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1 Introduction

As generalizations of functions,ftiérential forms have been widely used in many fields includ-
ing potential theory, partial éferential equations(PDE), quasi-conformal mappings, and nonlinear
analysi&!.In recent decades, the inequalities foffeliential forms equipped with tHeP-norm have
been very well studied, while that with Orlicz norms have not been fully develdged

In 2004, Buckley and Koskela first introduced a kind of Young func@gp, g, C), since then
some mathematicians devoted themselves to study the inequalitied fmitbrm for diferential
forms and operators, whege e G(p, g, C)*°. In 2013, Lu and Bao redefined a Young function
¢ satisfying the non-standard growth conditions, wgte NG(p, g) for short, which can be traced
back to [10], and obtained the Poincaré inequalities and the sharp maximal inequalitigiefendi
tial forms with L#-normi*1-*2, However, it still remains unanswered on how to distinguish these two
kinds of Young functions.

It is well known that Caccioppoli inequality and Poincaré inequality are two kinds of important
inequalities in diferential forms, which can be used in PDE and potential th€ok. In recent
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years, some versions of Poincaré inequalities f@edéntial forms withLP and Orlicz norms have
been establish&e-9>-171. Although Caccioppoli inequalities for fiierential forms withLP-norm
have been well obtained, that with Orlicz norm still needs further stiidie¥l. In this paper, we
devoted ourselves to developing Caccioppoli inequalities féemintial forms satisfying the nonho-
mogeneouR-harmonic equation with the Young function liesNG(p, g) and proving the higher
integrability of the exterior derivative of the nonhomogeneAtlsarmonic tensors.

Now we introduce some notations and definitions. ®ebe an open subset &"(n > 2)
and O be a ball with the center at the origin R". Let pO denote the ball with the same cen-
ter asO anddiam(pO) = pdiam(O)(o > 0). |8 is used to denote the Lebesgue measure of a set
® c R". LetAl = AY(R"), ¢ = 0,1,...,n, be the linear space of aliformsu(x) = 3, u(X)dx, =
20 Ui, (0X, A dX, - - A dX, InR", wherel = (ig,iz,...,i),1 <y <iy<--- <i, <n,arethe
ordered/-tuples and the wedge outer product satisfies the relationship that

{ —dx; Adx, %]

dx A de = (ll)

i=].

Moreover, if each of the cdicientu, (x) of u(x) is differential on®, then we callu(x) a differential
¢-form on ® and useD'(0®, AY) to denote the space of allftérential .-forms on®. C*(0, AY)
denotes the space of smoatfiorms on®. The exterior derivativel : D'(0, AY) — D'(®, A“1),
¢=0,1,...,n-1,is given by

du(x) = Z Z au'“z '[( )dxj Adx, Adx, A---Adx, (1.2)
I j=1
for all u € D'(®,AY). The Hodge star operator : A — A" is defined as follows. It =
Uiy, (X1 X2, + -5 X)OX, A Xy A - AdX, = udx, iy <ip <--- <y, is a diferentialé-form, then
*U = * (Ui, 0%, AdXi, A Adx,) = (=1)ZOw dx;, wherel = (ig,ip,--- ,i7), I ={1,2,...,n} -1,
and%(I) = &2 + 3¢ i), The Hodge codierential operatod” : D'(®,A*!) — D'(®, Af)is
defined byd* = (=1)"*! % d% on D’(®, A1), £ = 0,1,...,n— 1. For allu € D'(®, A, we
haved(du) = d*(d'u) = 0. LP(®,AY)(1 < p < ) is a Banach space with the nofifdll,e =
(Jo, IUPAX)MP = ([ (21 Uy (¥)2)P2dx)Y/P < co. Similarly, the notations.? (©, AY) andW(©, A°)
are self-explanatofp-2°l.
From [19-20],uis a diferential form in a bounded convex dom#&@nthen there is a decompo-

sition

u=d(Tu) + T(du), (1.3)
whereT is called a homotopy operator, and exists
ITUlpo < ClOldiam(O)|lullp.0 (1.4)
for any diferential formu e Lloc(®, /\"),{’ =1,2,...,n,1< p< . Furthermore, we can define the

