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Abstract: In this paper, we consider a two-dimensional vector nonlinear difference system

with time delay. By using stability theory and optimal control theory, sufficient conditions for the

global asymptotic stability of a unique positive equilibrium are obtained. For the associated optimal

control problem of maximizing the consumption functional, the existence of optimal solutions is

established as well as their stability. Finally, numerical simulation is carried out to illustrate the

validity of our results. Our results generalize the corresponding results on a one-dimensional vector

nonlinear difference system.
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1 Introduction

In many fields, including mathematical biology, medicine, homeland security and man-

ufacturing industry, economics etc, much of the data are discrete rather than continuous.

As well known, difference equation is an effective mathematical tool to study the variation

law of discrete variables. A lot of papers and monographs have been written on this sub-

ject, see [1–4] and further references therein. Among them, delayed nonlinear equations were

investigated by a large number of researchers, see in [1, 5–7]. For such equations, the asymp-

totic behavior of the solution to difference equations is an important topic arising from a

large number of practical problems as well as the optimal control problem, see [8–11] and

textbooks [2, 3, 12].

To describe an economic problem, Ivanov considered the following equation in [13]:

xn+1 = axn + unf(xn−K) (1.1)

where 0 < a < 1, un ∈ [0, 1] is the control coefficient. xn is the economic output at any

time n, the output of the next time interval n + 1 is composed of two parts, one is axn, a

certain proportion of the output at time n, the other is the output f(xn−K) which results
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from the production output K steps back, caused by the delay factors due to some economic

results. They dealt with two problems in [13]. One is the global asymptotic stability of its

unique positive equilibrium for equation (1.1) without control, i.e un ≡ 1 for any n ∈ N
+.

The other is an optimal control problem, which is associated with an important economic

problem, maximization of consumption functional. They found a control sequence {un}∞n=1

to control the consumption achieve to maximal value, where the value of un is in [0, 1] but

not identically equal to 1.

But one variable or one discrete equation can not describe more complex situation

sometimes. In our current paper, we consider a more complex situation where a firm has

two factories. The same economic problem leads to the following difference equations with

delay {
xn+1 = a1xn + un(f1(xn−K) + g1(yn−K)),

yn+1 = a2yn + vn(f2(xn−K) + g2(yn−K)),
(1.2)

where 0 < ai < 1, functions fi, gi : R
+ → R

+ are continuous on R
+ for i = 1, 2 and K ≥ 1 is

the integer delay. xn, yn are the economic output of the two factories respectively, and can

be measured at discrete time intervals (daily, monthly, or yearly). For example, the output

of one factory at any time n denoted by xn, the output of the next time interval n + 1 is

composed of two parts, one is a certain proportion of the output of the company at time n,

a1xn, and the other is the output f1(xn−K) + g1(yn−K). The economic significance of the

two parts are similar to [13]. Obviously, our model is an generalization of equation (1.1).

Moreover, it is interesting to discuss how to assign resources to the two factories to control

the consumption achieve to maximal value. But there are many difficulties due to this

general setting. First, some more complicated conditions will be proposed to guarantee the

existence and the uniqueness of the positive equilibrium by using inverse function method.

Second, we need to develop additional techniques to establish the stability of the positive

equilibrium. Finally, the most difficult thing is to study the control problem. Not only are

there four functions fi, gi(i = 1, 2) in the system, but also the control sequence {un, vn}∞n=1

are more complicated than those in [13]. Therefore, we will propose suitable assumptions on

those functions and develop additional techniques.

Our paper is organized as follows. We establish the existence and the uniqueness of the

positive equilibrium of the system considered in the current paper with un = vn ≡ 1 and

study the global asymptotic stability of the equilibrium in section 2. Section 3 is concerned

with the associated optimal control problem. The properties of the solution to the control

equation are obtained. For any one of the optimal equilibria, an associated control sequence

is found to make the solution converge to it. Finally, numerical simulation is carried out in

section 4 to illustrate the validity of our assumptions and results.

2 Preliminaries and Global Asymptotic Stability

In this section, we put forward two hypotheses, introduce basic definitions and state

stability results concerning the difference system (1.2) with un = vn = 1, that is the following
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system �
{

xn+1 = a1xn + (f1(xn−K) + g1(yn−K)),

yn+1 = a2yn + (f2(xn−K) + g2(yn−K)).
(2.1)

2.1 Positive Equilibrium Analysis of Equation (2.1)

It is difficult to guarantee the existence and the uniqueness of the equilibrium of the

system (2.1) since there are four functions fi, gi(i = 1, 2) in the right of the system. To

overcome this difficulty, we introduce inverse function method. Some functions are given

first. Define

H
(1)
1 (r) := (1 − a1)r − f1(r), H

(2)
1 (r) := (1 − a2)r − g2(r).

Their inverse functions of H
(1)
1 (r) and H

(2)
1 (r) are denoted by (H

(1)
1 )−1(r), (H

(2)
1 )−1(r) re-

spectively. Define

H
(1)
2 (r) := (1 − a2)r − g2(r) − f2((H

(1)
1 )−1(g1(r))),

H
(2)
2 (r) := (1 − a1)r − f1(r) − g1((H

(2)
1 )−1(f2(r))).

Two assumptions are given as follows.

