≤ δ, © ª

m∑

i=1

√
1 + f ′(ηi)2

(
fn−2(ξi) − fn−2(ηi)

)
∆xi ≤ εmax

x∈I

√
1 + f ′(x)2

m∑

i=1

∆xi

= εmax
x∈I

√
1 + f ′(x)2(b− a)

→ 0 (max {∆xi : 1 ≤ i ≤ m} → 0) .


��

lim
max{∆xi:1≤i≤m}→0

m∑

i=1

|Ti| =
∣∣Sn−2

∣∣
∫ b

a

√
1 + f ′(x)2fn−2(x)dx = |S|.

û èO¥���þ , °�³�0<1��
é E�à ��� , ¼.g�í��O¥�½�� Ú ¡ ¢ Ç�h � Î ö���� � Î ç
¥ Î ����ó�x , ä�å��%��i�j : �
é “

Å��
- ��# - k���> ” l�é � ��Ä�� È , u�������w «

��m�¸ ��: ��� Ä�� È , (
$ × ) A�~��£��°���� Å�� (

$ × ) ���
����� ����Ä�� È , ©hª�D
� 0�1O�£� Î L %<M�N�O�P � ����ó�x Î T S3Ö ��S E�à�n â�6�7.o�p�S “ q�r - ��# - k
v�Z ” È�²���È , ¼�¥�r�¾�¿%À.��s Î ù£ú , µ ã ü�Ì�¼�¨ ä ��t�Á�Â Ç�t�D Î ¥�¸ Å�u�v .

2.3 R × Sn−2 ©�ª�« ¢�£�£�¤�w�x ¥���y�z�� : � �E!�{�|�!�}<¥$# £�¤�~
Ý�;�Þ�¯ , ²�V�² $ Î �
� #���� Î S���ê-¼ 1 : 3,

ã ü�	�Î Î ������Ì�À�¥�ó Î ê�F[��
. � G ¥�m3� , Í�Î Û + $ ×�A�~��£��_�/�¡ ¢ ! $ ×,��� Î ����� ; °�³�¥�B�×�� , Ì

À��{� Ç ��� Î |�} ,
$ ×��{� Î � é�¼ Ç A�~����
� Î ��é�8 ,

$ ×���� Î � é�¼ Ç A�~
� « é Î ��é�8 , 	�Î�´�¼���� Î $ ×(��� ; ®J¯�²�V�² $ ��	�Î Î S��3ê'¼ 1 : n; þ�ÿ�y-ô
2.5, Í�Î�Ì á © ¡ ¢ 	�Î Î ����� , ����	�Î������ Î ê1F [�� .���

2.6 � Rn � , ²�V�²���é O,Î $ ×(�\� S �ð# $ ×(�
� S � Î �����3ê��
|S � |
|S � | =

1

n− 1
.

ý Ó $ ×(�
��# $ ×(�\� Î ��é O ´�¼ l, ]WV���W � ´�¼ β. ¹£³ $ ×(�\� Î G V W��á ©ðC � 0,
ç $ ×���� Î G ]�V<W � ��� , ´�¼ β, 
W� , þ�ÿ2y>ô 2.5,

á � $ ×��{� #
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$ ×(�
� Î ����� Å�X �

|S � | = lim
α→0

|Sn−2|
n− 1

· l (β
n−1 − αn−1)

β − α
=

|Sn−2|
n− 1

· lβn−2,

|S � | = lim
α→β

|Sn−2|
n− 1

· l (β
n−1 − αn−1)

β − α
=
∣∣Sn−2

∣∣ lβn−2.


�� , 	�Î Î �����3ê��
|S � |
|S � | =

1

n− 1
.

�.�
2.7 � Rn � , ²�V�² $ ( V���W � � β,

$ � h)
Î $ ×��{� S �
# $ ×���� S �Î ����� Î ê��

|S � |
|S � | =

1

n− 1

√
h2 + β2

h
.

ý ®J¯ $ ×(�\� Î ��é O l =
√
h2 + β2,

ç $ ×(�
� Î ��é Ç $ ��� , ´�¼ h, þ�ÿ�y
ô 2.5

c u�L G ¥�r Þ � , 	�Î Î ����� Å�X �

|S � | =
|Sn−2|
n− 1

·
√
h2 + β2 · βn−2, |S � | =

∣∣Sn−2
∣∣ hβn−2,

�����3ê��
|S � |
|S � | =

√
h2 + β2

h(n− 1)
.

2.4 R × Sn−2 ©�ª�« ¢�£�£�¤�w�x ¥�����y�z�� : � ����£ �������
�$� ¥�£�¤.���
� n�×�0<1�� ,

T.� Î � ����¼ S = 2πrh,
ã � r ¼ T Î W � , h ¼ T.� Î $ ,

á ã , �T Î W �3� ó�� ,
T���E�T � Î � ��� Ç ã $ Ò ð ê . ������¶ , ²,1 î�Î k�r « é « � , J� ´ Ç n r T ���
� , ü���	 Í ³
��Ø Î X�I , 	�Î���1�;��
@ T � ¸ Å (

T.�
,
E�T � )

Î
����¥�Ø�l . ��¥�B n ×�.,8
0 1�� , � T Î W �a� ó�� , “

T��
”
Î � ��� Ç “

$
” ������µ

Ø Î [�� D ? ß�ü G , Í�Î â Y�a ò�À�n�×O��¼ ð ê [�� ,
ã�ÿ ×��<]���X T � G Î ��� Å� ��×�����<O� ��f � ��1�� K Î��
  ,

c�d ��×�� � ³�¡.¢������ Å�� Î�£ P �>� Î �E>
¼�¤�b�¥��J� .