¢-formug € D'(O®, AY) by

={ 1O [yu()dx, £=0 (1.5)

dT(u), t=12,...,n
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forallue LP(O©, \"),1< p< oo.
The nonhomogeneousharmonic equation for éierential forms is defined as follows

d*A(x, du) = B(x, du), (1.6)
whereA : © x A{(R") — AYR™ andB: © x AY(R") — ATL(RM) satisfy the conditions:
A &)l < aélP,  AX&)-&= P, IB(x. &)l < blgP™ 1.7)

for almost everyx € ® and all¢ € AY(R"). Herea,b > 0 are constants and ¢ p < « is a

fixed exponent associated with (1.6). The solutions of the nonhomogeAelaaisnonic equation

for differential forms are called as the nonhomogeneous A-harmonic tensor, see [1] for more details
about these kinds of equations.

2 Caccioppoli Inequality for Differential Forms with Non-Standard Growth Con-
ditions

Itis precisely because Caccioppoli inequality plays an important role in the theoretical research
of PDE. The purpose of this section is to prove the following Caccioppoli estimates for the solutions
to the nonhomogeneous-harmonic equation with the non-standard growth conditions, which are
more general than the well-knows(x)— growth?!. First, we introduce some existing definitions
and lemmas.

A continuously increasing functiop : [0,00) — [0, ) with ¢(0) = 0 is so-called as an
Orlicz function. The Orlicz spac&?(®) consists of all measurable functionson ® such that
f® go('Xﬂ')dx < oo for somey = y(u) > 0. L¥(®) is equipped with the nonlinear Luxemburg functional

lullg.e = inf {X >0: Jggo(l)%l) dx < l} , (2.1)

wheref, denotes the integral mean ov@r that is, f, dx = & [ dx. A convex Orlicz functionp is
often called a Young function. If is a Young function, thefi- ||, ¢ defines a norm ih#(®), which
is called the Orlicz norm or Luxemburg norm, see [17].

The Young functionp : [0, o) — [0, o0) belongs toNG(p, ), if ¢ satisfies the following non-
standard growth conditioH$!:

Pe(s) < sp'(s) < gp(s), l<ps<g<co (2.2)

Forgp € NG(p, g), we note that the first inequality in (2.2) is equivalent to tﬁﬁtis increasing, and
the second inequality in that is equivalentAg-condition, i.e.p(2s) < Cy(s) for all s > 0, where
C>1, and@ is decreasing witls. As examples of the Young function of the cla$&(p, g), one
can takep(s) = s°, sPlog(1+ s)(g > p + 1), see [10-12]for more details about this kind of Young
funciton.

Lemma 2.1 (see [10]) Suppose is a continuous function in the cladsG(p, g) with p >
I — g, 1< p<q< . Foranys> 0, let

n+q

n+q

c0= [ %] o Fo- (o) * 23)

Sa
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ThenE(s) is a concave function, and there exists a consfantl, such that
F(s) < E(s) <CF(s), Vs>O0. (2.4)

The following inequalities (2.5) and (2.6) are called respectively Holder inequality and Jensen in-
equality, which appeared in [22].
Lemma2.2 LetO< p,g<oandl=p?t+qg? If f andgare measurable functions &,

then ) )
JC Ifgldx < (JC |f|de)p (f |g|qu)q (2.5)
(©] [©] [©)
forany® c R".

Lemma 2.3 Letu be positive measurable orvaalgebraM in a set®, so thatu(Q) = 1. If f
is a real function in.*(u), a < f(x) < bfor all x € Q and¢ is convex on &, b), then

¢( [ Ifldu)S [ st (2.6)

Remark If the functiong is a concave function, the inequality is inverse.