(H1) Assume that functions H
(1)
1 , H

(2)
1 have inverse functions for r > 0 and (H

(1)
1 )−1(r) >

0, (H
(2)
1 )−1(r) > 0 if r > 0.

(H2) Assume that there is Y ∗ > 0 such that the function H
(1)
2 satisfies

H
(1)
2 (r) < 0, if 0 < r < Y ∗; H

(1)
2 (r) > 0, if r > Y ∗. (2.2)

Let X∗ = (H
(1)
1 )−1(g1(Y

∗)). Assume that the function H
(2)
2 satisfies

H
(2)
2 (r) < 0, if 0 < r < X∗; H

(2)
2 (r) > 0, if r > X∗. (2.3)

Assumptions (H1), (H2) and simple calculations lead to the following lemma.

Lemma 2.1 Assume that assumptions (H1) and (H2) hold. Then difference system

(2.1) has a unique positive equilibrium (X∗, Y ∗). Moreover,

(X∗, Y ∗) =

(
f1(X

∗) + g1(Y
∗)

1 − a1

,
f2(X

∗) + g2(Y
∗)

1 − a2

)
.

2.2 Asymptotic Behavior of the Solution to Equation (2.1)

Before our main results, we introduce some definitions and notations.

Define F = (F1, F2)
T , G = (G1, G2)

T , where Fi = 1
1−ai

fi, Gi = 1
1−ai

gi, i = 1, 2. Define

T = (T1, T2)
T , where Ti(x, y) = Fi(x)+Gi(y), i = 1, 2. It is obvious that (X∗, Y ∗) is a fixed
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point of the map T. The fixed point of map T is called attracting if there exists its open (with

respect to R
+ × R

+) neighborhood U such that T(U) ⊆ U and limn→∞ Tn(x, y) = (X∗, Y ∗)

for each (x, y) ∈ U , where Tn := T ◦ Tn−1 = T(Tn−1). The largest interval U ⊆ R
+ × R

+

with the above property is called the domain of immediate attraction of the fixed point

(X∗, Y ∗). An interval I ⊆ R
+ ×R

+ is said to be invariant under T if (T1(x, y), T2(x, y)) ⊆ I

for all (x, y) ∈ I.

Given an initial string P0 = {P−K , P−K+1, ..., P0}, then system (2.1) has a solution

(xn, yn) for n > 0 by consecutive iterations. Define Pi := (xi, yi), i ∈ {−K,−K + 1, ..., 0} ∪
N

+. The segment {P(j−1)K+j , · · · , PjK+j} is called the j−th string Pj . Give a set S ∈ R
+×

R
+, we say that Pj ∈ S if P(j−1)K+j+i ∈ S for all i ∈ {0, 1, · · · ,K}. Clearly, xn ≥ 0, yn ≥ 0

for all n ≥ 1 if the initial data for P0 are all in R
+ × R

+.

Difference system (2.1) is equivalent to the following one

{
µ14xn = −xn+1 + F1(xn−K) + G1(yn−K),

µ24yn = −yn+1 + F2(xn−K) + G2(yn−K),
(2.4)

where µi =
ai

1 − ai

, 4xn := xn+1 − xn, 4yn := yn+1 − yn. Let A :=

(
µ1 0

0 µ2

)
and

4Pn = (4xn,4yn)T , then the vector form of (2.4) is

A4Pn = −Pn+1 + F(xn−K) + G(yn−K) = −Pn+1 + T(xn−K , yn−K).

In this subsection we obtain the global asymptotic stability of the unique positive equi-

librium.

Theorem 2.1 Suppose that (X∗, Y ∗) is an attracting fixed point of map T and set J

is the associated domain of immediate attraction. Then for every initial string P0 ∈ J , the

corresponding solution Pn = Pn(P0) has the property

lim
n→∞

(xn, yn) = (X∗, Y ∗). (2.5)

Proof By the definition of attracting fixed point of map T, one has

T(X∗, Y ∗) = (X∗, Y ∗), lim
n→∞

Tn(x, y) = (X∗, Y ∗), ∀(x, y) ∈ J 3 (X∗, Y ∗).

Let an initial string P0 = {(x−K , y−K), (x−K+1, y−K+1), · · · , (x0, y0)} be given such that

P0 ∈ J , then one can find a closed bounded interval I0 := [α1, β1] × [α2, β2] ⊂ J such that

P0 ∈ I0 and T(I0) ⊆ I0. Since J is the domain of immediate attraction of (X∗, Y ∗), one also

has

I0 ⊇ T(I0) ⊇ T2(I0) ⊇ · · · ⊇ Ti(I0) ⊇ · · · and ∩i≥0 Ti(I0) = (X∗, Y ∗), (2.6)

where T(I0) := [γ1, δ1] × [γ2, δ2].

Let (xn, yn) be the solution of (2.4) with associated initial data P0. Then the following

two cases will occur.
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Case I. There is N ≥ 0 such that (xN , yN) ∈ T(I0). Then one can show that (xn, yn) ∈
T(I0) for all n ≥ N . Suppose not, let Ñ > N be the first time when the solution leaves

the interval T(I0) for n > N . Without loss of generality, we may assume that (xÑ , yÑ) ∈
[α1, γ1]× [α2, β2] and (xn, yn) ∈ T(I0) ⊆ I0 for all N < n < Ñ . Then 4xÑ−1 = xÑ −xÑ−1 <

0. On the other hand, since T1(xÑ−K , yÑ−K) ∈ T1(I0) = [γ1, δ1], then system (2.4) shows

that 4xÑ−1 =
1

µ1

[−xÑ + F1(xÑ−K) + G1(yÑ−K)] > 0, a contradiction. Then (2.5) is valid

from (2.6).