Rn � Î ��X T�¦ � n � � �.§���G Î ¦ � Å�� ��� , ¼�Í�Î���° $ × T�¦ D�« é.¨ Å© Ï�f Î o�p�f.ª . ß�ü G , ¹�ó�ô 2.3 ¯�3
� $ ×�A�«­¬ ¦ Î ¦�®�¯ A�«�� §a°�±E²$³�´Eµ¶
( ·$¸�¹ º�»�¼ ½�¾�¿EÀ�Á t

±�Â�Ã�Ä «­¬ZÅ ² Å ®ÇÆÉÈ Å ® |S|
²�Ê1Ë

) Ì

Gn(t) =
|Sn−2|

∫ t

−∞

√
1 + f ′(x)2fn−2(x)dx

|S| =

∫ t

−∞

√
1 + f ′(x)2fn−2(x)dx

∫∞

−∞

√
1 + f ′(x)2fn−2(x)dx

, t ∈ (−∞,∞).

Í ³�´�µ$¶�Î�Ï�ÐEµ$¶�²�Ñ�Ò
gn(t) = G′

n(t) Ó

gn(t) =
|Sn−2|
|S|

√
1 + f ′(t)2fn−2(t) =

√
1 + f ′(t)2fn−2(t)

∫∞

−∞

√
1 + f ′(x)2fn−2(x)dx

, t ∈ (−∞,∞). (2.1)
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ÍZØ�Ù�Ú ¿­Û�Ü�Ý�Þ .ß�à
2.8 Rn á ² n− 1 â�ã�ä�å�Å Sn−1

² Å ®�¯�æ�ç�èa°�±�³�´�²�Ï�Ð�µ$¶ Ì

gn(x) =
1

B
(

1
2
, n−1

2

)
(
1 − x2

)n−3

2 , x ∈ [−1, 1],

é ¯.ê�ë�µ�¶Eì�ë Ü lim
n→∞

gn = δ0, ·Wí.î
ì�²

φ ∈ C∞
c [−1, 1], ¿ lim

n→∞

∫ 1

−1

gn(x)φ(x)dx =

φ(0); ï á B(·, ·) ð�ñ.ò�ó�ô�õ µ$¶ , δ0 ð�ñ�ö�÷
¯.ø�ù.²�ú ó�û µ$¶ .ü ý ã�ä�å­Û µ$¶ f(x) =

√
1 − x2

²�þ ÿ Ì Ä « ��� , Û x- ��Ì Ä «�� , ���
f ′(x) =

−x√
1 − x2

Î √
1 + f ′(x)2 =

1√
1 − x2

	�
�± Å ²���
 (2.1), Ó�ã�ä�å�Å�Å ®�³�´�²�Ï�ÐEµ$¶��

gn(x) =
|Sn−2|
|Sn−1|

√
1 + f ′(x)2fn−2(x) =

2π
n−1

2 /Γ
(

n−1
2

)

2π
n
2 /Γ

(
n
2

)
(
1 − x2

)− 1
2
+ n−2

2

=
Γ
(

n
2

)
√
πΓ
(

n−1
2

)
(
1 − x2

)n−3

2 =
1

B
(

1
2
, n−1

2

)
(
1 − x2

)n−3

2 .

Ü�Å���� lim
n→∞

gn = δ0.
Í�� ∫ 1

−1

gn(x)dx = 1, � Û���������í.î ìE² φ ∈ C∞
c [−1, 1],

¿
lim

n→∞

∫ 1

−1

gn(x)(φ(x) − φ(0))dx = 0.

� ë
µ$¶

η(x) :=

{
φ(x)−φ(0)

x
, x 6= 0,

φ′(0), x = 0.

��� ¿ η ∈ C∞([−1, 0) ∪ (0, 1]);
Ø��

,
Í

η′(0) = lim
x→0

η(x) − η(0)

x
= lim

x→0

φ(x) − φ(0) − η(0)x

x2

= lim
x→0

φ(x) − φ(0) − φ′(0)x

x2
= lim

x→0

φ′(x) − φ′(0)

2x
=
φ′′(0)

2
,

Î

lim
x→0

η′(x) = lim
x→0

(
φ(x) − φ(0)

x

)′

= lim
x→0

φ′(x)x− φ(x) + φ(0)

x2

= lim
x→0

φ′′(x)x+ φ′(x) − φ′(x)

2x
= lim

x→0

φ′′(x)

2
=
φ′′(0)