The following inequalities (2.7) and (2.8) are called respectively the Sobolev-Poincaré inequal-
ity and the weak reverse Holder inequality, which appeared in [20,23].

Lemma 2.4 Letue D’(O, A) be a diferential form and d € LP(O, A“1), thenu — ug is in
L@ (O, AY) and

(n-p)

( f u-— uo|n”“pdx) " <cymiop ( f |du|pdx)p 2.7)
(o] (o]

foracubeorabalDinR",¢=0,1,...,n-1and 1< p<n.
Lemma 2.5 Letu be a solution to the nonhomogenedugquation (1.6) ir®, o > 1 be some
constant, and & r, s < oo be any constants. Then there exists a con&airidependent ofi, such

that . .
(ngul dx) < C(frolul dx) (2.8)

for all cubes or ball© with O c 6.
Remark (i)whenu is the solution of theA-harmonic equation (1.6)uds also the solution of
Equation (1.6), then by (2.8), we have

lldullso < CIO|= [ldull, so. (2.9)

(i)For uis the solution of Equation (1.6) ards a closed form, i.edc = 0, u- cis also the solution
of Equation (1.6), similarly, we have

llu - cllso < CIOI=[lu - cllrso- (2.10)

LemmaZ2.6 (see[18]) Leue D'(®,AY),¢=0,1,...,n, be asolution of the nonhomogeneous
A-harmonic equation (1.6) in a bounded dom@inc R", and assume that & p < ~ is a fixed
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exponent associated with the equatiobjlando > 1 is a constant. Then there exists a cons@ant
independent ofi and du, such that

lldullpo < Cdiam(O)™lu — cllps0 (2.11)

for all balls or cube® with O c ® and any closed forr.

Remark From Lemma 2.6, we know thattis related with the condition of the nonhomoge-
neousA-harmonic equation (1.6). Combining (2.9)-(2.11), we can get the generalized version of
Caccioppoli inequality (2.12), i.e., Theorem 2.1.

Theorem 2.1 Letu € D'(®,AY),¢ = 0,1,...,n, be a solution of the nonhomogeneoks
harmonic equation (1.6) in a bounded dom@irr R", and assume that9 s < . Then there exists
a constan€, independent ofi and di, such that

lldullso < Cdian(O) ™ Hlu - cllseo (2.12)

for all balls or cube® with 0O c ®(o- > 1) and any closed form
Proof Foranys> 0, we have

lldullso < C1lO1'™ [ldullp.r0
< C2|0 % diam(O) ™|u — Cllpe0
< C3/0| = diam(0) 0| % [Ju — Cllsrs0
= Csdiam(O)||u - Cllses0-

(2.13)

whereos > 05 > o1 > 1. Write (2.13) as the form of integral mean, we get

( JC |du|3dx)s < Cdiam(0)™* ( JC lu-— c|de)5 i (2.14)
(6] a0

Theorem 2.2 Let ¢ be a Young function in the clag$G(p, q) with p > 2 = g* and® be

n+q
a bounded domain iR". Assume thai(|ul) € L} (©) andu is a solution of the nonhomogeneous

A-harmonic equation (1.6) i@, Then there exists a constant C, independent sfich that

. L
fo o(/dul)dx < C f Ogo(dlar‘r’(O) Ju—cf) dx (2.15)

for all ballsO with O c ® andc is any closed form, where > 1 is a constant.
Proof Applying Holder inequality (2.5), we have

A (o V) @7 (|dul) e =
JCO w(IdUI)dX—f) e jduf [Jﬁ aur dx] (f |du|qu) : (2.16)

Using theA,-condition ofy and the concavity dE, which appeared in Lemma 2.1, using(2.8)and(2.14),
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(2.16) becomes

fstamocs (£ F('d“'q)dx)ngq(f 'd“'qu)mnq <(f, E(|du|Q)dx)ngq(JC |du|qu)mnq
<E” (JC 'd”'qu) (JC 'dul“dX) q<Can+q (f Idulqu) (f Idulqu) .

