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1 ¨ª©
«H¬'­¯®N°ª±n²¯³.´'µ ¶.²·³)¸ ¹ *�º¼»�½¯¾.¿'À ²·³¼±NÁ Â.Ã�Ä . Å=Æ , Ç.È.É�Ê�ËÌ)Í ±`Î�ÏÑÐnÒ·ÓÕÔ`Ö¼×Õ±NØ·Ù�Ú É¯Û ±`Ü¼Ý . ÞCß.à¼á¯â¯ã�Ç�È�Ë Ì)Í Î�Ï¯ä¯å¯æ ç ,è

: 1985 é , Jahn [1] êCë ±W×'ì í.î ; 1999 é , Craven [2] êCë ±nï�´'í.î.ð . ñ ò'óªô , Ëõ ÌNÍ ±WÎ'Ï¼¶'ö�Á ÂC± Ë ÌNÍ Î'Ï¼÷�´ , 1989 é Luc [3]
Ú

Ferro [4]
×'ø ù ë Ô «n¬ ­·®°ª± Ë õ ÌWÍ Ú'ú·û Ë õ ÌWÍ ±`í Ê . üJý.þ.É'ÿ���� ´ , Þ¯ß���� ù ë Ô �	� ± Ë õ Ì «¬'Î.Ï

, 
 Â���
 : Ë õ Ì�� ú·û Ë õ Ì������ Ë õ Ì���� ¬ Ë õ Ì ð . 2012 é , Lin [5] êCëÔ�� È����JË õ ÌWÍ ÷�� ± » å . ����êCë Ô õ Ì «H¬ ­ª± ß`È'Ë õ ÌWÍ ±WÎ'Ï , � ¶�� ý� ±! #"'×#$ ó�%.ñ õ Ì «J¬�&�' ô ±nÜ'Ý�(�) ¶�* ý�+-, ± , .�/ ²¼³ õ Ì «J¬.­¼®N°ª± #"'×	01$ � ñ õ Ì «J¬�&�'-2@Ä ô ±nÜ.Ý ¶�3�4#5�6.Â ± .

/�7 , 8 � µ�9�²·³)Ú�:�; Ë õ Ì &�'<2nÄ�= ñ<>@?	A�B , � ¶�C'¹�DE0�F Ý � ¬�'�GH�I «N¬�&J'K2WÄMLM'JN � ¬�&J'K2WÄ
.
Ó Å6Æ N�O ,

öJNJ4 Ý ±#P�QJ3MR Í�� ¬M'	S�T
¶

Gerstewitz
Ú

∆
S�T

. ∆
S�TJUMV�N � «�W·ì	S�T , 1979 éÑü Hiriart-Urnity [6]

ù ë ,

Zaffaroni [7] ê ë Ô ó�X�Y ±n×�Z�$'Ü.Ý ,
��
'Á.Â·±n×.ì Í�[��  �R Í.Í�[��]\�^'Í $�_�`

Í
. .!/ ,

C.¹�D-0ba'Ý
∆
S@T�� õ Ì «H¬�&�'-2JÄ�cMd � ¬�'

, e a'Ý Ðb5�T'­�&�'-2JÄ±!f�g
, ê ë õ Ì «J¬�&�'	2@Ä ±H²¼³ .

2 h<ikj-l
m

X
N�n·«J¬ + � , Y

N�o�p «J¬ + � , K ⊂ Y
N	qbr�3 + ± Ì Ë .
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+ � Y Ù ±ÛÚ�Ü ü K Ý í :
��Þ�ß·±

y, z ∈ Y

y <K z ⇔ z − y ∈ intK; y ≮K z ⇔ z − y /∈ intK,

y 5K z ⇔ z − y ∈ K; y �K z ⇔ z − y /∈ K,

y ≤K z ⇔ z − y ∈ K\{0}; y �K z ⇔ z − y /∈ K\{0}.

Rn à�á n â�ã ��ä�å + � . Rn
+

Ú
Rn

++

×�ø à�á Rn
±�3�æ�ç�ènÚ�é�ç�è

, ê
Rn

+ = {(x1, . . . , xn)T : xi ≥ 0, i = 1, . . . , n},

Rn
++ = intRn

+ = {(x1, . . . , xn)T : xi > 0, i = 1, . . . , n}.

m
x = (x1, · · · , xn)T , y = (y1, · · · , yn)T ∈ Rn,

í Ê «J¬ x, y
±�Ü » åìë

x < y ⇐⇒ y − x ∈ intRn
+;

x ≤ y ⇐⇒ y − x ∈ Rn
+ \ {0};

x 5 y ⇐⇒ y − x ∈ Rn
+;

x ≮ y ⇐⇒ y − x /∈ intRn
+;

x � y ⇐⇒ y − x /∈ Rn
+ \ {0}.