2
,
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*,+
η
¯

0 -�.�/ *�0 , � η ∈ C1[−1, 1]. 1 Ø�Ù�Ú ¿
∣∣∣∣
∫ 1

−1

gn(x)(φ(x) − φ(0))dx

∣∣∣∣

=

∣∣∣∣∣
1

B
(

1
2
, n−1

2

)
∫ 1

−1

(1 − x2)
n−3

2 (φ(x) − φ(0))dx

∣∣∣∣∣

=

∣∣∣∣∣
1

−(n− 1)B
(

1
2
, n−1

2

)
∫ 1

−1

(
(1 − x2)

n−1

2

)′
η(x)dx

∣∣∣∣∣

=

∣∣∣∣∣
1

(n− 1)B
(

1
2
, n−1

2

)
∫ 1

−1

(1 − x2)
n−1

2 η′(x)dx

∣∣∣∣∣

≤ 1

(n− 1)B
(

1
2
, n−1

2

)
∫ 1

−1

∣∣∣(1 − x2)
n−1

2

∣∣∣ |η′(x)| dx

≤ 1

(n− 1)B
(

1
2
, n−1

2

)
∫ 1

−1

|η′(x)| dx

∼ 1√
2π(n− 1)

∫ 1

−1

|η′(x)| dx→ 0 (n→ ∞),

ï á , 2�354�¾�6 
 Ù�Ú�7�8:9 ³�;�®.³���
 , 2�354�< Ù�Ú�7�8:9 .�/ µW¶ η′
¯ ¿5=?>,@A ±E² ¿�=,B , ÛDC lim

k→∞
B
(

1
2
, k
)/√

π
k

= 1 (k → ∞), E �,F�G�H���
�²JI ã,K�L .

Í ± Å�M�N ,
Ù�Ú�O5P ¼ Rn á ² n− 1 â�ã�ä�å�Å Sn−1

² Å ®�¯ î ì�æ�ç�è3°�±�³�´²$Ï�Ðaµ ¶
gn(x)

Î
t
³�´3²$Ï�Ðaµ ¶5Q�R

, S é ¸ þ�ÿ.±�T.ÎVU�W
³�´VX�Y5Q�R ,
Y[Z �

\
,
Ù�Ú�]_^ �5`,a�¯aµ ¶ 7 + í Ã3²�b â Ä�ced Å ¯ ï Ä�c � è­°$±a² Å ®.³�´_U ] � t³�´�f,g�U�W�³�´

. E�6�h ��i�j Â�Ã�²�è,k .l m,n Û µ$¶ f ∈ C1(I,R+)
²�þ ÿ Ì Ä�c ��� ² R × Sn−2 o Ä�cpd Å Sf . q Sf

²
Å ®�¯�Ä�c � èa°�±E²�³�´�r ¸ t

³�´
, � f s�t ®�³,u�³�è,k

√
1 + f ′(t)2fn−2(t)

∫
I

√
1 + f ′(x)2fn−2(x)dx

=
Γ
(

n+1
2

)
√
nπΓ

(
n
2

)
(

1 +
t2

n

)−n+1

2

.
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q Sf

² Å ®�¯�Ä�c � èa°�±E²�³�´�r ¸ U�W�³�´ , � f s�t ®�³,u�³�è,k
√

1 + f ′(t)2fn−2(t)
∫

I

√
1 + f ′(x)2fn−2(x)dx

=
1√
2π
e−

t2

2 .

Ù�Ú X�Y�vVw ¿.Ü Å ² O�P :l ò?x�y A á n â�ã�ä�å Bn
1

²{z�®�¯�æ�ç�èa°�±�³�´�²�Ï�Ð�µ$¶

hn(x) =
d

dx

(∣∣Bn−1
1

∣∣ ∫ x

−∞
fn−1(t)dt

|V |

)
=

∣∣Bn−1
1

∣∣
|V | fn−1(x) =

∣∣Bn−1
1

∣∣
|Bn

1 |
(√

1 − x2

)n−1

=
1

B
(

1
2
, n+1

2

)(1 − x2)
n−1

2 = gn+2(x), x ∈ [−1, 1],

ï á gn+2(x)
�
n+ 1 â�ã�ä�å�Å Sn+1

² Å ®�¯.æ�ç�è3°�±�³�´a²$Ï�Ðaµ ¶ .
X,|���}

,
¯

æ�ç�èa°�±
, n+ 1 â�ã�ä�å�Å ² Å ®�³�´�Î n â�ã�ä�å za²{z�®�³�´�~���Â�� ( E�� * Û��

4�¾5�5� I ã ²$Ë�� , ��â�å�Å ² Å ®.³�´.Î 4�â “ å z ”/
æ ��� ²

“
z.®

”/ � Ð
³�´5������$³�´
). 1 Ø , ��â ¶�� � º
»_�,� Ú ²$Ï�Ðaµ ¶3²�� À X�����ú ó.û µ ¶ , · ¯�ê
ëEµ¶.ì�ë Ü

lim
n→∞

gn = lim
n→∞

hn = δ0.� � ã�ä�å ²�z�®�Î ã�ä�å�Å ² Å ®����V��� â ¶�������� \ � ��� , ������� ² E�  ° á¡�¢ ÷�£ � À ��ú ó�û µ$¶�² Å�¤ /
z ¤ ³�´�G�¥ .