M " : (2.17)
= C (J[O |du|qu) n+q (f(; |du|qu) = Cl‘P ((ﬁ |du|CIdX) )

<Cup (Cz( f |du|pdx)é) <Cip (CsdiarT(O)l( JC - c|pdx)é)
010 020
<Cup (diam(orl( f - c|pdx)%),
(Tzo

whereo, > oy > 1. Letd(s) = [ #2dr and thatl?, €2 are increasing and decreasing respectively
with sin [0, +0), SO

S S
D(s) = f @Tp_ld‘r < @f P ldr = @ (2.18)
o 7P s Jo p
Similarly, we haveb(s) > £, Therefore we have

22 (9 < 22, (2.19)

,_.

Let ¥(s) = (D(SP) Y(s) = ﬁ) is increasing, s is a convex function. For al# € L1(®), by

Jensen inequality (2.6), We obtam

D ( Jg ﬁdx)é = ‘P( Jg ﬂdx) < Jf, P(I)dx = Jg D(I7)dx. (2.20)

Replacing? with (diam(©)~ju - c|)P in (2.20), we get

) ( JC ] diam(©)Pju — c|de)éJ < f ] ® (diam(©) *|u - ¢f) dx. (2.21)
Combining (2.19) and (2.21), (2.17) becomes
JE (ldul)dx < Cs® (diam(O)‘l( ] lu— c|pdx)é)
<GCs JC ] @ (diam(O) *|u - ¢l) dx (2.22)

<Cs f ¢ (diam(©)*u - ¢/ dx
0'20

which gives

fo o(|du))dx < C; L K (diam(©)~*u - cf) dx. (2.23)
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The proof of Theorem 2.2 has been completed.
Sinceg € NG(p, q) satisfies the\,-condition, from the proof of Theorem 2.2 or directly from
(2.23), we have

fw(w)dxscqc sO(diam(O)_lw)dX (2.24)
o X a0 X

for all balls O with O c ® and any constant > 0. From the definition of the Orlicz norm and
(2.23), the following inequality with the Orlicz norm

lldull,.0 < Clidiam©)(u - ¢)lly.c0 (2.25)

holds if the conditions described in Theorem 2.2 are satisfied.

Noticing that in Theorem .2, c is any closed form. Hence, we may choase u,o in Theorem
2.2 and obtain the following version daf-integral inequality which may be convenient to be used
later.

Corollary 2.1  Let ¢ be a Young function in the clag$G(p, q) with p > -4 = g* and® be

n+q

a bounded domain iRR". Assume thai(lul) € L (®) andu is a solution of the nonhomogeneous

A-harmonic equation (f) in ®. Then, there exists a constant C, independent efich that

f o(ldu))dx < C f ¢ (diam(©)*u - u,ol) dx (2.26)
(o] O
for all ballsO with O c ®, whereo > 1 is a constant.

3 Higher Integrability for Di fferential Forms with Non-Standard Growth Condi-
tions

In [24], Bogelein, Duzaar, Korte and Scheve established that the gradient of weak solutions to
porous medium-type systems admits the self-improving property of higher integrability. In recent
years, the higher integrability of integrals with operators acting ¢iemdintial forms is becoming
a research hotsp&-271. Therefore for the self-improving property, we will prove the higher inte-
grability of the external dierential of the nonhomogeneo#sharmonic tensors, which are also
essentially dierential forms. So the title of this section is named as above.

Now we first introduce the extension of Gehring lemma for functipbs in the clastdNG(p, q),
then we will prove the higher integrability of the exterioffdrential of diferential forms satisfying
the nonhomogeneousharmonic equation under non-standard growth conditions with the Cacciop-
poli inequality.