〈x, y〉
Ú

xT y â à�á Rn ô ±'«J¬ x = (x1, · · · , xn)T ã y = (y1, · · · , yn)T ∈ Rn
±�q�í

,

ê
〈x, y〉 = xT y =

n
∑

i=1

xiyi.

m 3 +#î�ï C ⊂ Rn , clC, coneC
×.ø à�á C

±�ðÛ�'Ú Ë � .
��ÞJñ¯±

x ∈ clC , C ñ x±Ûò Ë Ú�H Ë ×�ø í Ê N
T (C, x̄) = {d ∈ Rn : ∃{xi} ⊂ C, ti ↓ 0, s.t. lim

i→∞

xi−x
ti

= d},

N(C, x) = {d ∈ Rn : dT x ≤ 0,∀x ∈ T (C, x̄)}.

ó'ø�ô
,
û

C
¶ Ì îJõ ,

H Ë�ö '�N N(C, x) = {x∗ ∈ Rn : 〈x∗, x − x〉 ≤ 0, ∀x ∈ C}. /
7 , ��� [16] ô í Ê Ô è�÷ ± ε-

H Ë
Nε(C, x0) = {x∗

0 ∈ Rn : 〈x∗
0, x − x0〉 ≤ ε, ∀x ∈ C} .

ø�ù
2.1

[8]
m

ϕ : C → R . ú ��ÞMñ¼± x1, x2 ∈ Ω, λ ∈ [0, 1]
5

ϕ(λx1 + (1 − λ)x2) ≤ max{ϕ(x1), ϕ(x2)}.

û V
ϕ(x)
¶

C Ù ± õ Ì S!T .ø�ù
2.2

[9−12]
S!T

ϕ : C → R = R ∪ {±∞} ñ x ∈ dom ϕ
*¯±

Greenberg-Pierskalla
 

"'×'í Ê N
x∗ ∈ ∂∗ϕ(x) ⇐⇒ 〈x∗, x − x〉 < 0, ∀x ∈ S<

ϕ (x),ü�ý  #"'×�N
x∗ ∈ ∂~ϕ(x) ⇐⇒ 〈x∗, x − x〉 ≤ 0, ∀x ∈ S<

ϕ (x),
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Gutiérrez
 #"'×'í Ê N

x∗ ∈ ∂≤ϕ(x) ⇐⇒ 〈x∗, x − x〉 ≤ ϕ(x) − ϕ(x), ∀x ∈ S≤
ϕ (x),

Plastria
÷  #"'×�N

x∗ ∈ ∂<ϕ(x) ⇐⇒ 〈x∗, x − x〉 ≤ ϕ(x) − ϕ(x), ∀x ∈ S<
ϕ (x).

óªô , dom ϕ = {x ∈ Rn : ϕ(x) < +∞} , S<
ϕ (x) = {x ∈ C : ϕ(x) < ϕ(x)}, S≤

ϕ (x) = {x ∈ C :

ϕ(x) ≤ ϕ(x)} .

2000 é , Penot [13] ê ë Ô Greenberg-Pierskalla
 #"'×

, Gutiérrez
 #"'×

,
ü�ý  #"'×

,

Plastria
÷  #"'×	01$ ò��JÈ  #"'×.÷ì�'± » å .

∂≤ϕ(x̄) ⊂ ∂<ϕ(x̄) ⊂ ∂∗ϕ(x̄) ⊂ ∂~ϕ(x̄).

ø�ù
2.3

[14]
m

f : X → Y
N «J¬.­¼®W°

, ú ��ÞMñ¼± x1, x2 ∈ X, λ ∈ [0, 1]
5

f(λx1 + (1 − λ)x2) 5K f(x1) � ¸ f(λx1 + (1 − λ)x2) 5K f(x2).

V
f(x) ñ X Ù ¶�ú¯û K-

õ Ì ±
.���

2.1
[14]
m

f : X → Y
N «J¬.­¼®W°

,
û

f(x) ñ X Ù ¶�ú¯û K-
õ Ì ±)û	��
·û î

ï {x ∈ X : f(x) �K y}
¶ Ì î , ∀y ∈ Y.ø�ù

2.4
[14]
m

g : Y → R,
��ÞJñ¯±

y, z ∈ Y ,
è g

y 5K z ⇒ g(y) ≤ g(z),
û V

g
¶ \

^ ±
;
è g

y <K z ⇒ g(y) < g(z),
û V

g
¶���
 \�^ ±

.

2003 é , Zaffaroni ñ���� [7] ô ²¼³¼Ô è�÷ ´���3�R Í�� ¬�'JS@T .ø�ù
2.5

[7] � «ÛW ìJS@T ∆−K : Y → R
í Ê N ∆−K(y) = d−K(y) − dY \−K(y), y ∈ Y,

óCô dA(y) = inf
a∈A

‖y − a‖, y ∈ Y.���
2.2

[7]
m

y, z ∈ Y, K 6= Y ,
û�÷�� ±��������

.

