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摘要: 本文研究了李 color三系的上同调结构和 Nijenhuis算子的问题. 利用李三系的上同调

和 Nijenhuis算子的研究方法, 构造出李 color三系的上边界算子, 获得了李 color三系的单参数形式

形变. 推广了线性映射生成无穷小形变的充分必要条件, 同时证明了由一个李 color三系的 Nijenhuis

算子产生的形变是平凡的.
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1 引言

作为李三系和李超三系的推广, 李 color三系的性质得到了广泛研究. 2007年, 文献 [1]
给出李 color三系的概念. 文献 [2]研究了李 color三系的幂零理想. 文献 [3]探究了李 color
三系的 Frattini子系的定义和性质. 文献 [4]讨论了李 color三系的型心. 文献 [5, 6]探讨了李
color三系的导子、广义导子和拟导子. 文献 [7]研究了分裂李 color三系.

Yamaguti在文献 [8]中提出了李三系的表示与上同调理论. 文献 [9]利用上同调研究了
李三系的形变和扩张理论. 目前, 文献 [10, 11]讨论了 δ-Jordan李三系的上同调和 Hom- 李
三系的 Nijenhuis算子. 文献 [12]刻画了李超三系的上同调和 Nijenhuis算子. 文献 [13] 探究
了 Hom- 李超三系的上同调和形变. 于是想到将上同调理论推广到李 color三系上. 本文研究
李 color三系的上同调和 Nijenhuis算子, 并讨论其形变.

2 李 color三系的上同调

定义 2.1[1] 设 G是交换群, K是任意域. 若 ∀ α, β, γ ∈ G, 下列等式均成立 :

ε(α, β)ε(β, α) = 1, ε(α, β + γ) = ε(α, β)ε(α, γ), ε(α + β, γ) = ε(α, γ)ε(β, γ),

则称映射 ε : G×G → K\{0}为 G的斜对称双特征标 (或交换因子).
如果存在 V 的一簇子空间 {Vγ}γ∈G, 满足 V = ⊕γ∈GVγ , 则称线性空间 V 为 G-阶化的.

对于 G-阶化向量空间中的齐次元素 a, b, c, 用 |a|, |b|, |c| ∈ G表示它们的次数. 为简便, 用
ε(a, b)代表 ε(|a|, |b|), 用 ε(a, b + c)代表 ε(|a|, |b|+ |c|), 以此类推. 此外, 符号 ε(a, b)若出现
均默认 a, b是 V 的齐次元素.
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定义 2.2[1] 设 T = ⊕g∈GTg 是域 K 上的一个 G-阶化向量空间. 若 T 上有三元运算

[·, ·, ·] : T × T × T → T 满足 :

[a, b, c] = −ε(a, b)[b, a, c], (2.1)

ε(c, a)[a, b, c] + ε(a, b)[b, c, a] + ε(b, c)[c, a, b] = 0, (2.2)

[a, b, [c, d, e]] = [[a, b, c], d, e] + ε(a + b, c)[c, [a, b, d], e] + ε(a + b, c + d)[c, d, [a, b, e]], (2.3)

∀ a, b, c, d, e ∈ T , 则称 T 是李 color三系.
如果三线性映射 f : (T, [·, ·, ·]) → (T

′
, [·, ·, ·]′) 是 G-阶化向量空间上的映射, 且满足

f([a, b, c]) = [f(a), f(b), f(c)]
′
, 则称 f 是李 color三系的同态.

定义 2.3 设 T 是李 color 三系, V 为域 K 上的 G-阶化向量空间. 若有双线性映射
θ : T ⊗ T → End(V ), ∀ a, b, c, d ∈ T 满足 :

ε(a + b, c + d)θ(c, d)θ(a, b)− ε(a, b)ε(a + c, d)θ(b, d)θ(a, c)

− θ(a, [b, c, d]) + ε(a, b + c)D(b, c)θ(a, d) = 0,
(2.4)

ε(a + b, c + d)θ(c, d)D(a, b)−D(a, b)θ(c, d)

+ θ([a, b, c], d) + ε(a + b, c)θ(c, [a, b, d]) = 0,
(2.5)

D([a, b, c], d) + ε(a + b, c)D(c, [a, b, d])−D(a, b)D(c, d)

+ ε(a + b, c + d)D(c, d)D(a, b) = 0,
(2.6)