Lemma 3.1(see [10]) Ife be in the clastNG(p, g) and f is anLi,.(®) function, f > 0, such
that, for any cub& c @ for which 2Q cc 0,

]Cgo(f)dxs blgo(f fdx)+b2, (3.1)
Q 2Q

then there exist;, ¢, > 0,r > 1, depending only oby, b,, n, k, p such that, for any @ cc 0,

JCtpr(f)dXS Cr¢' (JC de)+C2, (3.2)
Q 2Q
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Remark Noticing that in Lemma 3.1, cubes in inequalities (3.1) and (3.2) may easily be
replaced by balls and@can be replaced withrQ, o > 1. Moreover, it is clear from the proof that
if b, = 0, then alsa, = 0.

Theorem 3.1 Let ¢ be a Young function in the clag¢G(p, g) with 1 < % =( < pand®

be a bounded domain i&". Assume thap(|u]) € Li_(®) andu is a solution of the nonhomogeneous

A-harmonic equation (1.6) i®, then there exist > 1,C > 0 such that

Jggor(lduDdx <C (fro ¢,o(|du|)dx)r (3.3)

for all ballsO with 0O c ®, whereo > 1 is a constant.

Proof Lett = , from Theorem 2.2 or Corollary 2.1, and Holder inequality (2.5), we
deduce that

niq e o
fgo(ldu|)dx < le "Dg)t%dx <C (JC L (t)dx) (JE tqu) ’ . (3.4)
o 7O tita o0 s0

Noticing thatq = % and using the Sobolev-Poincaré inequality (2.7), we have

(Jf tqu)q sdiam(orlczwoﬁ(f |du|q*dx)q
o0 a0

< C,diam(©)toCsdiam(©) ( f |du|q*dx)q (3.5)
O

<C, (J[ |du|q*dx)q .
o0

n
1\ 2L

( JC thx)mq < [c4 ( f |du|q*dx)q ] <Cs Jf 1dul“ dx. (3.6)
aO aO aO
Combining (3.4)and (3.6), using the concavitytbind theA,-condition ofp, we get
J[go(|du|)dx <Cs (f F (t% dx) . JC |dul¥ dx < Cg (J[ E (t% dx) . J[ |dul? dx
(o] a0 a0 a0 O
< C4E™a ( JC tqu) : f |dul dx < CoF ™ ( JC tqu) : JC ldul dx
aO o aO aO
< C;Fma [[ JC |du|‘4"dx] J : f \dul® dx
aO 4] (37)

o ([f o I o) |
. [o ] ~f|dulq*dx
aO

£ lduldx
ql*]

= ngo[[ f |du| dx
a0

U-Uso

diam(©)

Therefore we obtain

la O

Q
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If we setg(s) = go(s%*), theng’(s) = q—{sf*’lgo’(sai*). Considering thap € NG(p, g), we have

Potsty < s(qi é-lso'(sé)) < ushy (3.8)

Thatis
P'é(s) < sp'() < q'¢(9). (3.9)

Sincep > @*, we obtain thaty(s) € NG(p', ), wherep’ = qﬂ q = qﬂ > 1. By (38.7) withf = |du|*,

we obtain that
£ a(tdx < Cap ( f fdx), (3.10)
(@] a0

from which it follows thaty and f satisfy the assumptions of Lemma 3.1. Thus there ekistsl

such that
£ o (hix<cos ( f fdx), (3.11)
(@] o0

chor(ldUI)dX < Co¢' [(JC |du|q"dx)q*]. (3.12)
(6] o0

Replacing? with |du|? in (2.20) and using (2.19), we have

’ 1
@ [(JEO |du|de) ] < JEo O(|duf)dx < o fro @(/dul)dx. (3.13)

Noticing thatp > g* , we obtain from (2.19) and (3.13) that

1 )L } N
aso(( J€O|du|q dx) )s ago[( ]EO Idulpdx) ( Jioldulpdx) ]s 5 £O¢(|du|)dx. (3.14)

From (3.12) and (3.14), we get

i.e., foranyocO c 0,

<o

Jggor(lduDdx <Cyo (Jgo ga(|du|)dx) . (3.15)

The proof of Theorem 3.1 has been completed.