(i) ∆−K(y) < 0 ⇔ y ∈ −intK; ∆−K(y) = 0 ⇔ y ∈ −bdK; ∆−K(y) > 0 ⇔ y /∈ −K;

(ii) ú y <K z ,
û

∆−K(y) < ∆−K(z) ;

(iii) ú K
¶'´#Q�ð î , ∆−K(·)

¶� �R Í S!T
;

(iv) ∆−K(·)
¶�é��� �S!T

.

3 �������! #"!$�%�&#'
,)(`ñ���� [14] ô a'Ý�3�R Í�� ¬�'�S@T ηe

� ú·û
K-
õ Ì «H¬'­¯®N°�cMd � ¬�'M*

î
,
Ò Ó.´�å�*�f�+

. ü@ý#� «�W'ìMS!T-,�¶'´ È 3�R Í�� ¬�'ìS@T , .�/ C�¹ ñ )�.0/�1�23�a.Ý � «�W'ìMS!T ∆−K

�'ú¯û
K-
õ Ì «J¬.­¼®W°�c�d � ¬�'�465

.ø �
3.1

m
x ∈ X, f : X → Y

NC«H¬'­¯®N°
, f(x) ñ X Ù ¶.ú·û K-

õ Ì ±�û7��
 û
(∆−K ◦ f)(x)

¶ õ Ì ±
.8 1�9 ú f(x) ñ X Ù ¶�ú¯û K-

õ Ì ±
,
û

(∆−K ◦ f)(x)
¶ õ Ì ±

.Â�9
(∆−K ◦f)(x)

¶ õ Ì
, :�; 9���ÞMñ¼± α ∈ R, x ∈ X, <�=�î Lα = {(∆−K ◦f)(x) ≤

α}
¶ Ì î .

��ÞMñ¼±
x1, x2 ∈ Lα, λ ∈ [0, 1],

m
(∆−K ◦f)(x1) ≤ α, (∆−K ◦f)(x2) ≤ α. ü f(x)¶.ú·û

K-
õ Ì ±Ní Ê , ��>-? m f(λx1 + (1 − λ)x2) 5K f(x1), @ 0 f(λx1 + (1 − λ)x2) −

f(x1) ∈ −K ,
û

∆−K [f(λx1 + (1 − λ)x2) − f(x1)] ≤ 0.
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A :�; Â�9CB
∆−K [f(λx1 + (1 − λ)x2)] − ∆−K [f(x1)] ≤ ∆−K [f(λx1 + (1 − λ)x2) − f(x1)],

ê
∆−K [f(λx1 + (1 − λ)x2)] ≤ ∆−K [f(λx1 + (1 − λ)x2) − f(x1)] + ∆−K[f(x1)].U

∆−K [f(λx1 + (1−λ)x2)− f(x1) + f(x1)] ≤ ∆−K [f(λx1 + (1− λ)x2)− f(x1)] + ∆−K [f(x1)],

D�E
∆−K[f(λx1 + (1 − λ)x2)] ≤ ∆−K [f(x1)] ≤ α.

.�/ λx1 + (1 − λ)x2 ∈ Lα, ê Lα

¶ Ì î .÷�� 9CB ú (∆−K ◦ f)(x)
¶ õ Ì ±

,
û

f(x) ñ X Ù ¶�ú¯û K-
õ Ì ±

.F 9
, ? m f(x) � ¶�ú¯û K-

õ Ì ±
,
û = ñ x1, x2, λ ∈ [0, 1]

5
f(λx1 + (1 − λ)x2) �K

f(x1),
�

f(λx1 + (1 − λ)x2) �K f(x2), ê
f(x1) − f(λx1 + (1 − λ)x2) /∈ K, f(x2) − f(λx1 + (1 − λ)x2) /∈ K. (3.1)

ü (∆−K ◦ f)(x)
¶ õ Ì D�G

(∆−K ◦ f)(λx1 + (1 − λ)x2) ≤ max{(∆−K ◦ f)(x1), (∆−K ◦ f)(x2)}.

? í (∆−K ◦ f)(x1) > (∆−K ◦ f)(x2) ,
û

(∆−K ◦ f)(λx1 + (1− λ)x2) ≤ (∆−K ◦ f)(x1),
û 5

(∆−K ◦ f)(x1) − (∆−K ◦ f)(λx1 + (1 − λ)x2) ≥ 0,

D�E
∆−K(f(x1) − f(λx1 + (1 − λ)x2) ≥ 0. .�/

f(x1) − f(λx1 + (1 − λ)x2) ∈ K. (3.2)

(3.2) H Ú (3.1) H�I�J , .�/ f�+���� .ø �
3.2

m
f : X → Y

N «J¬.­¼®W°
, g : Y → R

N \�^�K�L S!T
,
���

y, z ∈ Y M0N
y �K z ⇒ g(y) > g(z),

û
f(x) ñ X Ù ¶�ú¯û K-

õ Ì ±)û	��
·û
(g ◦ f)(x)

