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Abstract: In this paper, the boundedness of the bi-parameter singular integral operators on
mixed Lebesgue spaces is studied. Using the boundedness of the bi-parameter singular integral
operators on Lebesgue spaces and a vector-valued extension theory. We obtain the endpoint weak-
type estimates and strong-type estimates for a bi-parameter singular integral operators on mixed
Lebesgue spaces. An application to a non-convolution singular integral operators on product spaces
is also given. These results extend the conclusion of [3] to the mixed norm case.
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1 Introduction

A bi-parameter singular integral operator is an operator on product spaces R™” x R™. An
example of a bi-parameter singular integral operator is defined by T,, ®T,,, , where T,, and T,
are linear singular integral operators on R” and R™. T,,®T,,(f®g)(x) = T,,(f(x1))Tn(g(z2))
where x = (1 € R", 25 € R™). Then by Fubini theorem, the bi-parameter singular integral
operator T,, ®T,,, is bounded on LP. But for a non-tensor form bi-parameter singular integral
operator, it is not an easy iteration argument. So many works have been done for non-
tensor form bi-parameter singular integral operators. In 1982, Fefferman-stein [1] studied
the convolution form singular integral on product spaces. Journé[2] dealt with the general
kernels in 1985. Rencently, Pott-Villarroya[3] gave the T1 theorem of the bi-parameter
singular integral operators. Later, the representation theorem and non-homogeneous T1
theorem were studied by Martikainen[4] and Hytonen-Martikainen[5]. Ou[6] proved the Th
theorem and Li-Martikainen-Vuorinen|7] studied the Bloom type inequality for bi-parameter
singular integral.

The purpose of this paper is to study such operators on mixed Lebesgue spaces. The

following is the definition of the mixed Lebesgue spaces.
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Definition 1.1 Let P := (p1, ..., pn) € (0,00]". The mixed Lebesgue space L? (R™) is

defined to be the set of all measure function f such that their quasi-norms

o i= € ol [ 11z P dei R )3 < o0
R R

with the usual modifications made when p; = oo for some i € {1,...,n}.

Benedek and Panzone in[8] first studied the Lebesgue space with mixed norm and proved
that such spaces have similar properties as ordinary Lebesgue spaces, Related works refer to
[9-12].

In this paper, we consider bi-parameter singular integral operators on mixed Lebesgue
spaces. We prove the endpoint weak-type estimates for the bi-parameter singular integral
operators on mixed Lebesgue spaces and also obtain the boundedness of these operators on
LP(L7).

This paper is organized as follows. We introduce some basic definitions in sect.2. And
we collect some preliminary results in sect.3. Then in Sect.4, we give the main theorem and
proof. And in sect.5 we apply this result to a non-convolution operator.

2 Definitions

In this section, we will introduce the definition of the bi-parameter singular integral
operators as stated in Martikainen[4].

Definition 2.1 Let V be a cube in R”™ (or R™). We say that a function w, is V-adapted
with zero mean in R™ (or R™) if it satisfies that spt(u,) C V, |uy| <1 and [u, = 0.

Definition 2.2 We say that the bi-parameter operator 7" has full kernel representation
with kernel K if following holds. If f = f1 ® fo and g = ¢1 ® g2 with fi1,¢91 : R* — C,
f2,92 : R™ — C, sptfi Nsptgy = 0 and spt fo N sptg. = (), we have the kernel representation

wtro = [ K (2, 9) f ()9 ) dyd,
Rotm JRntm
where the kernel is a function
K : (R™™ x R\ {(21, 22591, y2) ER" X R"™™ sy =29 or 3y =ya} — C.

Note that this implies full kernel representation for T, T and T* where T, T and T* are

bi-parameter operators with kernel K*, K and K* respectively and

K*(x,y) = K(y1, Y2521, %2), K(2,y) = K(y1, 22521, y2), K (2, y) = K(x1,y2; Y1, T2).

Definition 2.3  The kernel K satisfied the full standard estimates if the following

holds. We have the size condition

1 1

|K(z,y)] <C - -
|$1 —yl| |332 - ?Jz|

(2.1)
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the Holder condition
lyr —o51° Jye — w5l
|21 — 31|70 g — yo|mFO

(K (2,y) = K(z, (y1,95)) — K(z, (41, 12)) + K(z, )| < C (2.2)

whenever 2|y; — y1| < |21 — y1] and 2|ys — y4| < |22 — y2|, and the mixed Holder condition

and size condition

AT
- 1
|K (2, y) — K(z, (y1,95))| < C Iy — 34|

< 2.3
21— 3" [7 — gl (23)

whenever 2|y; — y/}| < |z1 — y1]. The same condition are imposed on K*, K and K*.