4 Applications

In [28], Skrzypczak derived Hardy inequalities in weighted Sobolev spaces via anticoercive
partial diferential inequalities of elliptic type involving-Laplacian-A,u = —divp(Vu) > @, where
®@ is a given locally integrable function ands defined on an open subsgtc R". By knowing so-
lutions, he derived Caccioppoli inequalities forAs a consequence, he obtained Hardy inequalities
for compactly supported Lipschitz functions involving certain measures, having the form

f Fo(Cpa(dx) < f SV a0, @.1)
[C] [C]
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wherep(t) = tPIn“(2 + t)(p > 1L, @ > 0) is a Young function related tp and F(t) = a(%) If let
a =q- p> 0, we can get the following theorem.

Theorem 4.1 The Young functionp : [0, o) — [0, o) belongs taNG(p, q), if ¢(t) = tPIn“(2+
t)ya=q-p>0,1<p<Qg<oco.

Proof According to the equivalent definition &fG(p, ), we only need to prove the following
facts:

(1) 29 is increasing:Lef (t) = £2 = In%P(2+1), thenf’(t) = (q- p) NP2 +1)/(2+1) > 0.
So the resultis clear;

(2) ¢(t) satisfies the\,-condition:

o(2t) = ()P INTP(2 + 2t) = 2PP(IN2 + In(L + D)FP < %P INT P2 + 1) = 2%(t),  (4.2)

Thus the conclusion is obvious;

3) % is decreasing: Lei(t) = % = (w)q‘p, andg(t) can be seen as a a compound function
by the increasing functioi(u) = u%P and the decreasing functian= w thus the assertion is
established.

In the nonhomogeneous-harmonic equation (1.6) , if we tak®& B to be diferent operators,
we will obtain diferent examples of A-harmonic equations. For example, as&im® ,then the
nonhomogeneous-harmonic equation changes to the following homogenéeharmonic equation

d*A(x, du) = 0. (4.3)

Moreover, if we takeA(x, &) = £|¢|P-2 in formula (4.3), then the homogeneoMharmonic equation
becomes the following-harmonic equation

d*(duldul’?) = 0. (4.4)
Particulary, letp = 2 in formula (4.4), then it reduces to
d*(du) = 0. (4.5)

In addition, ifu is a function (0-form), then (4.5) is equivalent to the classic Laplace equation
Au = 0. The functioru satisfying Laplace equation is called the harmonic function. Obviously, the
related conclusions in Sections 2 and 3 still hold fdfatiential forms satisfying Equation.8). Itis
easy to see thatis a trivial solution of (1.6) if d = 0. But the expression ofud# 0 sometimes may
be quite complicated, and it would be very hard to evaluate the norma directly. In this case, we
may consider to use the Caccioppli inequality to obtain the upper bound fd(g th{@lu))dx instead
of calculating the integral directly . Let us see the following simple exampkin

Example 4.1 Letu(x,y) be a function defined i&? by

u(x,y) = X3 — 6x2y — 3xy? + 2y°. (4.6)

Itis easy to check thaf(x, y) is a harmonic function in the upper half plane. Let 0 be a constant,
andO = (x,y) : X* + y? < r2. To obtain the upper bound for tlfggo(ldul)dxwith @(t) = tPINTP(2+1),
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we can use Caccioppoli inequality.{®) withc = 0, andn = 2 as follows. First, we know that
diam(©) = 2r, 00| = no?r?, and

lu(x, y)I < I + 6IxIyl + 3IXiIyi? + 2ly1® < 12r3, (4.7)

Applying (2.15), we have

f |dul® IN®P(2 + |du)dx < C f (diam©)Yul)P In%P(2 + diam(©) *|ul)dx
(e] aO

3\P 3
sCf (g) Inq‘p(2+ £)dx
o\ 2r 2r (4.8)