¶ õ Ì ±
.8 1�9 ú f(x) ñ X Ù ¶�ú¯û K-

õ Ì ±
,
û

(g◦f)(x)
¶ õ Ì ±

. ü f(x)
¶�ú¯û

K-
õ Ì

í Ê G ,
��ÞMñ

λ ∈ [0, 1], x1, x2 ∈ X
5

f(λx1+(1−λ)x2) 5K f(x1) � ¸ f(λx1+(1−λ)x2) 5K

f(x2). ü g
S!T�N \�^�K�L ±Û5

(g ◦ f)(λx1 + (1 − λ)x2) ≤ (g ◦ f)(x1),

� ¸
(g ◦ f)(λx1 + (1 − λ)x2) ≤ (g ◦ f)(x2).
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@ 0 (g ◦ f)(λx1 + (1 − λ)x2) ≤ max{(g ◦ f)(x1), (g ◦ f)(x2)}. .�/ (g ◦ f)(x)
¶ õ Ì ±

.÷ 9 ú (g ◦ f)(x)
¶ õ Ì ±

,
û

f(x) ñ X Ù ¶�ú¯û K-
õ Ì ±

.��ÞMñ¼±
y ∈ Y, x ∈ X, O�î�ï Ly = {x|f(x) �K y}, P�Q�R î 2.1

G
,
Â�9

f(x)
¶�ú¯û

K-
õ Ì ±

, :�; 9 Ly

¶ Ì î . ? m Ly � ¶ Ì î ,
û = ñ y ∈ Y ,

= ñ x1, x2 ∈ Ly, λ ∈ [0, 1] ,F.Ò
λx1 + (1 − λ)x2 /∈ Ly.

D�E
f(λx1 + (1 − λ)x2) =K y. P�Q g

± \�^'Í
,
5

(g ◦ f)(λx1 + (1 − λ)x2) ≥ g(y). (3.3)

ü (g ◦ f)(x)
¶ õ Ì DCG ÷ <�=	î {x ∈ X|(g ◦ f)(x) < g(y)}

¶ Ì î .
U ü f(x1) �K

y, f(x2) �K y,
D	0>Ò ë (g ◦ f)(x1) < g(y), (g ◦ f)(x2) < g(y).

D�E

(g ◦ f)(λx1 + (1 − λ)x2) < g(y). (3.4)

S#�
(3.4) H Ú (3.3) H�I�J , .�/ f(x)

¶�ú¯û
K-
õ Ì ±

.

4 �������! #"!$�%�T#U�V
)�.-qXW 
 Â'í Ê ÔJú¯û K-

õ Ì ®W°C±! #"'×
, ¾�Y \�Z + Ô\[� #"'×·±W´�] Í�[ .

1984 é , ^7_�`�ñ���� [15] ôJê ë Ô.«J¬.­JS!T�5-a� #"'× ±Wí Ê .ø�ù
4.1

[15] ê í î�ï A ⊂ Rp , ā ∈ A,
è g � = ñ a′ ∈ A,

F.Ò
a′ < ā,

û
ā
V�N

A
±\b

5-a-c
. A
±�d�e-b�5-a-c�f�� ± î�ï�g N effA.ø�ù
4.2

[15]
V

F : U → Rp ñ u ∈ U
c`¶�5-a� �D�"C±

, óCô U ⊂ Rn,
è g#= ñ ´#QC«¬

u∗ ∈ Rn
F'Ò

F (u) − 〈u, u∗〉 ∈ eff{F (v) − 〈v, u∗〉 : v ∈ U},
û «H¬

u∗
V�N

F ñ u
c¼±�5

a� �h º , F ñ u
c�±Û5-a� �h º ±�d�e , g N ∂F (u),

V�N
F ñ u

c�±Û5-a� #"'×
.i [.í Ê�j�k ,

C�¹ ê ë è�÷ ú¯û K-
õ Ì ®W°C±! #"'×

.ø�ù
4.3

S!T
f : X → Y ñ x̄ ∈ X

*¯±! #"'×'í Ê N
v ∈ ∂<

v f(x̄) ⇐⇒ vT (x − x̄) ≯K f(x) − f(x̄),∀x ∈ [f(x) �K f(x̄)],

v ∈ ∂≤
v f(x̄) ⇐⇒ vT (x − x̄) ≯K f(x) − f(x̄),∀x ∈ [f(x) ≯K f(x̄)],

v ∈ ∂∗
vf(x̄) ⇐⇒ vT (x − x̄) ≯K 0, ∀x ∈ [f(x) �K f(x̄)],

v ∈ ∂~
v f(x̄) ⇐⇒ vT (x − x̄) �K 0, ∀x ∈ [f(x) �K f(x̄)].

óCô ÷ <�=�î
[f(x) �K f(x)] = {x ∈ X : f(x) �K f(x)},

[f(x) ≯K f(x)] = {x ∈ X : f(x) ≯K f(x)}.l
4.1 (i) ^7_�`0m�n í Ê ±! #"'×.¶���o ñ�Ù �� �"'×�ä � ± .