Definition 2.4 We say that the bi-parameter operator T' has partial kernel represen-
tations if the following holds. If f = f; ® fo and g = g1 ® g» with sptf; N sptg; = 0, we
have

(T'f,9) = /Rn . K3, oo (@1,y1) fr(y)gr (@) dyrday. (2.4)

Here K3, . ¢ (R" x R™)\ {(21,22) € R" x R" : 2, = 25} — C. Moreover, we assume that

2
Kf2>92
constant (depending on f, and go) with which those estimates are satisfied. This constant

satisfied the standard one-parameter kernel estimates and C(fs,g2) is the minimal

is assumed to satisfy
C(xv,xv)+Clxv,gv) + Clgv, xv) < C|V| (2.5)

whenever V' C R™ is a cube and gy is a V-adapted function with zero mean in R™.

We assume the analogous representation and properties with a kernel K}h 5. Whenever
sptfa N sptgs = 0.

Definition 2.5 We say that a bi-parameter operator T is a bi-parameter SIO in the
sense of Martikainen[4] if the following holds:

e The operator T has a full kernel representation with a kernel satisfying the full standard

estimates.

e The operator T has a partial kernel representation.

3 Preliminaries

In this section, we collect some preliminary results which are used in the proof.

The boundedness of the non-convolution singular integral operators is well known. The
proof of the proposition refers to [13].

Definitions 3.1 We say that K : R" x R"\ A — C is a standard kernel if there exists
0 > 0 such that

K (2,y) (3.1)

<7
< |z — gy’

ly —y'|°

!
(K (2,y) — K(z,y')] SAW

if e —yl>2ly—vy (3.2)
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|z — ']
|z —y|*?
The class of all standard kernels with constants §, A is denoted by SK (4, A).
Definitions 3.2 If T is associated with K € SK (4, A) and admits a bounded extension
on L?(R™), that is, it satisfies

K (z,y) — K(2",y)| < A if v —yl> 2z -2 (3.3)

IT£ s> < Bllflle,
15w = [ Kawniwiy. ¢ i)

for f € L? with compact suppport, then T is called a Calderén-Zygmund operator associated
with the standard kernel k. We denote by CZO(d, A, B) the class of all Calderon-Zygmund
operator associated with the standard kernel in SK (4, A).

Proposition 3.3  Assume that K(x,y) is in SK(d,A) and let T' be an element of
CZO(6, A, B) assosiated with the kernel K. Then T has a bounded extension that maps
L*(R™) to LY*°(R") with norm

||T||L1HL1,OC < Cn(A + B)
and also maps LP(R™) to itself for 1 < p < oo with norm
IT||zo—r» < Cpmax(p, (p—1)"")(A + B)

where C,, is a dimensional constant.

Next we want to prove the boundedness of the bi-parameter singular integral operators
under the weak boundedness condition and the cancellation conditions on LP, 1 < p < oo.

Proposition 3.4[14] If T is a bi-parameter SIO in the sense of Martikainen/Pott-
Villarroya, then T is a bi-parameter SIO in the sense of Journé[6]. The converse statement
is clear.

In 2011, Pott and Villarroya[3] proved the L? boundedness of the bi-parameter singular
integral operators and extended to L? spaces under the special cancellation hypotheses.

Proposition 3.5[3] (L? boundedness) Let A be a bilinear Calderén-Zygmund form sat-
isfying the mixed WB-CZ conditions. We also assume that A satisfies the weak boundedness
condition, and the special cancellation conditions:

(a) T(1),T*(1),T1(1), Ty € BMO(R" x R™);

(b) <T(¢I®1>> ¢I®‘>> <T<1®¢I)? '®§01>7 <T*(¢I®1)’ ¢I®'>a <T*(1®¢1)7 '®901> € BMO
on R™ or R™ for all ¢7, ¢y bump functions adapted to I with norms uniformly bounded in I.

Then A and A; for i = 1,2 are bounded bilinear forms on LP.

Remark 3.6  See [3, Definition 2.1-2.8]. A bilinear Calderén-Zygmund form A is a
bilinear form associated with a product Calderén-Zygmund kernel and has some integral
representations, A(f,g) = (T'(f),g9) = (f.T7(9)), Mi(f,9) = Ag1 ® fo, [1 ® g2), Na(f.9) =
A(f1® 92,91 ® fo) and Ai(f,9) = (Ti(f),9) = (f,T;(g)), i = 1,2. We need to point out that
T is a bi-parameter SIO, if a bilinear Calderén-Zygmund form A satisfies the mixed WB-CZ

conditions.
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Theorem 3.7 A bi-parameter singular integral operator 1" in the sense of Martikainen
satisfies weak boundedness condition and the cancellation conditions. Then T is LP-bounded.