Case II. (xn, yn) /∈ T(I0) for all n ≥ 0. Then we will show that limn→∞(xn, yn) =

(X∗, Y ∗). Let A := ([α1, γ1] × [α2, δ2]) ∪ ([γ1, δ1] × [α2, γ2]), then A ⊆ I0 \ T (I0). We claim

that (xn, yn) ∈ A for all n > 0 if (x0, y0) ∈ A, and (xn, yn) /∈ [γ1, δ1] × [γ2, δ2] for all n > 0 .

Indeed, if on the contrary, P1 = P1(P0) /∈ A, then x1 > δ1 or y1 > δ2. Consider a modified

initial string P̃0 := {(x−K, y−K), · · · , (x−1, y−1), (δ1, δ2)}, in view of (δ1, δ2) ∈ T(I0), one has

Pn(P̃0) ∈ T(I0) for all n > 0. So that P1(P̃0) = (x̃1, ỹ1) ≤ (δ1, δ2). From system (2.4) we

can see that

x1(P0) = a1x0 + f1(x−K) + g1(y−K) < a1δ1 + f1(x−K) + g1(y−K) = x̃1(P̃0),

y1(P0) = a2y0 + f2(x−K) + g2(y−K) < a2δ2 + f2(x−K) + g2(y−K) = ỹ1(P̃0),

a contradiction with P1(P0) /∈ A. Therefore, we obtain the conclusion that (xn, yn) ∈ A for all

n > 0. That means the solution (xn, yn) is bounded from above. Note that Fi, Gi(i = 1, 2)

are continuous over I0, then limn→∞(xn, yn) = (x, y) ∈ A. Since if α1 ≤ x < γ1, then
1

µ1

[−x + F1(x) + G1(y)] > 0 and if α2 ≤ y < γ2, then
1

µ2

[−y + F2(x) + G2(y)] > 0, then

x = γ1, y = γ2. On the other hand, since limn→∞(4xn,4yn) = (0, 0), system (2.4) implies

that x = F1(x) + G1(y), y = F2(x) + G2(y), which implies (x, y) = (X∗, Y ∗). Thus, from

(2.4), one can conclude that (2.5) is valid. The theorem is proved.

The following corollary gives a sufficient condition to guarantee that the fixed point

(X∗, Y ∗) is an attracting fixed point of map T.

Corollary 2.1 Suppose that

max
(s,r)∈[0,X∗]×[0,Y ∗]

(F1(r) + G1(s)) ≤ X∗, max
(s,r)∈[0,X∗]×[0,Y ∗]

(F2(r) + G2(s)) ≤ Y ∗,

min
(s,r)∈[X∗,+∞)×[Y ∗,+∞)

(F1(r) + G1(s)) ≥ X∗, min
(s,r)∈[X∗,+∞)×[Y ∗,+∞)

(F2(r) + G2(s)) ≥ Y ∗.

(2.7)

If there are increasing functions ω±
i (i = 1, 2) with

ω−
1 (r) > r for 0 < r < X∗, ω+

1 (r) < r for r > X∗,

ω−
2 (s) > s for 0 < s < Y ∗, ω+

2 (s) < s for s > Y ∗,
(2.8)

such that
F1(r) + min

s∈[0,Y ∗]
G1(s) ≥ ω−

1 (r), F1(r) + max
s≥Y ∗

G1(s) ≤ ω+
1 (r),

min
r∈[0,X∗]

F2(r) + G2(s) ≥ ω−
2 (s), max

r≥X∗

F2(r) + G2(s) ≤ ω+
2 (s),

(2.9)
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then

lim
n→∞

(xn, yn) = (X∗, Y ∗)

provided P0 ∈ I0 := ([0, X∗] × [0, Y ∗]) ∪ ([X∗, +∞) × [Y ∗, +∞)).

Proof It is easy to see that (2.7) implies that I0 is the invariant domain of operator

T. Moreover, (2.8) and (2.9) imply that ∩i≥0T
i(I0) = (X∗, Y ∗). Therefore, (X∗, Y ∗) is the

the attracting fixed point of map T and the associated domain of immediate attraction is

I0. Hence, one can obtain (2.5) when the initial string P0 ∈ I0. The corollary is proved.

3 Convergence of Solutions in Optimal Control Problems

Consider the following difference system

{
xn+1 = a1xn + un(f1(xn−K) + g1(yn−K)),

yn+1 = a2yn + vn(f2(xn−K) + g2(yn−K)), n = 0, 1, 2, · · · ,
(3.1)

where the parameters ai(i = 1, 2) and the functions fi, gi(i = 1, 2) are as same as those of

system (2.1), and un, vn are control sequences with values in [0, 1] which are motivated by

practical applications.

Obviously, the general setting leads to additional difficulties and much more technicality.