3 Rk × Sn−k−1 ¦�§e¨ª©�«

3.1 Rk × Sn−k−1 ¬�­�®V¯�°�±�²�³_´�µV¶,±�°�·
* Û ý_¸ ² ï5¹ Q o ²�b â Ä_cºd ÅV»�¿ Y:¼ ,

� �_½¿¾
, �_À Ù.Ú5ÁVÂ_Ã�Ä�Å Ü ²

Rk × Sn−k−1 o Ä�cpd Å , � � Ù�Ú�� ë 2.2
Ã?Ä ²

R × Sn−2 o Ä�cpd Å ² ½�  æ�Æ K ê .²_³ 3.1 (Rk × Sn−k−1 o Ä�ced Å )
ý

Rn (n ∈ Z≥2, k ∈ Z≥1, k ≤ n − 1) á ²Vd Å σÇ
k â � y A V È Rn

²�� 4�¾ k + 1 â � y A � , S é È�ï á σ È V
² ã,É . q�í�î Ã ²ù

P ∈ σ,
��a È_Ê,4 ² ù Q ∈ V ,

Î�Ë
P , Q

ù Ç d Å V Ì æE² n−k â � y A αP , ��È αP± Ç
Q
²�Í�Î?�

P
Ç
Q
Í�Î�Â 6 ² ù.² ÷�Ï ,

� Û Q Ì ¡ , Û |P −Q| Ì�Ð ça² n−k−1 â
å�Å Sn−k−1

|P−Q| (Q).
Ù�Ú,Ñ ��¿ Sn−k−1

|P−Q| (Q)
² S�÷

S =
⋃

Q∈V

Sn−k−1
|P−Q| (Q)

Ì Rn á ² 4�¾ Rk × Sn−k−1 o Ä�ced Å , S Ñ � y A V Ì�� ² �Vy A ,
Ñ d Å σ Ì�� ² �d Å .Ò_Ó

4�ÔVB , Ü�Å Ù�Ú ��Õ_LVy A Rn á �¿y A � ÍJÖ k ¾5×5Ø5� x1, x2, · · · , xk Ù�Ú²
k â � B � y A Rk,

� d Å � � ë È5Û�@�Ü Ω ⊂ Rk
±Eµ ¶

u : Ω ⊂ Rk → R+

².þ�ÿ3²
Rk × Sn−k−1 o Ä�c�d Å ; Ì I ã�Ý�Þ , Ü�À Ù�Ú � Ñ ï�Ì­Û µW¶ u Ì � µW¶a² Rk × Sn−k−1

o Ä�cpd Å .
��ß Ö Q,R

,
Ù�Ú�à�á + ¼�Ü Å ² Rk × Sn−2 o Ä�cpd Å�Å�¤ �,â .
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²�ã 3.2
ý
n ∈ Z≥2, k ∈ Z≥1, 1 ≤ k ≤ n− 1. q Ω ⊂ Rk

� Û¿@JÜ , u : Ω ⊂ Rk → R+� ��ä�.�/ * u�² ��¹ µ$¶ , �3Û µ$¶ u Ì � µ$¶�² Rk × Sn−k−1 o Ä�cpd Å
S :=

{
(x, y) ∈ Rn : u(x) = |y|, x ∈ Ω ⊂ Rk, y ∈ Rn−k

}

² Å�¤�Ì
|S| =

∣∣Sn−k−1
∣∣
∫

Ω

√
1 + |Du(x)|2un−k−1(x)dx,

ï á ∣∣Sn−k−1
∣∣ ð�ñ n−k−1 â�ã�ä�å�Å ² Å�¤ .l Y�v¿w�å�æ

, Û µW¶ u : Bk
1 ⊂ Rk → R+, u(x) =

√
1 − |x|2, · Rk+1 á ²$± Ð�ã�ä

å�Å Sk
+, Ì � µ$¶�² Rk × Sn−k−1 o Ä�cpd Å � Rn á ² ã�ä�å�Å Sn−1.

�èç5X * Û,é Sn−1

² Å�¤,È Bk
1

±�³�´�²�ê�ë
, ÛDC�ï,¹ Q,Ra² éèN .ü �p� ²�è�ì ,

� ��â
2.3 �p� á ²Jí�ì�î�;�³�Q�R .

à�á
,
Ù�Ú�ï Ë5ð ÏVñ�ò5ó + ¼d Å S

²�ô�¶ ð�õ 
 :

Ω ×Q→ Ω × Sn−k−1 → S ⊂ Rn,

(
x

θ

)
7→
(
x

v

)
7→
(
x

y

)
,

ï á

x ∈ Ω ⊂ Rk,

Q := (0, 2π) × (0, π) × · · · × (0, π) ⊂ Rn−k−1,

θ =




θ1

θ2
...

θn−k−1




∈ Q ⊂ Rn−k−1,

v = v(θ) =




sin θn−k−1 sin θn−k−2 · · · sin θ1
sin θn−k−1 sin θn−k−2 · · · cos θ1

...

sin θn−k−1 cos θn−k−2

cos θn−k−1




∈ Sn−k−1 ⊂ Rn−k,

y = u(x)v(θ) ∈ Rn−k.