Proof From Proposition 3.5, the bi-parameter singular integral operator T in the
sense of Pott-Villarroya is L? bounded. By Proposition 3.4, the bi-parameter singular inte-
gral operators in the sense of Pott-Villarroya and Martikainen are equal. So the bi-parameter
singular integral operator T in the sense of Martikainen under the weak boundedness con-
dition and the cancellation conditions is L” bounded.

In order to complete the proof of the main theorem, we need some Lemmas.

Lemma 3.8 [14] Let T be a bi-parameter operator that has partial kernel represen-
tation with the kernel K7 for i = 1,2 as defined in (2.4) and V' a cube in R™(resp. in
R™)

Clxv,gv) +Clgv,xv) < Cllgv|V] (3.4)
whenever gy € Lo (V).

Definition 3.9 Let A := {(z,z) : # € R"} denotes the diagonal in R" x R" and
T :C°(R™) — [Cg°(R™)])" be a continuous linear mapping . For each § € (0,1), the operator
T is called a §-SIO if there exists a kernel K on (R™ x R™)\ A and a positive constant C
such that, for all z,y, 2z € R,

|K (2, y)| < — ifz #y,
|z —yl
4
y—=z .
K (o9) = Ko 2)| 1K) = K ()l < 22 ifla =yl > 2ly - 2.

for any f,g € C§°(R™) having disjoints supports,

(6, Tf) = / / 9(2)K (2,9) f () dy.

Lemma 3.10 [14] Let T be a §-SIO on R™ and K its kernel. If there exists a constant
A > 0 such that for every cube V C R"

1Txv vy < AV (3.5)
and

IT*xv vy < AV (3.6)
Then T is a bounded operator on L? such that ||T]|s—o < Cs.,(A + |K]s).

4 Main Theorem

A vector-valued extension of the theory is well known, we will need the following version
of the original result of Benedek, Calderén, and Panzone[9]. The proof of this theory refers
to [15].

Let A and B be two Banach spaces and let L(A, B) be the space of bounded linear
operators from A to B. Suppose that K is a function defined on R™ x R™\ A which takes
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values in L£(A, B) and T is an operator which has K as its associated kernel: if f € L>(A)

and has compact support, then

140) = [ Klenfn o ¢ soi(h),

We have the following result,
Proposition 4.1 [16] Let T be a bounded operator from L"(A) to L"(B) for some r,
1 < r < oo, with assosiated kernel K. If K satisfies

/ 1K (2,y) — K (2. 2)]| camda < C, (4.1)
lz—y|>2|y—z|

/ 1K (2,9) — K)o < €, (4.2)
lz—y|>2[z—w]
then T is bounded from LP(A) to LP(B), 1 < p < oo, and is weak(1,1), that is
n C
[{z € R* T f(@)lls > A < S f]la

Next we give the main theorem.

Theorem 4.2 A bi-parameter singular integral operator T satisfies the weak bounded
conditions and cancellation conditions, then T" extends as a bounded operator on L?(L?)(R™x
R™) for all 1 < p,q < oo and also from L'(L?)(R" x R™) into L»*(L9)(R™ x R™) for all
1 < ¢ < 00, in the sense that

A
‘{.’L’ e R": ||Tf||Lq(]Rm) > >\}| S X”f”Ll(Lq)(R"XRm) for all A > 0.
Proof Let

wre) = [ [ Kesiwsds

/ K]%MQ(%,yl)fl(yl)gl(xl)dyldJH
n R‘H,

/Rn /H<K1($1’y1)f2ag2>f1(y1)91($1)dy1dx1

- <fflagl>a

that is 7 is a vector-valued operator with kernel K.