How to handle with the four functions and the six solution subsequences in (3.1)? To this

end, the functions fi, gi, (i = 1, 2) are assumed to satisfy the following conditions.

(H3) Let 1− a = min{(1− a1), (1− a2)}. For a given bounded region [0, M ]× [0, M ], there

exist positive constants hi ∈ (0, 1], i = 1, 2 with (1 − a1)h1 + (1 − a2)h2 ≤ 1 − a such

that for ∀(x, y) ∈ [0, M ] × [0, M ],

Σ2
i=1(fi(x) + gi(y)) ≤ Σ2

i=1(fi(h1(x + y)) + gi(h2(x + y))). (3.2)

(H4) Let F̃ (r) = f1(r) + f2(r) − (1 − a1)r, G̃(s) = g1(s) + g2(s) − (1 − a2)s. Define

A = {s̄|G̃(s̄) = max0≤s≤Y ∗ G̃(s)}, B = {r̄|F̃ (r̄) = max0≤r≤X∗ F̃ (r)}. Then

(1) F̃ (r) < 0 for r > X∗ and G̃(s) < 0 for s > Y ∗;

(2) f1(r) + g1(s
′) ≥ (1 − a1)r if s′ ∈ A for 0 < r < X∗ and f2(r

′) + g2(s) ≥ (1 − a2)s

if r′ ∈ B for 0 < s < Y ∗;

(3) there is M̃ > 0 such that f1(r) + f2(r) < (1 − b)r, g1(r) + g2(r) < (1 − b)r for

r > M̃ , where b > a.

Remark The condition (H3) plays an important role in our next discussion and it is

reasonable. For example, it is easy to prove that (H3) is satisfied when fi(x) =
√

x+x, gi(y) =
√

y+y, i = 1, 2 when a1 = a2. Let a1 6= a2, choose λ < 1
2

such that λ(1−a1)+λ(1−a2) ≤ 1−a.
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If f1(x) + f2(x) = λh(x), g1(y) + g2(y) = (1 − λ)h(y), where h is convex and decreasing,

then one has

Σ2
i=1(fi(x) + gi(y)) ≤ λh(λx + (1 − λ)y) + (1 − λ)h(λx + (1 − λ)y)

≤ λh(λ(x + y)) + (1 − λ)h(λ(x + y)) = Σ2
i=1(fi(λ(x + y)) + gi(λ(x + y))).

Thus, (H3) is satisfied.

Next, we give the notations about the consumption. Let P0 be any fixed initial string.

For arbitrary control U = (un, vn)∞n=0 system (3.1) defines a unique solution P = P(P0,U) =

(Pn)∞n=1 = (xn, yn)∞n=1, which is found by consecutive iterations for all n > 0. Similar to

[13], the consumption is denoted by [(1 − un)(f1(xn−K) + g1(yn−K)) + (1 − vn)(f2(xn−K) +

g2(yn−K))]. The following consumption functional

C(P0,U) = lim inf
n→∞

[(1− un)(f1(xn−K) + g1(yn−K)) + (1− vn)(f2(xn−K) + g2(yn−K))] (3.3)

and its maximization problem over the solutions to system (3.1)

Maximize : C(P0,U), subject to (3.1) (3.4)

are used to denote the minimal level of consumption for sufficiently large time periods. A

positive constant c∗ is used to describe the maximum steady consumption that could be

achieved in problem (3.4) and defined as

c∗ = max{L1(x, y) + L2(x, y), (x, y) ∈ R
+ × R

+},

where L1(x, y) = f1(x) + g1(y) − (1 − a1)x, L2(x, y) = f2(x) + g2(y) − (1 − a2)y, (x, y) ∈
R

+ × R
+. And set τ, τ ′ are defined as follows:

τ = {(x, y) ∈ [0, X∗] × [0, Y ∗] : L1(x, y) + L2(x, y) = c∗, there are u1, v1 ∈ [0, 1] such that

x = a1x + u1(f1(x) + g1(y)), y = a2y + v1(f2(x) + g2(y))}
(3.5)

and

τ ′ = {p : there are x, y such that x + y = p and (x, y) ∈ τ},

where set τ contains the steady state guaranteing this consumption c∗, the element of τ ′ is the

sum of each component of the element in set τ . First, set τ is non-empty evidently. Actually,

by assumption (H4), there is (x′, y′) ∈ [0, X∗] × [0, Y ∗] such that L1(x
′, y′) + L2(x

′, y′) = c∗,

and (x′, y′) ∈ τ since

ū1 =
(1 − a1)x

′

f1(x′) + g1(y′)
≤ 1, v̄1 =

(1 − a2)x
′

f2(x′) + g2(y′)
≤ 1.

It follows that set τ ′ is non-empty. Second, τ is a closed set and it may contain more than

one point. One would like to find a control sequence (un, vn), n ≥ 0 that maximizes the
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minimal level of consumption for sufficiently large time periods for any given initial string

P0, that means the solution to (3.1) will be convergent to the optimal steady state in set τ

under the control sequence (un, vn).