其中 D(a, b) = ε(a, b)θ(b, a)− θ(a, b), 则称 (V, θ)是 T 的表示, V 为 T - 模.
例 2.4 设 T 是李 color三系. 定义 θ : T ⊗ T → End(T )为

θ(a, b)(x) = ε(a + b, x)[x, a, b], D(a, b) = ε(a, b)θ(b, a)− θ(a, b),

易证 D(a, b)(x) = [a, b, x], T 为 T - 模, 称 (T, θ)是 T 的伴随表示.
命题 2.5 设 T 是李 color三系, (V, θ)是 T 的一个表示. 则 T ⊕ V 是李 color三系.
证 定义三线性积 [·, ·, ·] : (T ⊕ V )⊗ (T ⊕ V )⊗ (T ⊕ V ) → T ⊕ V 为

[(a, u), (b, v), (c, w)] = ([a, b, c], ε(a, b + c)θ(b, c)(u)− ε(b, c)θ(a, c)(v) + D(a, b)(w)),

∀ (a, u), (b, v), (c, w) ∈ T⊕V ,其中 |(a, 0)| = |a|, |(0, u)| = |u|, D(a, b) = ε(a, b)θ(b, a)−θ(a, b).
由于 T 是李 color三系, 易证 (2.1)式成立. ∀ (a, u), (b, v), (c, w) ∈ T ⊕ V , 有如下计算

−ε(a, b)[(b, v), (a, u), (c, w)]

= −ε(a, b)([b, a, c], ε(b, a + c)θ(a, c)(v)− ε(a, c)θ(b, c)(u) + D(b, a)(w))

= (−ε(a, b)[b, a, c],−ε(b, c)θ(a, c)(v) + ε(a, b + c)θ(b, c)(u)− ε(a, b)D(b, a)(w))

= ([a, b, c], ε(a, b + c)θ(b, c)(u)− ε(b, c)θ(a, c)(v) + D(a, b)(w))

= [(a, u), (b, v), (c, w)],

所以 (2.1)式成立.
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利用 (2.2)式, 有以下计算

ε(c, a)[(a, u), (b, v), (c, w)] + ε(a, b)[(b, v), (c, w), (a, u)] + ε(b, c)[(c, w), (a, u), (b, v)]

= (ε(c, a)[a, b, c] + ε(a, b)[b, c, a] + ε(b, c)[c, a, b],Ω),

其中:

Ω = ε(a, b)θ(b, c)(u)− ε(c, a)ε(b, c)θ(a, c)(v) + ε(c, a)D(a, b)(w)

+ε(b, c)θ(c, a)(v)− ε(a, b)ε(c, a)θ(b, a)(w) + ε(a, b)D(b, c)(u)

+ε(c, a)θ(a, b)(w)− ε(b, c)ε(a, b)θ(c, b)(u) + ε(b, c)D(c, a)(v)

= ε(a, b)θ(b, c)(u) + (ε(a, b)D(b, c)(u)− ε(b, c)ε(a, b)θ(c, b)(u))

+ε(b, c)θ(c, a)(v) + (ε(b, c)D(c, a)(v)− ε(c, a)ε(b, c)θ(a, c)(v))

+ε(c, a)θ(a, b)(w) + (ε(c, a)D(a, b)(w)− ε(a, b)ε(c, a)θ(b, a)(w))

= ε(a, b)θ(b, c)(u)− ε(a, b)θ(b, c)(u) + ε(b, c)θ(c, a)(v)− ε(b, c)θ(c, a)(v)

+ε(c, a)θ(a, b)(w)− ε(c, a)θ(a, b)(w)

= 0,

所以

ε(c, a)[(a, u), (b, v), (c, w)] + ε(a, b)[(b, v), (c, w), (a, u)] + ε(b, c)[(c, w), (a, u), (b, v)]

= (0, 0).

利用 (2.3)式, ∀ (a, u), (b, v), (c, w), (d,m), (e, n) ∈ T ⊕ V . 计算如下

[[(a, u), (b, v), (c, w)], (d,m), (e, n)] + ε(a + b, c)[(c, w), [(a, u), (b, v), (d,m)], (e, n)]

+ε(a + b, c + d)[(c, w), (d,m), [(a, u), (b, v), (e, n)]]

= ([[a, b, c], d, e] + ε(a + b, c)[c, [a, b, d], e] + ε(a + b, c + d)[c, d, [a, b, e]],Π1 + Π2 + Π3)

= ([a, b, [c, d, e]],Π4) = [(a, u), (b, v), [(c, w), (d,m), (e, n)]].