(ii)
û

f
N õ Ì T¯­-S�T õ ,

í Ê 4.3 ö 'ìN·í Ê 2.2.
E � P)Q  �"·× ±.í Ê SM� 5

∂≤
v f(x) ⊂ ∂<

v f(x) ⊂ ∂∗
vf(x) ⊂ ∂~

v f(x) , ò ,'¶�f0+ ∂≤ϕ(x) ⊂ ∂<ϕ(x) ⊂ ∂∗ϕ(x) ⊂ ∂~ϕ(x)± þ�É .
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ø �
4.1
m

X = Rn, Y = Rp, K = Rp
+. x̄ ∈ Rn, f(x) = (f1(x), . . . , fp(x))T : Rn → Rp,

ó ô fi, i = 1, . . . , p
N õ Ì SJT

.
û

∂≤f(x̄) ⊂ ∂≤
v f(x̄), ó ô ∂≤f(x̄) = {(v1, . . . , vp) ∈

Rp×n|vi ∈ ∂≤fi(x), i = 1, . . . , p} .8 Þ-p
V = (v1, . . . , vp) ∈ ∂≤f(x̄). ü õ Ì S!T� #"'×'í Ê 5

fi(x) − fi(x̄) ≥ vi(x − x̄), ∀x ∈ {x ∈ Rn|fi(x) ≤ fi(x̄)}. (4.1)

Þ-p
x ∈ {x ∈ Rn|f(x) ≯ f(x)},

÷�� 9CB
V T (x − x̄) ≯ f(x) − f(x̄).

üJý x ∈ {x ∈ Rn|f(x) ≯ f(x)},
û = ñ i ∈ {1, . . . , p}

F'Ò
fi(x) ≤ fi(x̄) .

D�E ü (4.1)

H D�G
fi(x) − fi(x̄) ≥ vi(x − x̄).

ò à B
V T (x − x̄) ≯ f(x) − f(x̄).

.�/ V ∈ ∂≤
v f(x),

f�+����
.l

4.2
í�î

4.1
F ��o » å � ´.í���� , q e-r�s 4.1.t

4.1
m

X = R, Y = R2, K = R2
+, x̄ = 0, f(x) = (f1(x), f2(x))T , ó ô f1(x) =

(x − 1)3 + 1, f2(x) = x. ü í Ê D�G

∂≤
v f(x̄) = {(x, y) ∈ R2 : x ∈ R, y ∈ (1,+∞)},

∂≤f1(x̄) = ∅, ∂≤f1(x̄) = [1, +∞).S#�
∂≤

v f(x) 6⊂ ∂≤f(x).÷�� C'¹ 
 Â Z + ∂≤
v f(x)

± Í�[
.
/-1

,
Ì ñ Ê ÷ ±� �"�× ¶�´�Q-ð Ì î , � ¶�C'¹ òä ê ë ± ∂≤

v f(x) ¾�� ´.í�¶�ð Ì î ,
÷�� s�u�D	0Xv�B ò Q	2@Ä .t

4.2
m

X = R, Y = R2, K = R2
+, x̄ = 0, f(x) = (f1(x), f2(x))T , ó ô f1(x) = x,

f2(x) = x − 1. ü í Ê D�G ∂≤
v f(x̄) = A ∪ B ∪ C. óCô
A = {(x, y) ∈ R2 : x ∈ R, y ∈ (1, +∞)},

B = {(x, y) ∈ R2 : x ∈ (1, +∞), y ∈ R},

C = {(x, y) ∈ R2 : x = 1, y = 1}.

w
4.1

ü�x 4.1
WzynÒ ë , f ñ x̄

*¯±
∂≤

v f(x)
 #"'×.¶�3 Ì�{ î .
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ø �
4.2
m

x, x̄ ∈ X, f : X → Y
¶¼úÕû

K-
õ Ì ®.°

,
û �

λ > 0
5

∂≤
v (λf)(x̄) =

λ∂≤
v f(x̄).8 1�9

∂≤
v (λf)(x̄) ⊂ λ∂≤

v f(x̄).
Þ-p

v ∈ ∂≤
v (λf)(x̄) , ü í Ê D�G

vT (x − x̄) ≯K λf(x) − λf(x̄), ∀x ∈ {x ∈ X|λf(x) ≯K λf(x̄)},

D�E 5
(v/λ)T (x − x̄) ≯K f(x) − f(x̄), ∀x ∈ {x ∈ X|λf(x) ≯K λf(x̄)},

ê
(v/λ)T (x − x̄) ≯K f(x) − f(x̄), ∀x ∈ {x ∈ X|f(x) ≯K f(x̄)}.

ò à B v/λ ∈ ∂≤
v f(x̄), | v ∈ λ∂≤

v f(x̄).÷ 9
λ∂≤

v f(x̄) ⊂ ∂≤
v (λf)(x̄).

m
λ > 0,

Þ-p
v ∈ λ∂≤

v f(x), ü í Ê D�G
(v/λ)T (x − x̄) ≯K f(x) − f(x̄), ∀x ∈ {x ∈ X|f(x) ≯K f(x̄)}.