In what follows, we present three theorems to describe the properties of the solutions to

equation (3.1) as well as the relation between C(P0,U) and c∗ over the solutions to (3.1) for

any given initial string P0. Theorem 3.1 shows C(P0,U) ≤ c∗ for all P0 and U; Theorem

3.2 shows that there exists an optimal control UP0
to problem (3.4) such that functional

(3.3) achieves its maximum possible value; that is, C(P0,U) = c∗; Theorem 3.3 shows how

to construct a control sequence to make the solution to (3.1) converge to an optimal control

equilibrium in set τ or set τ ′.

Theorem 3.1 The functional (3.3) is bounded above over the solutions to (3.1), that

is, for all P0 and U, there exists the inequality

C(P0,U) ≤ c∗. (3.6)

Proof Step 1. We claim that the solution P to (3.1) is bounded; that is, there exists

M̄ such that

lim sup
n→∞

(xn + yn) ≤ M̄ , ∀P.

Consider solution P = P(P0,U) = (xn, yn)∞n=0 corresponding to the initial string P0 and

control U = (un, vn)∞n=0. Let Sn = xn+yn, r∗ = max{X∗, Y ∗}, L = max{f1(x)+f2(x), x ∈
[0, M̃ ]} + max{g1(y) + g2(y), y ∈ [0, M̃ ]}, M̄ = max{S−k, ..., S−1, S0;

1
1−a

L, M̄1}, where

M̄1 ≥ L
b−a

. Let m be the value such that Sk ≤ M̄ for k ≤ m and Sm+1 > M̄ .

(1) xm−K < M̃, ym−K < M̃ .

0 < Sm+1 − Sm ≤ −(1 − a1)xm + f1(xm−K) + g1(ym−K) − (1 − a2)ym + f2(xm−K) + g2(ym−K)

≤ −(1 − a)Sm + L ≤ −(1 − a)Sm + (1 − a)M̄ ≤ −(1 − a)Sm + (1 − a)Sm+1.

(2) xm−K ≤ M̃ , M̃ ≤ ym−K < M̄ .

0 < Sm+1 − Sm ≤ −(1 − a1)xm + f1(xm−K) + g1(ym−K) − (1 − a2)ym + f2(xm−K) + g2(ym−K)

≤ −(1 − a)Sm + L + (1 − b)M̄ ≤ −(1 − a)Sm + (1 − a)M̄ ≤ −(1 − a)Sm + (1 − a)Sm+1.

(3) xm−K > M̃, ym−K > M̃ .

0 < Sm+1 − Sm ≤ −(1 − a1)xm + f1(xm−K) + g1(ym−K) − (1 − a2)ym + f2(xm−K) + g2(ym−K)

≤ −(1 − a)Sm + (1 − a)Sm−K ≤ −(1 − a)Sm + (1 − a)Sm+1.

Thus, 0 < Sm+1 − Sm < (1 − a)(Sm+1 − Sm), a contradiction is obtained since 0 < a < 1.

Step 2. We claim that for every solution P = P(P0,U) to (3.1) the inequality (3.6)

holds.

Recall that C(P0,U) = lim infn→∞ cn, where

cn = (1 − un)(f1(xn−K) + g1(yn−K)) + (1 − vn)(f2(xn−K) + g2(yn−K)). (3.7)
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From (3.1) and (3.7) it follows that

cn = f1(xn−K) + g1(yn−K) − xn+1 + a1xn + f2(xn−K) + g2(yn−K) − yn+1 + a2yn. (3.8)

Denote p1 := lim supn→∞ xn < ∞, then there is km → ∞ such that xkm+1 → p1; let

p2 := lim supkm→∞ ykm+1 < ∞, then there is {k′
m} ⊂ {km} such that yk′

m
+1 → p2 as

k′
m → ∞. Without loss of generality, we have

lim
k′

m
→∞

xk′

m
−K = x′′, lim

k′

m
→∞

xk′

m
= x′;

lim
k′

m
→∞

yk′

m
−K = y′′, lim

k′

m
→∞

yk′

m
= y′.

From (3.8) we have

lim
k′

m
→∞

ck′

m
= f1(x

′′) + g1(y
′′) − p1 + a1x

′ + f2(x
′′) + g2(y

′′) − p2 + a2y
′

≤ f1(x
′′) + g1(y

′′) − (1 − a1)p1 + f2(x
′′) + g2(y

′′) − (1 − a2)p2

≤ f1(x
′′) + g1(y

′′) − (1 − a1)x
′′ + f2(x

′′) + g2(y
′′) − (1 − a2)y

′′.

By the definition of c∗ we have

f1(x
′′) + g1(y

′′) − (1 − a)x′′ + f2(x
′′) + g2(y

′′) − (1 − a)y′′ ≤ c∗.

Therefore, C(P0,U) = lim infn→∞ cn ≤ limn→∞ ck′

m
≤ c∗. The theorem is proved.

Theorem 3.2 For any given initial string P0, there exists an optimal control UP0
to

problem (3.4) such that functional (3.3) achieves its maximum possible value, that is,

C(P0,U) = c∗.

In addition, if the set of optimal equilibrium points defined by (3.5) has an empty interior

intτ ′ = ∅, then

lim
n→∞

(xn + yn) ∈ τ ′ (3.9)

for all optimal solution P.