其中:

Π1 = ε(a + b + c, d + e)ε(a, b + c)θ(d, e)θ(b, c)(u)− ε(a + b + c, d + e)ε(b, c)θ(d, e)θ(a, c)(v)

+ε(a + b + c, d + e)θ(d, e)D(a, b)(w)− ε(d, e)θ([a, b, c], e)(m) + D([a, b, c], d)(n);

Π2 = −ε(a + b + d, e)ε(a, b + d)ε(a + b, c)θ(c, e)θ(b, d)(u)

+ε(a + b + d, e)ε(b, d)ε(a + b, c)θ(c, e)θ(a, d)(v)

+ε(c, a + b + d + e)ε(a + b, c)θ([a, b, d], e)(w)

−ε(a + b + d, e)ε(a + b, c)θ(c, e)D(a, b)(m) + ε(a + b, c)D(c, [a, b, d])(n);

Π3 = ε(a + b, c + d)ε(a, b + e)D(c, d)θ(b, e)(u)− ε(a + b, c + d)ε(b, e)D(c, d)θ(a, e)(v)

+ε(a + b, c + d)ε(c, a + b + d + e)θ(d, [a, b, e])(w)

−ε(a + b, c + d)ε(d, a + b + e)θ(c, [a, b, e])(m) + ε(a + b, c + d)D(c, d)D(a, b)(n);

Π4 = ε(a, b + c + d + e)θ(b, [c, d, e])(u)− ε(b, c + d + e)θ(a, [c, d, e])(v)

+ε(c, d + e)D(a, b)θ(d, e)(w)− ε(d, e)D(a, b)θ(c, e)(m) + D(a, b)D(c, d)(n).
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定义 2.6 设 T 是李 color三系, V 为 T - 模. 若 n- 线性映射 f : T × T × · · · × T → T 满

足 :
(1) f(x1, x2, · · ·, x, y, · · ·, xn) = −ε(x, y)f(x1, x2, · · ·, y, x, · · ·, xn),
(2) ε(z, x)f(x1, x2, ···, xn−3, x, y, z)+ε(x, y)f(x1, x2, ···, xn−3, y, z, x)+ε(y, z)f(x1, x2, ··

·, xn−3, z, x, y) = 0,
则称 f 为 T 的 n- 上链. 记 Cn(T, V )是全体 n- 上链的集合, ∀ n ≥ 1.
定义 2.7 设 T 是李 color 三系, V 为 T - 模. 对于 n = 1, 2, 3, 4, 上边界算子 dn :

Cn(T, V ) → Cn+2(T, V )的定义如下 :
• 如果 f ∈ C1(T, V ), 则

d1f(x1, x2, x3)

= ε(f + x1, x2 + x3)θ(x2, x3)f(x1)− f([x1, x2, x3])

−ε(f, x1 + x3)ε(x2, x3)θ(x1, x3)f(x2) + ε(f, x1 + x2)D(x1, x2)f(x3).

• 如果 f ∈ C2(T, V ), 则

d2f(y, x1, x2, x3)

= ε(f + y + x1, x2 + x3)θ(x2, x3)f(y, x1)− f(y, [x1, x2, x3])

−ε(f + y, x1 + x3)ε(x2, x3)θ(x1, x3)f(y, x2) + ε(f + y, x1 + x2)D(x1, x2)f(y, x3).

• 如果 f ∈ C3(T, V ), 则

d3f(x1, x2, x3, x4, x5)

= ε(f + x1 + x2 + x3, x4 + x5)θ(x4, x5)f(x1, x2, x3)

−ε(f + x1 + x2, x3 + x5)ε(x4, x5)θ(x3, x5)f(x1, x2, x4)

−ε(f, x1 + x2)D(x1, x2)f(x3, x4, x5) + ε(f + x1 + x2, x3 + x4)D(x3, x4)f(x1, x2, x5)

+f([x1, x2, x3], x4, x5)− f(x1, x2, [x3, x4, x5]) + ε(x1 + x2, x3)f(x3, [x1, x2, x4], x5)

+ε(x1 + x2, x3 + x4)f(x3, x4, [x1, x2, x5]).