D�E 5
(v/λ)T (x − x̄) ≯K f(x) − f(x̄), ∀x ∈ {x ∈ X|λf(x) ≯K λf(x̄)}.

ê
vT (x − x̄) ≯K λf(x) − λf(x̄), ∀x ∈ {x ∈ X|λf(x) ≯K λf(x̄)}.

ò à B v ∈ ∂≤
v (λf)(x̄),

D�E f�+����
.l

4.3
÷���} s0v�B

,
û

λ < 0 õ ,
í�î

4.2 ô ±!f�+ � ´.í���� .t
4.3
m

X = R, Y = R2, K = R2
+, f(x) = (f1(x), f2(x))T .

û
x < 0 õ , f1(x) = x,

f2(x) = −1.
û

x ≥ 0 õ , f1(x) = x, f2(x) = −2.
p

x̄ = 0, λ = −1 õ , P�Q í Ê D�G
∂≤

v (f(x̄)) = A ∪ B ∪ C, ∂≤
v (λf(x̄)) = D ∪ E ∪ F, λ∂≤

v (f(x̄)) = G ∪ H.

óCô
A = {(x, y) ∈ R2 : x ∈ (1, +∞), y ∈ R},

B = {(x, y) ∈ R2 : x ∈ R, y ∈ [0, +∞)},

C = {(x, y) ∈ R2 : x = 1, y = 0},

D = {(x, y) ∈ R2 : x ∈ (−1,+∞), y ∈ (−∞, 0)},

E = {(x, y) ∈ R2 : x ∈ (−∞,−1), y ∈ (0,+∞)},

F = {(x, y) ∈ R2 : x = −1, y = 0},

G = {(x, y) ∈ R2 : x ∈ (−∞,−1), y ∈ R},

H = {(x, y) ∈ R2 : x ∈ R, y ∈ (−∞, 0]}.S#�
∂≤

v (λf)(x̄) 6= λ∂≤
v f(x̄).

».ý õ Ì T.­JS!T� �" × ±\~-��H û ,
S#� 5

∂≤f(x̄) + ∂≤g(x̄) ⊂ ∂≤(f + g)(x̄), � C�¹
k A ∂≤(f(x) + g(x)) ⊂ ∂≤(f(x)) + ∂≤(g(x))

¶ � ´.í���� ± ,
r è�÷ s�u

.t
4.4
m

X = R, Y = R, x̄ = 0, f(x) = x3 + x2 + 1 , g(x) = −x3. ü í Ê D�G
∂≤(f(x̄)) = ∅, ∂≤(g(x̄)) = ∅, ∂≤(f(x̄) + g(x̄)) = [1, +∞).
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.�/ ∂≤(f(x̄) + g(x̄)) 6⊂ ∂≤(f(x̄)) + ∂≤(g(x̄)).÷-� C¼¹ } s�v!B@� ý õ Ì «`¬¯­ª®.° ±� �"·× , ∂≤
v (f(x)) + ∂≤

v (g(x)) ⊂ ∂≤
v (f(x) +

g(x))
¶ � ´.í���� ± ,

r è�÷ s�u
.t

4.5
m

X = R, Y = R2, K = R2
+ , f(x) = (f1(x), f2(x))T .

û
x < 0 õ , f1(x) = 0,

f2(x) = 0.
û

x ≥ 0 õ , f1(x) = (x − 1)3 + 1, f2(x) = x.

g(x) = (g1(x), g2(x))T .
û

x < 0 õ , g1(x) = 0, g2(x) = 0 .
û

x ≥ 0 õ , g1(x) =

−[(x − 1)3 + 1], g2(x) = −x.

O h(x) = f(x) + g(x) = (h1(x), h2(x))T ,
û

h1(x) = 0, h2(x) = 0.p
x̄ = 0 õ , P�Q í Ê D�G ∂≤

v f(x̄) = A∪B ∪C, ∂≤
v (g(x̄)) = D, ∂≤

v (h(x)) = E ∪ F ∪C.

óCô
A = {(x, y) ∈ R2 : x ∈ R, y ∈ (0, +∞)},

B = {(x, y) ∈ R2 : x ∈ (0, +∞), y ∈ R},

C = {(x, y) ∈ R2 : x = 0, y = 0},

D = {(x, y) ∈ R2 : x ∈ (0,+∞), y ∈ (−∞,−1)},

E = {(x, y) ∈ R2 : x ∈ (0, +∞), y ∈ (−∞, 0)},

F = {(x, y) ∈ R2 : x ∈ (−∞, 0), y ∈ (0, +∞)}.

| ∂≤
v (f(x̄)) + ∂≤

v (g(x̄)) 6⊂ ∂≤
v (f(x̄) + g(x̄)).

5 ���������#��%��C�#&#�!�
)�.-qXW�C�¹ 
 Â�a.Ý ∂≤

v f(x)
 #"'×�²¼³ õ Ì «J¬�&�'	2@Ä0b�5-a#;C±nö�& Í����

.2�3 ÷�� ±'«J¬.­�&�'	2@Ä
:

(VOP)

min f(x) s.t. x ∈ C.