Proof We first claim that if P = P(P0,U) = (xn, yn)∞n=0 is a solution to (3.1) such

that C(P0,U) = c∗, then

(1 − a1)xn−K + (1 − a2)yn−K + a1xn + a2yn − (xn+1 + yn+1) ≥ −ξn, ∀n,

where ξn > 0 and ξn → 0 as n → ∞. Moreover,

lim sup
n→∞

(xn + yn) ∈ τ ′. (3.10)
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Since lim infn→∞ cn = c∗, then there is a sequence of positive numbers ξn → 0 such

that cn ≥ c∗ − ξn. Then from (3.8)

f1(xn−K) + g1(yn−K) − xn+1 + a1xn + f2(xn−K) + g2(yn−K) − yn+1 + a2yn ≥ c∗ − ξn, ∀n.

Then

f1(h1(xn−K + yn−K)) + g1(h2(xn−K + yn−K)) + f2(h1(xn−K + yn−K))

+ g2(h2(xn−K + yn−K)) − (xn+1 + yn+1) + a1xn + a2yn ≥ c∗ − ξn, ∀n.

On the other hand, by definition of c∗ it follows that

f1(h1(xn−K + yn−K)) + g1(h2(xn−K + yn−K)) + f2(h1(xn−K + yn−K))

+ g2(h2(xn−K + yn−K)) − (1 − a1)xn−K − (1 − a2)yn−K

≤f1(h1(xn−K + yn−K)) + g1(h2(xn−K + yn−K)) + f2(h1(xn−K + yn−K))

+ g2(h2(xn−K + yn−K)) − (1 − a1)h1(xn−K + yn−K) − (1 − a2)h2(xn−K + yn−K) ≤ c∗.

Therefore, from the last two inequalities we have

(1 − a1)xn−K + (1 − a2)yn−K + a1xn + a2yn − (xn+1 + yn+1) ≥ −ξn, ∀ n.

Now we prove (3.10). Denote p := lim supn→∞(xn + yn) < ∞. By the definition of p

there is a subsequence km → ∞ satisfying the following conditions:

xkm+1 + ykm+1 → p; xkm
+ ykm

→ p′ ≤ p; xkm−K + ykm−K → p′′ ≤ p.

From (3.2) and (3.8), together with the fact a < 1 and p′′ ≤ p, we have

c∗ = lim inf
n→∞

cn ≤ lim
km→∞

ckm

= lim
km→∞

(f1(xkm−K) + g1(ykm−K) − xkm+1 + a1xkm
+ f2(xkm−K) + g2(ykm−K) − ykm+1 + a2ykm

)

≤ lim
km→∞

[f1(h1(xkm−K + ykm−K)) + g1(h2(xkm−K + ykm−K)) + f2(h1(xkm−K + ykm−K))

+ g2(h2(xkm−K + ykm−K)) − (xkm+1 + ykm+1) + a1xkm
+ a2ykm

]

≤ f1(h1p
′′) + g1(h2p

′′) + f2(h1p
′′) + g2(h2p

′′) − (1 − a)p

≤ f1(h1p
′′) + g1(h2p

′′) + f2(h1p
′′) + g2(h2p

′′) − (1 − a1)h1p − (1 − a2)h2p

≤ f1(h1p
′′) + g1(h2p

′′) − (1 − a1)h1p
′′ + f2(h1p

′′) + g2(h2p
′′) − h2(1 − a2)p

′′.

(3.11)

This means that (h1p
′′, h2p

′′) ∈ τ , from (3.6). Therefore,

c∗ = f1(h1p
′′) + g1(h2p

′′) − (1 − a1)h1p
′′ + f2(h1p

′′) + g2(h2p
′′) − (1 − a2)h2p

′′.

Now, if p′′ < p, then going back to (3.11) we obtain a contradiction in the form

c∗ ≤ f1(h1p
′′) + g1(h2p

′′) + f2(h1p
′′) + g2(h2p

′′) − (1 − a1)h1p − (1 − a2)h2p

< f1(h1p
′′) + g1(h2p

′′) + f2(h1p
′′) + g2(h2p

′′) − (1 − a1)h1p
′′ − (1 − a2)h2p

′′

≤ f1(h1p
′′) + g1(h2p

′′) − (1 − a1)h1p
′′ + f2(h1p

′′) + g2(h2p
′′) − (1 − a2)h2p

′′ = c∗.

(3.12)
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Therefore, p = p′′ = lim supn→∞(xn + yn) ∈ τ ′, which implies that (3.10) is true.

Finally, we prove (3.9), where is similar to [13]. Denote q := lim infn→∞(xn + yn) <

∞, p := lim supn→∞(xn + yn) < ∞ and p ∈ τ ′. Take any positive number η ∈ (0, η], where

η is defined as η := min{p − q,
p − q

2
} > 0. Here q := aKq + (1 − aK)p and K is the delay

in system (3.1). Denote p̃ := p− 1

2
η < p. Similar to the proof of Proposition 3.4 in [13], we

can construct a sequence km → ∞ satisfying

xkm+1 + ykm+1 → p ≥ p̃; xkm
+ ykm

→ p′ ≤ p̃; xkm−K + ykm−K → p′′ ≤ p̃. (3.13)

Therefore, similar to the calculation in (3.11), there is

c∗ ≤ f1(h1p
′′) + g1(h2p

′′) − (1 − a1)h1p
′′ + f2(h1p

′′) + g2(h2p
′′) − (1 − a2)h2p

′′.