By the definition of mixed norm, we have L?(R"™, L?(R™)) = L?(R™ x R™). And by
Theorem 3.7, T is a bounded operator on L?(R"™ x R™), thus T is a vector-valued operator
on LP(R™, B) with B = LP(R™). From proposition 4.1, it is enough to prove

/ 1K (21, 91) — Ko (21,9, oy de < C, (4.3)
|z1—y1|>2|y1—y]|
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and
/ | K1 (21, y1) — K1 (27, y1) || Laenyda < C. (4.4)
|z1—y1|>2]z1 —a]|

and |z, — y1| > 2|z — 2|, we consider the operators

For |x1 — 1| > 2|ly1 — v

Li(zi,p1)fe = (Ki(z,yn) — Ki(z1,9))) f2
= / (K (21, 22591, y2) — K(@1,22;y1,Y2)) f2(y2)dyo
R

Ly(z,p1)f = (Ki(z1,01) — Ki(2, 1)) fa
= /(K(%,:’If'z;ylayz)K(x/pxz;yhZ/z))fz(?h)dym

and let
L1, y1)(22,92) = K(21, 22591, ¥2) — K (21,225 91, 92)
(w1, y1)(22,y2) = K (21, 291, y2) — K (o), 225 Y1,92)-
Next we only need to prove the boundedness of the operators L;, L, with the kernels Iy, o
respectively on LI(R™).
By proposition 3.3, it is enough to prove that [, I satisfy the standard estimates and
Ly, Ly are L?-bounded. By mixed Holder and size condition (2.3), we have

Lz, ) (@2, y2) = K(x1, 22591, y2) — K(21, 22541, Y2)
C|y1—y/1|(S 1

|21 =y [0 2o — o™

for [z1 — y1| > 2[y1 — 4|, and

Cloy — 24 1
ly(xq, 1 Y2) <
2(71,41) (22, 42) < 21 — 1|70 @0 — yo|™

for |z — y1| > 2|z — 2.
By Hélder condition (2.2),

11(37173/1)(952’92)—51(3«"1791)(%73/2) = K(xlax2;y17y2)_K(xlva;yllayQ)
—K(l’lamz;yhy/z)+K(9517$2;y/1’y§)
- e =50y —w5)°

|z1 =y [0 |29 — Yo ™ H0

for |zo — yo| > 2|y2 — yb| and |21 — y1| > 2|y1 — vi |-

l1($1ayl)($2ay2)—51(371791)(35/27312) = K(xl,xg;yl,yg)—K(xl,:r:g;y'l,yg)
—K (21,75, 9y1,92) + K (21, 7591, Y5)
o ol lw -

|1 — 1[0 [y — yo|mHO
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for |z — yo| > 2|ws — 4| and |x; — y1| > 2|ly1 — vi|. And
21— 24 Jy2 — gl
|21 =y [T [z — yo| O

12(35173/1)(@71/2) - 12($1;y1)(37271/é) <C

for |xo — yo| > 2|y2 — yb| and |21 — y1| > 2|z — 2.

log — @i ° Joy — 2

/
la(21, Y1) (22, y2) — la2(@1, Y1) (25, y2) < C|:c1 | g — g

for |xo —yo| > 2|zo—ab| and |z —y1| > 2|21 —]|. Sol; and [, satisfy the standard estimates
on R™.

In order to obtain the L2-bounded, it is enough to verify the condition of the Lemma
3.10. Let V' C R™ be a cube and g : R™ — C be such that spt(g) C V and |g| < 1.

By Lemma 3.8, it holds that

[(L1(z1, y1)xv, gv)| + [{gv, Li(z, m)xv)| < ‘Kiv,gv (T1,91) — K)%V’gv (z1,91)]
+‘K§V7xv(x1’y1) - ng,XV(xlvyi)l

WAL
|z — gy |7 H0

Then Ly(x1,y1) is L*-bounded. Similarly, Ly(x1,1) is also L*-bounded. Therefore, the
operators Lq(x1,y1) and La(z1,%;) with operator norms are bounded byAC’|I|i“_;7i’|1n|+5

ACHm=ml e operator norms of L;(z1,y;) and Ly(x,y;) from LI(R™) to LI(R™) are

|I17’y1 |n+5 .

and

(K (1, 1) — Ko (1, 91))g(0) o e

[L1(z1, y1)l[Lamre = sup
g ()l aem) lg(¥) || Lam)
P
< Aclyliyllé,
|1 — |t
and | / |5
T — Iy
‘|L2(x1’y1)|‘Lq—>Lq < Aom

The estimates (4.3) and (4.4) then hold.

Then by proposition 4.1 the operator 7' is a bounded operator on L? (R™, L1(R™)), and
from L'(R", LY(R™)) to L'>°(R™, LY(R™)), T is a bounded operator on L?(L?)(R™ x R™),
and from L'(L7)(R" x R™) to L'>°(L?)(R™ x R™).

5 Application

In 1982, Fefferman[l] gave a singular integral on product space which kernel satisfied
“cancellation” and “size” properties. Such kernels can be extended to the case of non-
convolution kernels.