• 如果 f ∈ C4(T, V ), 则

d4f(y, x1, x2, x3, x4, x5)

= ε(f + y + x1 + x2 + x3, x4 + x5)θ(x4, x5)f(y, x1, x2, x3)

−ε(f + y + x1 + x2, x3 + x5)ε(x4, x5)θ(x3, x5)f(y, x1, x2, x4)

−ε(f + y, x1 + x2)D(x1, x2)f(y, x3, x4, x5)

+ε(f + y + x1 + x2, x3 + x4)D(x3, x4)f(y, x1, x2, x5) + f(y, [x1, x2, x3], x4, x5)

−f(y, x1, x2, [x3, x4, x5]) + ε(x1 + x2, x3)f(y, x3, [x1, x2, x4], x5)

+ε(x1 + x2, x3 + x4)f(y, x3, x4, [x1, x2, x5]).

定理 2.8 设 T 是李 color三系, V 为 T - 模. 则上边界算子 dn满足 dn+2dn = 0, n = 1, 2.
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证 由上边界算子的定义知, d3d1 = 0可得到 d4d2 = 0. 于是只需验证 d3d1 = 0.

d3(d1f)(x1, x2, x3, x4, x5)

= ε(f + x1 + x2 + x3, x4 + x5)θ(x4, x5)(d1f)(x1, x2, x3)

−ε(f + x1 + x2, x3 + x5)ε(x4, x5)θ(x3, x5)(d1f)(x1, x2, x4)

−ε(f, x1 + x2)D(x1, x2)(d1f)(x3, x4, x5)

+ε(f + x1 + x2, x3 + x4)D(x3, x4)(d1f)(x1, x2, x5) + (d1f)([x1, x2, x3], x4, x5)

−(d1f)(x1, x2, [x3, x4, x5]) + ε(x1 + x2, x3)(d1f)(x3, [x1, x2, x4], x5)

+ε(x1 + x2, x3 + x4)(d1f)(x3, x4, [x1, x2, x5])

= ε(f + x1 + x2 + x3, x4 + x5)θ(x4, x5)(ε(f + x1, x2 + x3)θ(x2, x3)f(x1)

−ε(f, x1 + x3)ε(x2, x3)θ(x1, x3)f(x2) + ε(f, x1 + x2)D(x1, x2)f(x3)− f([x1, x2, x3]))

−ε(f + x1 + x2, x3 + x5)ε(x4, x5)θ(x3, x5)(ε(f + x1, x2 + x4)θ(x2, x4)f(x1)

−ε(f, x1 + x4)ε(x2, x4)θ(x1, x4)f(x2) + ε(f, x1 + x2)D(x1, x2)f(x4)− f([x1, x2, x4]))

−ε(f, x1 + x2)D(x1, x2)(ε(f + x3, x4 + x5)θ(x4, x5)f(x3)− f([x3, x4, x5])

−ε(f, x3 + x5)ε(x4, x5)θ(x3, x5)f(x4) + ε(f, x3 + x4)D(x3, x4)f(x5))

+ε(f + x1 + x2, x3 + x4)D(x3, x4)(ε(f + x1, x2 + x5)θ(x2, x5)f(x1)

−ε(f, x1 + x5)ε(x2, x5)θ(x1, x5)f(x2)− f([x1, x2, x5]) + ε(f, x1 + x2)D(x1, x2)f(x5))

+ε(f + x1 + x2 + x3, x4 + x5)θ(x4, x5)f([x1, x2, x3])− f([[x1, x2, x3], x4, x5])

−ε(f, x1 + x2 + x3 + x5)ε(x4, x5)θ([x1, x2, x3], x5)f(x4)

+ε(f, x1 + x2 + x3 + x4)D([x1, x2, x3], x4)f(x5)− (−f([x1, x2, [x3, x4, x5]])

+ε(f + x1, x2 + x3 + x4 + x5)θ(x2, [x3, x4, x5])f(x1) + ε(f, x1 + x2)D(x1, x2)f([x3, x4, x5])

−ε(f, x1 + x3 + x4 + x5)ε(x2, x3 + x4 + x5)θ(x1, [x3, x4, x5])f(x2))