In view of the definition of c∗ and (3.13), similar to (3.12), we obtain p′′ = p̃ = p − 1

2
η ∈

τ ′, ∀η ∈ (0, η] follows. This contradicts the assumption that τ has an empty interior and

(3.9) is proved.

Theorem 3.3 Suppose that functions f1, g2, H
(i)
1 (i = 1, 2) are increasing, while

functions f2 and g1 are monotone and possess the same monotonicity. For any given initial

string P0 and any optimal equilibrium (x̃, ỹ) ∈ τ, p̃ = x̃ + ỹ ∈ τ ′, there is a control U

such that the corresponding solution P = P(P0,U) = (xn, yn)∞n=0 to (3.1) converges to that

equilibrium (x̃, ỹ); that is

lim
n→∞

(xn, yn) = (x̃, ỹ) ∈ τ.

Proof Take any p̃ ∈ τ ′ and (x̃, ỹ) ∈ τ . From (2.2), (2.3) and (3.5), at least one of the

two statements x̃ < X∗ and ỹ < Y ∗ holds.

If at least one of x̃ and ỹ is vanish, then one can use the method as the same as that in

[13] to find the control sequence, we omit it here.

Next, we consider the case x̃ > 0, ỹ > 0. Without loss of generality, we assume that

ỹ < Y ∗, then from assumption (H2), there holds

f2((H
(1)
1 )−1(g1(y))) + g2(y) > (1 − a2)y > 0, ∀y ∈ (0, ỹ]. (3.14)

For any given any initial string P0, since x̃ > 0, ỹ > 0, then there is a number n1 such that

xn1−j + yn1−j ∈ (0, p̃], ∀j = 0, 1, · · · , K.

For n ≥ n1 we define the sequences ũn, ṽn as follows:

ũn = min{1,
x̃ − a1xn

f1(xn−K) + g1(yn−K)
}, ṽn = min{1,

ỹ − a2yn

f2(xn−K) + g2(yn−K)
}, n ≥ n1.

Clearly, as long as x̃ > a1xn, ỹ > a2yn, the values of ũn, ṽn stay in the interval [0, 1]; that is,

ũn, ṽn can be used as two control parameters. Consider a sequence (xn, yn) defined by

xn+1 = a1xn + ũn(f1(xn−K) + g1(yn−K)),

yn+1 = a2yn + ṽn(f2(xn−K) + g2(yn−K)),
(3.15)
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then

xn+1 + yn+1 = a1xn + ũn(f1(xn−K) + g1(yn−K)) + a2yn + ṽn(f2(xn−K) + g2(yn−K)).

First we show that this sequence (xy, yn) is a solution to (3.1); that is, ũn, ṽn ∈
[0, 1] for all n ≥ n1. For n = n1, if x̃ − a1xn1

≤ f1(xn1−K) + g1(yn1−K), then ũn1
=

x̃ − a1xn1

f1(xn1−K) + g1(yn1−K)
, and xn1+1 = x̃; else if x̃ − a1xn1

> f1(xn1−K) + g1(yn1−K), then

ũn1
= 1 and xn1+1 < x̃, therefore xn1+1 ≤ x̃. Similarly, yn1+1 ≤ ỹ. Therefore,

xn1+1 ≤ x̃, yn1+1 ≤ ỹ, xn1+1 + yn1+1 ≤ p̃.

Moreover, one has

xn1+1 + yn1+1 = a1xn1
+ f1(xn1−K) + g1(yn1−K) + a2yn1

+ f2(xn1−K) + g2(yn1−K) ≥ δ,

where

δ := min
j=0,1,··· ,K

{a1xn1−j + a2yn1−j , f1(xn1−j) + g1(yn1−j), f2(xn1−j) + g2(yn1−j)} > 0.

Therefore, xn1+1 + yn1+1 ∈ [δ, p̃]. This in particular means that p̃ − a1xn1+1 − a2yn1+1 > 0

or ũn1+1 ∈ (0, 1], ṽn1+1 ∈ (0, 1].

Continuing this process we obtain sequences ũn, ṽn and xn, yn, xn + yn such that

ũn ∈ (0, 1], ṽn ∈ (0, 1], and 0 < xn+1 ≤ x̃, 0 < yn+1 ≤ ỹ, xn+1 + yn+1 ∈ [δ, p̃], ∀n ≥ n1.

Moreover,

ũn = 1 if xn < x̃, ṽn = 1 if yn < ỹ . (3.16)

Thus, (3.15) defines a solution to (3.1).

Now we show that limn→∞(xn + yn) ∈ τ ′. We first claim that if there is x̄ > 0 such that

limn→∞ xn = x̄, then there is ȳ > 0 such that limn→∞ yn = ȳ and ȳ + x̄ = p̄ ∈ τ ′. If the

claim is not true, then let lim infn→∞ yn = y−, lim supn→∞ yn = y+. Since un ∈ [0, 1], by

taking the limit of (3.1) we have

y+ ≤ a2y
+ + f2(x̄) + g2(y

+).

On the other hand, for y− < ỹ, then vn = 1, take the limit of (3.1) we have

y− ≥ a2y
− + f2(x̄) + g2(y

−).