Definition 5.1 Let k((x,y), (s,t)) is integrable on R” x R™, (z,y), (s,t) € R™ x R™.

1. the kernel condition:
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(a) [k((z,y), (s,1))] < Alz —s| "y — |~

(b) [k((z",9), (s, 1)) = k((z, ), (s,0))] < A(je = 2'[ + [s = &')" & — [T |y — 27"
whenever |z — s| > 2(|x — 2/| + |s — §|).

(©) [k((z,9), (5,1") = k((z, ), (s, 1)) < Ally = ¢/| + [t =) |w — s| 7" |y — [~
whenever |y —t| > 2(ly — | + [t = t'|).

(@) (k@ y), (') — k(' ). (5',6)) — (.5, (5, 1) + k((@,9), (s,0)] < Al —
2|+ |s = ') [e — 8|7 (ly — /| + [t — £])]y — €|~ whenever |z — 5| >
2z —a'| +|s — &) and |y — 1] > 2(jy — /| + |t — ']).

2. the cancellation condition:| [ [

k(). (s,0))dedy| < A,

1<|z—s|<az,B1<|y—t|<B2

3. the mixed kernel-cancellation condition:

(a) if ky(x,s k((x,y), (s,t))dy then

)= f51<|y—t|<52
(i) [ki(z, )] < Alz — [
(ii) |k ((2',s") —k1((z,8)| < A(Jz — 2|+ |s—s'|)" |x — s|7"~™ whenever |x —s| >

2|z — 2|+ |s — §']).

(b) similar condition for ko(y,t) = fa1<\z75|<a2 k((z,y), (s,t))dz.

Proposition 5.2 [1] Suppose k is integrable on R"™ x R™ and satisfies all the conditions
of Definition 5.1.Then

|f * K[| Lo @e xrmy < Apll fll Lo @n xrm)

where A, depending only on A and p.

Theorem 5.3 Let T be an operator associated with k satisfying all the conditions of
Definition 5.1. Then T extends as bounded operators on LP(L9)(R"xR™) forall 1 < p,q < oo
and also from L!'(L?)(R™ x R™) into L' (L7)(R™ x R™) for all 1 < ¢ < oo, in the sense that

A
‘{.’E S R™: ||Tf||Lq(R7n) > )\}| S X”f”LI(Lq)(Rn xR™) for all A > 0.

Proof By Theorem 4.2, we only need to prove the kernel K is a bi-parameter SIO,

and the kernel satisfies the boundedness and cancellation assumption.

Obviously, T has a full kernel representation and a partial kernel representation , K
satisfies the full standard estimates.
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By Definition 5.1 ( ) and (3)-(a)-(i), let ¢(V) be a center of V, we have
12, = / (2.9), (5, ) (40w (1) dydt
- / / k(. 9). (s, 0)) dydt
ly—c(V) <! Jt—c(v)|< 5!
- / ] Ry V), (oot V) g
lyl< T [t]< T
= / / (x,y +c(V)), (s, t + ¢(V)))dydt
lyl< ly—(y— t>\<'v‘
- / K((y + c(V), (5.1 + o(V)))dydt
lyl<tg! Jlyl= St I<ly—tl<|yl+ 5
< Av]—
|z — s|"
And
k2, (@ s) = K2 (@,9)] S AV(|lz — 2|+ |s — &) a — o] "™,

for |[x — s| > 2(|x — 2’| +|s — §|). Similarly

|k2

XV, uV|

1
W=

B3y (@5 87) = By (@, 8)] S AV (|2 — ' +[s = s'))" o — s|7"77

Xv,uv

for |z —s| > 2(|z — /| + |s — s'|). And

k2

uv, XV|

1
W=

k> (z,8)| < AV|(|z — 2| +|s — &)™ |z — 5| ™

uy xv( ) UV ,XV

|2

for |z — 5| > 2(lz — 2| + [s — &'|). So k7, ,

estimates and C(fs, g2) is the minimal constant (depending on f> and g,) for which those

satisfied the standard one-parameter kernel

estimates are satisfied. This constant satisfies

C(xv,xv)+C(xv,gv)+Clgv,xv) < C|V| (5.1)

whenever V' C R™ is a cube and gy is a V-adapted function with zero mean in R™. kfl o
has analogous properties by a similar argument.

By Definition 5.1 (2), T1,7*1,73(1) and 75 (1) belong to the product BMO on R™ x R™,
and T satisfies the weak boundedness property.

By Definition 5.1 (3)-(a)-(ii) and (3)-(b) and a similar argument as before we have the

diagonal BMO condition.
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