� 3 , ö,÷ � ë ,
Ù�Ú ��ø�ù�ú�û * Ê�üVý

J :=
∂(x, y)

∂(x, θ)
= D(x,θ)

(
x

u(x)v(θ)

)
=

(
Ik 0

v(Du)T uDv

)
∈ Rn×(n−1),
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ï á Dv = Dθv ∈ R(n−k)×(n−k−1), Du = Dxu ∈ Rk, ��û * Ê <�þ 


√
det(JTJ) =

√√√√det

((
Ik DuvT

0 u(Dv)T

)(
Ik 0

v(Du)T uDv

))

=

√√√√det

(
Ik + |v|2Du(Du)T uDuvTDv

u(Dv)T v(Du)T u2(Dv)TDv

)

=

√√√√det

(
Ik +Du(Du)T 0

0 u2(Dv)TDv

)

=
√

1 + |Du|2 un−k−1
√

det [(Dv)TDv]

=
√

1 + |Du|2 un−k−1 sinn−k−2 θn−k−1 sinn−k−3 θn−k−2 · · · sin θ2,

ï á Ù�Ú�8 ¼ 9 |v|2 = 1
Î

(Dv)T v = 0, 3 g�� 1WÌ v ∈ Sn−k−1 ⊂ Rn−k,

n−k∑

i=1

v2
i = |v|2 = 1,

ÿ�� � � i 0 , ��¿ 2

n−k∑

i=1

vi∂jvi = 0, (Dv)T v = vTDv = 0; � � ,

√
det [(Dv)TDv] = sinn−k−2 θn−k−1 sinn−k−3 θn−k−2 · · · sin θ2U,� Ø�� ² n−k−1 â�å�Å�×�Ø���� ² û * Ê <�þ 
 ,

ô Þ ± Å ²	��
 2.1.

1 Ø , Rk × Sn−k−1 o Ä�cpd Å S
² Å�¤�Ì

|S| =

∫

Ω×Q

√
det(JTJ)d(θ, x)

=

∫

Ω

∫

Q

√
1 + |Du|2un−k−1

√
det [(Dv)TDv]dθdx

=

∫

Q

√
det [(Dv(θ))TDv(θ)]dθ

∫

Ω

√
1 + |Du(x)|2un−k−1(x)dx

=

∫

Sn−k−1

dS

∫

Ω

√
1 + |Du|2un−k−1dx

=
∣∣Sn−k−1

∣∣
∫

Ω

√
1 + |Du|2un−k−1dx.

3.2 Rk × Sn−k−1 ¬���
�­�®V¯�°�����
�­�®V¯,°����
Ù�Ú Ó������.Å ��� â_y A á Ê�4 ² ����� ²$Ä5c5����d Å , � � Í ò�ó � 1744 � åæ

, S Í�� F��� (J. B. Meusnier)
�

1776 ������ï ��� B [10]. ��� Ù�Ú ó�!#" Q�R­²�b
â�éèN . $�% ± , È ± � + ¼ 9 Rk × Sn−k−1 o Ä�cpd Å ² Å�¤ ��
 3 , & Ú Z ��'�� � ¸ ¼
!�" Â�Ã Å�¤�( µ�² � ³ éèN .ý

n ∈ Z≥2, k ∈ Z≥1, 1 ≤ k ≤ n− 1, Ω ⊂ Rk
� Û¿@JÜ , ϕ ∈ C0(∂Ω). í�î Ã ²

v ∈ S :=
{
v : Ω ⊂ Rk C2

→ R+ : v = ϕ
�
∂Ω
}
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m,n
I[v] :=

∫

Ω

√
1 + |Dv(x)|2vn−k−1(x)dx.

Ù�Ú * Û Y�vVw + ¼ �,â 3.3.²�ã 3.3 q a È u ∈ S s�t I[u] = inf
v∈S

I[v], �

div

(
un−k−1

√
1 + |Du|2

Du

)
− (n− k − 1)

√
1 + |Du|2un−k−2 = 0

�
Ω. E�ï�% ��Â�Ã � ³ éèN ² ò�ó – ó*),+.- è,k ,

Ù�Ú,Ñ ï�Ì ����Ä�cpd Å è,k .ü í � î Ã ² ψ ∈ C2
0(Ω) ÛDC�î Ã ² t ∈ R,

Ù�Ú ¿ u+ tψ ∈ S,
é
f(t) := I[u + tψ]

s�t f ∈ C1(R)
Î
I[u] = f(0) = inf

t∈R

f(t), � Í0/*1 ø â Ó f ′(0) = 0, ·

0 = f ′(0) =
d

dt

(∫

Ω

√
1 + |Du + tDψ|2(u+ tψ)n−k−1dx

)∣∣∣∣
t=0

=

∫

Ω

un−k−1

√
1 + |Du|2

Du ·Dψ + (n− k − 1)
√

1 + |Du|2un−k−2ψdx

= −
∫

Ω

div

(
un−k−1

√
1 + |Du|2

Du

)
ψdx+

∫

∂Ω

un−k−1

√
1 + |Du|2

ψDu ·NdS

+

∫

Ω

(n− k − 1)
√

1 + |Du|2un−k−2ψdx

=

∫

Ω

(
− div

(
un−k−1

√
1 + |Du|2

Du

)
+ (n− k − 1)

√
1 + |Du|2un−k−2

)
ψdx.