Thus, we obtain

y− − a2y
− − g2(y

−) ≥ y+ − a2y
+ − g2(y

+).

Note that H
(2)
1 (r) = (1− a2)r − g2(r) is increasing and y− ≤ y+, we have y− = y+. That is,

{yn} is also convergent. Set y′ := limn→∞ yn, ȳ = p̄ − x̄, p̄ ∈ τ ′. We claim that y′ = ȳ. By

the definition of τ ′,

ȳ = a2ȳ + v̄1(f2(x̄) + g2(ȳ)) ≤ a2ȳ + f2(x̄) + g2(ȳ),
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together with y′ = a2y
′ + f2(x̄) + g2(y

′), we obtain

ȳ − a2ȳ − g2(ȳ)) ≤ f2(x̄) = y′ − a2y
′ − g2(y

′),

thus our claim is true. Similarly, if there is ȳ > 0 such that limn→∞ yn = ȳ, then there is

x̄ > 0 such that limn→∞ xn = x̄ and x̄ + ȳ = p̄ ∈ τ ′.

Denote q := lim infn→∞(xn + yn), qx := lim supn→∞ xn, qy := lim infn→∞ yn, on the

contrary assume, that is q < p̃. From xn + yn ∈ (δ, p̃], ∀n ≥ n1, we know that q ≥ δ > 0.

Consider sequences km → ∞ and k′
m → ∞ such that

xkm+1 → qx; yk′

m
+1 → qy;

xkm
→ q′x ≤ qx; yk′

m
→ q′y ≥ qy;

xkm−K → q′′x ≤ qx; yk′

m
−K → q′y ≥ qy.

Since for sufficiently large k′
m the inequalities yk′

m
+1 < ỹ hold, from (3.16) we have ũkm

=

1, ṽk′

m
= 1. Then

xkm+1 ≤ a1xkm
+ f1(xkm−K) + g1(ykm−K),

yk′

m
+1 = a2yk′

m
+ f2(xk′

m
−K) + g2(yk′

m
−K).

(3.17)

By taking the limit of the first equation of (3.17) and since f1, g2 are increasing and f2, g1

are decreasing, we have

qx ≤ a1q
′
x + f1(q

′′
x) + g1( lim

km→∞
ykm−K)

≤ a1qx + f1(qx) + g1(qy),

that is, g1(qy) ≥ H
(1)
1 (qx). Since H

(1)
1 is continuous and increasing, then qx ≤ (H

(1)
1 )−1(g1(qy)).

On the other hand, take the limit of the second equation of (3.17) we also obtain

qy = a2q
′
y + f2( lim

km→∞
xk′

m
−K) + g2(q

′′
y )

≥ a2qy + f2(qx) + g2(qy) ≥ a2qy + f2((H
(1)
1 )−1(g1(qy))) + g2(qy),

which is a contradiction with (3.14). If f2, g1 are increasing, let qx := lim infn→∞ xn, by

taking the limit of the first equation of (3.17) we have

qx = a1q
′
x + f1(q

′′
x) + g1( lim

km→∞
ykm−K) ≥ a1qx + f1(qx) + g1(qy),

that is, g1(qy) ≤ H
(1)
1 (qx). Thus we also obtain the similar contradiction. Therefore,

limn→∞(xn + yn) = p̃ ∈ τ ′. Together with 0 < xn+1 ≤ x̃, 0 < yn+1 ≤ ỹ, one has

limn→∞(xn, yn) = (x̃, ỹ) ∈ τ . Therefore, limn→∞(xn + yn) = p̃ ∈ τ ′. Together with

0 < xn+1 ≤ x̃, 0 < yn+1 ≤ ỹ, one has limn→∞(xn, yn) = (x̃, ỹ) ∈ τ .
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4 Numerical Results

In this section, we will give an example. Given that a1 = 0.51, a2 = 0.65 and the initial

string

P0 = {(x1, y1), (x2, y2), (x3, y3), (x4, y4), (x5, y5), (x6, y6)}
= {(24.8, 22.8), (20.4, 22), (23.6, 25), (21.2, 23.2), (22.6, 21.7)} .

F =

(
f1

f2

)
=

(
x0.78

x0.65

)
, G =

(
g1

g2

)
=

(
0.06 ∗ lnx

0.08 ∗ lnx

)
.

Under this circumstance, we obtain the equilibrium (X∗, Y ∗) of system (1) is (27.3499, 25.2828)
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Figure 1: Numerical simulation of Equation (2.1) with different time delay K, where the solid

line is xn and the dotted line is yn

From Figure1, we can see that the higher value of time delay K is, the lower output of

factory is. Moreover, whatever the value of K is, the yield of xn and yn will approach to

equilibrium (27.3499,25.2828) when n is sufficiently large.
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Figure 2: Numerical simulation of Equation (2.1) with different time delay K, where the solid

line is xn and the dotted line is yn
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Table 1: The convergence of control function un and vn with different time delay K

By Theorem 3.3 with optimal equilibrium (x̃, ỹ) = (23.852, 22.217), we obtain the nu-

merical results of equation (3.1) as Figure2 shown. The convergence of control sequences

un and vn could be seen in Table 1. In this example, we find that (un, vn) converges to the

same result (0.9694, 0.9591) with different time delay and the rate of convergence is barely

affected by value K.
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