óCô C ⊂ X , f : X → Y
¶�ú¯û

K-
õ Ì ±

.ø�ù
5.1
� ý (VOP)

2@Ä�5-0 ÷ ;C±HÎ�Ï
.
m

x̄ ∈ C

(i) ú�� = ñ x ∈ C,
F.Ò

f(x) ≤K f(x̄),
û V

x̄ ∈ C
¶

(VOP)
2@Ä ±Û5-a�;

.

(ii) ú�� = ñ x ∈ C,
F.Ò

f(x) <K f(x̄),
û V

x̄ ∈ C
¶

(VOP)
2@Ä ±\b�5-a�;

.ø�ù
5.2
m

ε = (ε1, ..., εm)T ≥ 0, x ∈ C,

(i) ú�� = ñ x ∈ C
F.Ò

fi(x) <K fi(x) − εi, ∀i ∈ {1, ..., m},
û V

x
¶

(VOP)
2@Ä ±

ε-b�5-a�;
.

(ii) ú�� = ñ x ∈ C
F.Ò

fi(x) ≤K fi(x) − εi, ∀i ∈ {1, ..., m},

fj(x) <K fj(x) − εj, ∃j ∈ {1, ..., m},

û V
x
¶

(VOP)
2@Ä ±

ε-
5-a�;

./�1
,
C�¹ ê ë��-��� «J¬�&�'	2@Ä-b�56a�;ª±Hö�& Í���� .ø �
5.1
û

C = X õ , x̄ ∈ X
N

(VOP)
2@Ä ±\b�5-a�;·û	��
·û

0 ∈ ∂≤
v f(x̄).
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8 Ö.× Í
:
F 9

, ? m x̄ ∈ X � ¶ f(x)
±\b�5-a�;

,
û = ñ x ∈ X,

F.Ò
f(x) <K f(x̄),

ê f(x) − f(x̄) <K 0. ü 0 ∈ ∂≤
v f(x̄)

D�G

f(x) − f(x̄) ≮K 0T (x − x̄).

D�E
f(x) − f(x̄) ≮K 0.

ò ã f(x) − f(x̄) <K 0 I�J , .�/ x̄
N

(VOP)
2@Ä ±\b�5-a�;

.6.Â Í
:
F 9

, ? m 0 /∈ ∂≤
v f(x̄) ,

û = ñ x ∈ [f(x) ≯ f(x̄)] ,
5

f(x) − f(x̄) <K 0T (x − x̄) = 0.

ò ã b�5-a�;C±Wí Ê�I�J , .�/ 0 ∈ ∂≤
v f(x̄) .0 ÷ s�u�D	0Xv�Bní�î

5.1
± ï î Í .t

5.1
m

X = R, Y = R2, K = R2
+, f(x) = (f1(x), f2(x))T .

û
x > 0 õ , f1(x) = x,

f2(x) = x − 1,
û

x ≤ 0 õ , f1(x) = −1, f2(x) = −1 .p
x̄ = 0 õ , ü í Ê D�G ∂≤

v f(x̄) = A ∪ B ∪ C. óCô
A = {(x, y) ∈ R2 : x ∈ R, y ∈ (0, +∞)},

B = {(x, y) ∈ R2 : x ∈ (0, +∞), y ∈ R},

C = {(x, y) ∈ R2 : x = 0, y = 0}.

ê 0 ∈ ∂≤
v f(x̄),

�0Wzy���9
x̄ = 0

N0[�2@Ä ±\b�5-a�;
.÷�� C�¹�2�36�#5 ��� ± õ Ì «J¬�&�'-2@ÄC±Hö�& Í���� .ø �

5.2
m

X = Rn, Y = Rp, K = Rp
+, x̄ ∈ C. ú = ñ λ ∈ intRp

+,
F·Ò

∂≤
v f(x̄) ∩

−λN(C, x̄) 6= ∅,
û

x̄
N

(VOP)
2)Ä ±0bì5CaM;

. óÑô λN(C, x̄) = {λqT ∈ Rp×n : q ∈

N(C, x̄)}.8����)���
λ ∈ intRp

+, ��� ∂≤
v f(x̄) ∩ −λN(C, x̄) 6= ∅, � ��� v ∈ ∂≤

v f(x̄) � q ∈

N(C, x̄) ��� v = −λq. � q ∈ N(C, x̄) ��� , ���)� x ∈ C � 〈q, x − x̄〉 ≤ 0.  �¡��

(−λq)T (x − x̄) =













λ1〈q, x − x̄〉

λ2〈q, x − x̄〉
...

λp〈q, x − x̄〉













= 0.