Í
ψ
² î ì B�· + �,� .Ù�Ú E ç + ¼ ²�����Ä5c d Å è�kV� 4�¾ Ê02Vð�33² � � B è5k . Ì 9 ��4 íV� ² âj

,
Ù�Ú�á�O�P � ² ç3° í Ñ�j .ß�à

3.4
ý
n ∈ Z≥2, k ∈ Z, 1 ≤ k ≤ n − 1, Ω = Bk

R ⊂ Rk
� Ð ç Ì R > 0

²
k â�Û

å . q a È φ : [0, R]
C2

→ R+,
7 +

u(x) = φ(|x|) s�t ± � ²�����Ä�c�d Å è�k , � φ(r) s�t
��ä,� u�³�è,k

φφrr

1 + φ2
r

+
(k − 1)φφr

r
= n− k − 1 (3.1)

f 6�h \
rφφrr + (1 + φ2

r) ((k − 1)φφr − (n− k − 1)r) = 0.

ü 

m := n−k−1. 1$Ì

Du(x) = φ′(|x|) x|x| , 1 + |Du|2 = 1 + φ2
r,
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�­Û

0 = div

(
um

√
1 + |Du|2

Du

)
−m

√
1 + |Du|2um−1

= div

(
φmφr

r
√

1 + φ2
r

x

)
−m

√
1 + φ2

rφ
m−1

= r

(
φmφr

r
√

1 + φ2
r

)

r

+
kφmφr

r
√

1 + φ2
r

−m
√

1 + φ2
rφ

m−1

= r

(
mφm−1φ2

r + φmφrr

r
√

1 + φ2
r

− φmφr (1 + φ2
r + rφrφrr)

r2(1 + φ2
r)

3/2

)
+

kφmφr

r
√

1 + φ2
r

−m
√

1 + φ2
rφ

m−1

=
φm−1

√
1 + φ2

r

(
φφrr

1 + φ2
r

+
(k − 1)φφr

r
−m

)

=
φm−1

r (1 + φ2
r)

3/2

(
rφφrr + (1 + φ2

r) ((k − 1)φφr − (n− k − 1)r)
)
,

ï á�5 � ¾�6 
 Ù�Ú�7�8�9 Ü�Å ² i�6 Ða²���
 :

div(f(|x|)x) =

k∑

i=1

∂xi
(f(|x|)xi) =

k∑

i=1

(
f ′(|x|) xi

|x|xi + f(|x|)
)

= |x|f ′(|x|)+kf(|x|) = rfr+kf,

ï á f : I ⊂ R
C1

→ R, r = |x|, x ∈ Rk. · + �,� .l � � 4� �ú ì�� á�7 Û 6 Ð ,
� 3 	�
�ç3° µ$¶�²08 ä 0 ¶ . ·

0 = div

(
um

√
1 + |Du|2

Du

)
−m

√
1 + |Du|2um−1

=
mum−1 |Du|2 + um∆u√

1 + |Du|2
− um(Du)TD2uDu
(
1 + |Du|2

)3/2
−m

√
1 + |Du|2um−1

=
um

√
1 + |Du|2

(
∆u− (Du)TD2uDu

1 + |Du|2
− m

u

)
(3.2)

=
φm

√
1 + φ2

r


φrr + (k − 1)

φr

r
−
φr

xT

|x|

(
φr

r
Ik +

(
φrr − φr

r

)
xxT

|x|2

)
φr

x
|x|

1 + φ2
r

− m

φ




=
φm

√
1 + φ2

r

(
φrr +

(k − 1)φr

r
− φ2

rφrr

1 + φ2
r

− m

φ

)

=
φm−1

√
1 + φ2

r

(
φφrr

1 + φ2
r

+
(k − 1)φφr

r
−m

)
,
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ï á�5:9 ¾�6 
 Ù�Ú�7�8�9

u(x) = φ(|x|), r = |x|, Du = φ′(|x|) x|x| , 1 + |Du|2 = 1 + φ2
r,

D2u = φ′′(|x|)xx
T

|x|2 + φ′(|x|) Ik|x| − φ′(|x|)xx
T

|x|3 =
φr

r
Ik +

(
φrr −

φr

r

)
xxT

|x|2 ,

∆u = φrr +
(k − 1)φr

r
.

l � n = 3, k = 1 � ,
è,k

(3.1) ; I Ì φφrr − φ2
r = 1,

vVw j +
φ(r) = C cosh

r

C
(C

Ì�� ¶ ), E U���<�=�² ���.Å ²�ê�> . ?_4�@ \ , í � î Ã ² n ≥ 2, � k = 1 � ( E�ï�% |�
R × Sn−2 o ����Ä�cpd Å ),

è,k
(3.1) ; I Ì φφrr = (n− 2)(1 + φ2

r), A è,k * Û�B�ä ij
, í � A Q�ê�> , À�C á � ¿�4*D�Ý,L ² ,

ô Þ [6].