= C6Pr#PIn%P(2 + 6r2)f dx
aO
= C6Pror?P2(1 + 6r2)a-P,

As to the solution of Equation (4.5), until now we can not get the whole solution space, but we
can give a kind of solutions with some characteRih A special kind of solutions of 1-form with
3-independent variables satisfying Equation (4.5) is constructed by simple calculationdSince
((=1)*™! % dx)d = (xd)?, letu = adx; + bdx, + cdxs, wherea, b, ¢ are functions with second-order
continuous partial derivatives about three independent variables xs.

du = (by, — ay,)dxs A dxz + (Cx, — 8x,)dX1 A dXz + (Cx, — Dy )dX2 A dXs; (4.9)

*du = (by, — ay,)dXs + (8x, — Cx,)dX2 + (Cx, — Dy )dXy; (4.10)

dxdu= (a)(l)Q; + bx2x3 = Cxxq — Cx2x2)dX1 A dXZ + (bX1X1 + bX3X3 — xx, — CX2X3)Xm A dX3 (4 11)
+ (D%, + Cxixs — Bxoxo — Axgxa) X2 A UXa; '

*d * dU = (Bx,x; + Dioxs — Cxyxy — Croxo) X3 + (Axyx, + Croxg — Py — P )UX2 4.12)

+ (Dyxo + Crixs = Broxo — Bee)IX1;

Example 4.2 Let

a'X1X3 + bX2X3 - CX]_X1 - CXzXz = 0’
a’XlXZ + CXZX’& - bX1X1 - b)@){g = 07 (413)

bX1X2 + CX1X3 - a'X2X2 - a'X3X3 = 09

then theu with codficientsa, b, ¢ satisfying Equation (4.3) is the solution of Equation (). Let

a =+ X3+ 40 + X33 + (03 + 6XXeXs + X5),0 = X} + 3 + 4(X + X3)X5 + (0 + BXyXoXg + X5),

C = X+ X5+ 40X + X)X + (X +6X1 X X3 + X3), andu = adx, +bdx, + cdxs. Letr > 0 be a constant,and
{X1, X2, X3) 1 X2 + %5 + X3 < r?}. Itis not hard to check thatud+# 0 andu satisfies Equation (4.13).
To obtain the upper bound for tfﬁg ¢(/du))dx , we calculate with Caccioppoli inequality (2.15) with
¢ = 0 as follows. First, we know that dia®@] = 2r, |0O| = 4n0%r3/3, and

U(Xe, X2, Xa)| = (a2 + b2 +c2)? < V3(2r* + 4 (2r)r3 + (r3 + 6r3 + %))

= V3r3(10r + 8). (*.14)
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[11]
[12]

[13]

[14]
[15]
[16]

[17]

(2.15), it follows that

f |dulP In%P(2 + |dul)dx < C f (diam(O)‘1|u|)p In%P (2 + diam(©) *|ul) dx
(e} O

o

< C(V3r3(10r + 8)/2)P I (2 + V3r?(10r + 8)/2) f dx (415
O

< 4Cmo*(V3/2)r*(10r + 8)P(1+ V3ri(10r +8)/2)TP/3,
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(2. bR EH R 2R, dba 100879

WE: AL EBERIT W R A A R A A 5 2 P 5 K 5 % 5 R A O 1 5
i Holder N5 20 — 23 /2 AR bR k38 K 4618 1) Young BR B R R, 3815 T — 295 5k B0 1000 T 3R (B R 55 TR A-
AR 7 7E %2 Young B 0 1E F R fCaccoppolifh 28 20 &% H = i el AR PE . 1% 45 18 ¥ 10 T 28 Caccoppolifs
s i Lp 28 (A4 2 T fi% 2 Young B 8K ) Orlicz 23 1], [RI I B8 T i% Caccoppolif2% 38 AT LA T34
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