¢�£C¤
vT (x − x̄) = 0.¥-�

x̄ ¦0§ (VOP) ¨�©�ª	«��6¬�­ , � �0� x ∈ C , � f(x) − f(x̄) < 0. � v ∈ ∂≤
v f(x̄)

� vT (x − x̄) ≯ f(x) − f(x̄). ®¯� f(x) − f(x̄) < 0 ��� , vT (x− x̄)〉 � 0.
¢-°

vT (x − x̄) = 0±�²
, ³\´ x̄ µ (VOP) ¨X©�ª\«��-¬�­ .¶�·�¸�¹ � ¶Xº ¤\»�¼ 5.2 ª�½ ¼�¾ .¿

5.2
�

X = R, Y = R2, K = R2
+, C = [0, +∞] ⊂ X, f(x) = (f1(x), f2(x))T . À�Á

f1(x) = (x − 1)3 + 1, f2(x) = x.
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æ�ç0è
x̄ = 0 é�êzë\��ì

∂≤
v f(x̄) = R2, N(C, x̄) = (−∞, 0].

¢�£C¤X���
λ = (1, 1)T > 0, ��� ∂≤

v f(x̄) ∩ −λN(C, x̄) 6= ∅, í�î x̄ µ (VOP) ¨X©�ª\«��-¬
­ . ï

5.1
»�¼

5.2 ª�ð�ñ0©0¦0ò »�ó�ô , õ ¸ 5.3.¿
5.3
�

X = R, Y = R2, K = R2
+, f(x) = (f1(x), f2(x))T . ö x < 0 é , f1(x) = −x,

f2(x) = 1. ö x ≥ 0 é , f1(x) = −x, f2(x) = 2.è
x̄ = 0 , � x̄ = 0 µ f(x) ª\«��-¬�­ . � »�÷ ���

∂≤
v f(x̄) = A ∪ B ∪ C, N(C, x̄) = (−∞, 0].

À�Á
A = {(x, y) ∈ R2 : x ∈ (−1, +∞), y ∈ (−∞, 0)},

B = {(x, y) ∈ R2 : x ∈ (−∞,−1), y ∈ (0,+∞)},

C = {(x, y) ∈ R2 : x = −1, y = 0}.ø § ,
è

λ = (1, 1)T > 0 é , ∂≤
v f(x̄) ∩ −λN(C, x̄) = ∅.ù�ú

5.1
�

X = Rn, Y = Rp, K = Rp
+, x̄ ∈ C. û ��� λ ∈ intRp

+, ��� ∂<
v f(x̄) ∩

−λN(C, x̄) 6= ∅, � x̄ µ (VOP) ¨�©#ª0«��C¬)­ . À�Á λN(C, x̄) = {λqT ∈ Rp×n : q ∈

N(C, x̄)}.ï
5.2 ö7ü�ý N(C, x) þ�µ Nε(C, x) é , ÿ��������	��
0����ì�� ·�
�� ­Cª���� ¾���

. ���
5.3
�

X = Rn, Y = Rp, K = Rp
+, x̄ ∈ C. û0� ∂≤

v f(x̄) ∩ −Nε(C, x̄) 6= ∅, � x̄ µ
(VOP) ¨X©�ª ε- �-¬�­ .� � ∂≤

v f(x̄)∩−Nε(C, x̄) 6= ∅ ��� ,
���

ξ, � ξ ∈ ∂≤
v f(x̄)∩−Nε(C, x̄), � ξ ∈ ∂≤

v f(x̄)

î ξ ∈ −Nε(C, x̄), � −ξ ∈ Nε(C, x̄). ��§�� (−ξ)T (x − x) ≤ ε, �
ξT (x − x) ≥ −ε.

¥0�
x ¦�§ (VOP) ¨X©�ª ε- �-¬�­ , � ��� x ∈ C � f(x)− f(x) ≤ −ε. � ξ ∈ ∂≤

v f(x)

� ξT (x − x) ≯ f(x) − f(x). ®¯� f(x) − f(x) ≤ −ε < 0 ���
ξT (x − x) � −ε.

¢-°
ξT (x − x) ≥ −ε

±�²
, ³\´ x µ (VOP) ¨X©�ª ε- �-¬�­ .
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SUBDIFFERENTIAL PROPERTIES OF QUASICONVEX VECTOR

VALUED MAPS AND OPTIMALITY CONDITIONS FOR

OPTIMIZATION PROBLEMS

SHI Xiao-bo, GAO Ying, LI Lin-ting, WU Chun

(School of Mathematical Sciences, Chonqing Normal University, Chongqing 401331, China)

Abstract: In this paper we study the subdifferentiation of quasiconvex vector valued

mapping and the optimality conditions of quasiconvex vector optimization problems. Firstly, we

introduce the concept of proper K-quasiconvex, scalar it by using ∆ function, and obtain the

equivalent characterization of proper K-quasiconvex. Then, four subdifferential definitions of quasi

convex vector valued mappings are given and their properties are studied. Finally, the optimality

conditions of weak efficient solutions for quasiconvex vector optimization problems are studied

by using the subdifferential of quasiconvex vector valued mappings, and an example is given to

illustrate its rationality.

Keywords: quasiconvex vector valued mapping; subdifferential; weak efficient solution;

optimality condition
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