3.3 Rk × Sn−k−1 ¬�­�®V¯�°�±FE*G_¯�H��*I�JV¯FH
Ù�Ú Ó*� , q µW¶ u : Ω ⊂ Rn → R

²�þ�ÿ
, È�s�t Ã5� � =*K�L ² ��¿ µ ¶�Q á , Å�¤

2 � , � u s�t ����d Å è,k

div

(
Du√

1 + |Du|2

)
= 0,

' E�M�6�h � u
²�þ�ÿ È Rn+1 á ² ��N d	O 6 ��� . E54,� Ù�Ú ó } � ����Ä�c�d Å X ¿Q,Ra² B*P .

à�á
,
Ù�Ú ó�ù�ú�4�Ô Rk × Sn−k−1 o Ä�cpd Å ² ��N d�O .²�ã 3.5

ý
n ∈ Z≥2, k ∈ Z, 1 ≤ k ≤ n− 1, � Û µ ¶ u : Ω ⊂ Rk C2

→ R+ Ì
� µ ¶3²

Rk × Sn−k−1 o Ä�cpd Å,È Rn á Ñ � ã�ä ìa°	Q�² ��N d�O

H =
1

(n− 1)
√

1 + |Du|2

[
(1 + |Du|2)∆u− (Du)TD2uDu

1 + |Du|2 − n− k − 1

u

]

=
1

(n− 1)un−k−1

[
div

(
un−k−1

√
1 + |Du|2

Du

)
− (n− k − 1)

√
1 + |Du|2un−k−2

]
.

ü R�8 � �,â
3.2
~�� 4 ça² ý���Ç 
�S ,

Ù�Ú ¿

J :=
∂(x, y)

∂(x, θ)
= D(x,θ)

(
x

u(x)v(θ)

)
=

(
Ik 0

v(Du)T uDv

)
∈ Rn×(n−1), JT =

(
Ik DuvT

0 u(Dv)T

)
,

� Ù�Ú * ÛDù�ú 5 4FT�� o Î � ²0U�³�V Ì
G = JTJ =

(
Ik +Du(Du)T 0

0 u2(Dv)TDv

)
∈ R(n−1)×(n−1),

G−1 =

(
Ik − Du(Du)T

1+|Du|2
0

0 1
u2 ((Dv)TDv)−1

)
,
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ï á ÙaÚ:7:8 9 vT v = 1. 1
Ì JT

(
−Du
v

)
= 0, � Û ÙaÚ

Ò,W á m�npì�°�Q
N :=

(
−Du(x)
v(θ)

)
í Ãa² 5 �*T�� o .

Í{�
D(x,θ)N =

(
−D2u 0

0 Dv

)
, 1 Ø , í Ã � N

² 5 �*T
� o

HN = −JTD(x,θ)N =

(
D2u 0

0 −u(Dv)TDv

)
,

ï á Ù�Ú�7�8�9 vTDv = 0. X ± *,+

G−1HN =

(
(1+|Du|2)Ik−Du(Du)T

1+|Du|2
D2u 0

0 − In−k−1

u

)
.

1 Ø , í Ã � ìa°	Q N =

(
−Du
v

)
² ��N d�O

HN =
tr (G−1HN)

n− 1
=

1

n− 1

[
(1 + |Du|2)∆u− (Du)TD2uDu

1 + |Du|2 − n− k − 1

u

]
.

Í ��

HN =

∂2(x, y)

∂(x, θ)2
N =

(
∂ij(x, y)

TN
) Ó ,

�Jì­°0Q
fN = f(x, θ)N(x, θ) í Ã3² 5

��T�� o Î ��N d�O�³*V Ì HfN = fHN

Î
HfN = fHN . 1 Ø ,

HN/|N | =
1

(n− 1)
√

1 + |Du|2

[
(1 + |Du|2)∆u− (Du)TD2uDu

1 + |Du|2 − n− k − 1

u

]
.

l
(1) í Ã � ìa°	Q

Ñ = (n− 1)un−k−1 N

|N | =
(n− 1)un−k−1

√
1 + |Du|2

(
−Du
v

)

² ��N d�O

HÑ =
un−k−1

√
1 + |Du|2

(
(1 + |Du|2)∆u− (Du)TD2uDu

1 + |Du|2 − n− k − 1

u

)

= div

(
un−k−1

√
1 + |Du|2

Du

)
− (n− k − 1)

√
1 + |Du|2 un−k−2,

E U,� Ù�Ú­Í � ³,ì ù�ú Ä ó ²J����Ä�cpd Å è�ka²0Y�Z ,
* Û ô�[ (3.2).

(2) í Ã � ã�ä ìa°	Q N/|N |
²�b�Fpd�O

KN/|N | = det
(
G−1HN0

)
=

(−1)n−k−1

un−k−1(1 + |Du|2)(n+1)/2
detD2u.

(3)
���

, � k = n − 1 � ,
Ù�Ú � + ¼ <�=a²�µ ¶­þ�ÿ�Q o ²]\ � ��N d^O�è�k ( _�`����d Å è,k )

Î�\ � b�Fpd�O�è,k
.
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����Ä�c�d Å è�k K ê 9	a�b ²����:d Å è�k , S é Ì�� ô�¶����:d Å â L�c�d 9^e ²f 4�Ô ² !g"�h�i ;
± ��j� �k�;�l:m è�k3² j ²Ja È¿Ê�4�B�£ U ��B Ç�n Bpé�N ��Y ¿�h

Á ² éèN , � Ú Î Ç ß í Ã�²^<�= é{N�¿�� Q,R�o5��X�Y
Ò �

;
Íè��½�¾ éèN , í Ø ��À

Ò Â
7 Û .� 3 ,

Ù�Ú Y�vVw + ¼�Ü���K�L .p�q
3.6

µ$¶
u : Ω ⊂ Rk → R+ s�t ����Ä�cpd Å è,k

div

(
un−k−1

√
1 + |Du|2

Du

)
− (n− k − 1)

√
1 + |Du|2 un−k−2 = 0,

� é Á ��Û u Ì � µ$¶�² Rk × Sn−k−1 o Ä�cpd Å,È Rn á ² ��N d�O�� Ì � .p�q
3.7 Û ç:r µ$¶ u(x) = φ(|x|) Ì � µ$¶�² Rk × Sn−k−1 o � b�Fpd�O (K ≡ κ0, íÃ ��s ��ã�ä ì:r^Q N/|N |, È Ø N =

(
−φ′(|x|)xT /|x|, vT (θ)

)T
)
Ä�c�d Å�s�t.Ü�� Û φ(r)

Ì�t�Ó µ$¶�² ��ä,� u�³�è,k

φk−1
r φrr − (−1)n−k−1κ0r

k−1φn−k−1(1 + φ2
r)

(n+1)/2 = 0. (3.3)

l Ù�Ú Ó*� , u 
 È � â.ò�xJy A ² � b,F�d	O�² ��â d Å , å�Å�£wv�Å�£w��Å�£yx�å
Å f Ñ�z�{ Å ,

����Ä�cpd Å .
Ç�Ø Q,R

,
s ��K�L*|�} 9 Û ç:r µ$¶ Ì � µ$¶a² � b,Fpd	O

Rk × Sn−k−1 o Ä�cpd Å ²{a È�B .

(1)
ý
R > 0

� 4�¾5� ¶ ,

Ò*~��
� : � κ0 = (−1)n−1/Rn−1 � , φ(r) =

√
R2 − r2 s�tè,k

(3.3) ( í Ã�ì.r	Q −N/|N |
²�b�Fpd�O ��Ì K−N/|N | ≡ 1/Rn−1).

(2) � b�Fpd�O κ0 = 0 � , φ(r) = ar + b s�t è,k (3.3), ï á a, b Ì�î ì � ¶ .

(3) � b�Fpd�O κ0 < 0 � , í � 4�Ô�� ¶ â ( · n−1 > 2
� � ¶ )

��`�X�a È Q,R x�å�Å
4 ça² j ,

� � è,k
(3.3)

²�b Ð � � B , � Ö�Ù�Ú
Ò �,Y*���

.ü Í I ã ² ù�ú *,+

Du(x) = φ′(|x|) x|x| , 1 + |Du|2 = 1 + φ2
r,

D2u = φ′′(|x|)xx
T

|x|2 + φ′(|x|) Ik|x| − φ′(|x|)xx
T

|x|3 =
φr

r
Ik +

(
φrr −

φr

r

)
xxT

|x|2 , detD2u =
φrrφ

k−1
r

rk−1
,

κ0 ≡ K =
(−1)n−k−1

un−k−1(1 + |Du|2)(n+1)/2
detD2u =

(−1)n−k−1φrrφ
k−1
r

rk−1φn−k−1(1 + φ2
r)

(n+1)/2
.
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HIGH-DIMENSIONAL SURFACE OF REVOLUTION

LI Ying, LI Zhi-su

(School of Mathematics & Center for Nonlinear Studies,

Northwest University, Xi’an 710127, China)

Abstract: In this paper, we consider a co-dimensional one high-dimensional surface of

revolution in Euclidean space. By developing a new kind of function composition, dimensional

decomposition and block matrix recursion argument, we study systematically a series of problems

related to the area and curvature of this new kind of surface. While the generating function is

multi-variable, the concept of this high-dimensional surface of revolution is proposed for the first

time. We give the area formula of the high-dimensional surface of revolution and some of its simple

applications. We find that, along with the direction of any diameter, the area distribution of the

unit sphere is exactly as the same as the volume distribution of the one-dimensional lower unit

sphere, and the limit of their density functions is the Dirac function when the dimension tends to

infinity. By studying the variational problem of the corresponding area functional, we obtain the

so-called minimal surface of revolution equation. We prove that the mean curvature of a surface

of revolution corresponding to the generating function satisfying the minimal surface of revolution

equation is equal to zero. The minimal surface of revolution equation is a generalization of the

traditional minimal surface equation, which provides a new and more general research framework

for the theory of the nonparametric minimal surface; by calculating the ordinary differential

equation corresponding to the radially symmetric solution, we study some of its simple special

solutions. We also briefly discuss the corresponding prescribed mean curvature and prescribed

Gaussian curvature problems.

Keywords: high-dimensional surface of revolution; minimal surface of revolution equation;

the area distribution of the unit sphere; mean curvature; minimal surface equations
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