+ε(x1 + x2, x3)(ε(f + x3, x1 + x2 + x4 + x5)θ([x1, x2, x4], x5)f(x3)− f([x3, [x1, x2, x4], x5])

−ε(f, x3 + x5)ε(x1 + x2 + x4, x5)θ(x3, x5)f([x1, x2, x4])

+ε(f, x1 + x2 + x3 + x4)D(x3, [x1, x2, x4])f(x5))

+ε(x1 + x2, x3 + x4)(ε(f + x3, x1 + x2 + x4 + x5)θ(x4, [x1, x2, x5])f(x3)

−ε(f, x1 + x2 + x3 + x5)ε(x4, x1 + x2 + x5)θ(x3, [x1, x2, x5])f(x4)

+ε(f, x3 + x4)D(x3, x4)f([x1, x2, x5])− f([x3, x4, [x1, x2, x5]]))

= ε(f + x1, x2 + x3 + x4 + x5)Λ1f(x1)− ε(f + x2, x3 + x4 + x5)ε(f, x1)Λ2f(x2)

+ε(f, x1 + x2 + x4 + x5)ε(x3, x4 + x5)Λ3f(x3)− ε(f, x1 + x2 + x3 + x5)ε(x4, x5)Λ4f(x4)

+ε(f, x1 + x2 + x3 + x4)Λ5f(x5).

其中:

Λ1 = ε(x2 + x3, x4 + x5)θ(x4, x5)θ(x2, x3)− ε(x2, x3)ε(x2 + x4, x5)θ(x3, x5)θ(x2, x4)

−θ(x2, [x3, x4, x5]) + ε(x2, x3 + x4)D(x3, x4)θ(x2, x5) = 0;
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Λ2 = ε(x1 + x3, x4 + x5)θ(x4, x5)θ(x1, x3)− ε(x1, x3)ε(x1 + x4, x5)θ(x3, x5)θ(x1, x4)

−θ(x1, [x3, x4, x5]) + ε(x1, x3 + x4)D(x3, x4)θ(x1, x5) = 0;

Λ3 = ε(x1 + x2, x4 + x5)θ(x4, x5)D(x1, x2)−D(x1, x2)θ(x4, x5)

+θ([x1, x2, x4], x5) + ε(x1 + x2, x4)θ(x4, [x1, x2, x5]) = 0;

Λ4 = ε(x1 + x2, x3 + x5)θ(x3, x5)D(x1, x2)−D(x1, x2)θ(x3, x5)

+θ([x1, x2, x3], x5) + ε(x1 + x2, x3)θ(x3, [x1, x2, x5]) = 0;

Λ5 = D([x1, x2, x3], x4) + ε(x1 + x2, x3)D(x3, [x1, x2, x4])

−D(x1, x2)D(x3, x4) + ε(x1 + x2, x3 + x4)D(x3, x4)D(x1, x2) = 0.

由此可得 d3(d1f)(x1, x2, x3, x4, x5) = 0, 即 d3d1 = 0.
若 dnf = 0, n = 1, 2, 3, ···,则称 f ∈ Cn(T, V )为n-余循环,记Zn(T, V )是n-余循环构成

的子空间, Bn(T, V ) = dn−2Cn−2(T, V ),其中 n ≥ 3. 由 dn+2dn = 0知, Bn(T, V )是Zn(T, V )
的子空间, 于是可定义李 color三系 T 的 n- 阶上同调为 Hn(T, V ) = Zn(T, V )/Bn(T, V ).

3 李 color三系的单参数形式形变

设 T 是李 color三系, K[[t]]是以 t为变量的形式幂级数环. 假设 T [[t]]是 T 上的一组形

式级数.
定义 3.1 设 T 是李 color三系, 则 T 的单参数形式形变是一组幂级数 ft : T × T × T →

T [[t]]为

ft(x1, x2, x3) =
∑
i≥0

Fi(x1, x2, x3)ti = F0(x1, x2, x3) + F1(x1, x2, x3)t + F2(x1, x2, x3)t2 + · · ·,

其中每个 Fi是 K- 三线性映射, Fi : T × T × T → T , F0(x1, x2, x3) = [x1, x2, x3], 满足以下条
件 :

ft(x1, x2, x3) = −ε(x1, x2)ft(x2, x1, x3), (3.1)

ε(x3, x1)ft(x1, x2, x3) + ε(x1, x2)ft(x2, x3, x1) + ε(x2, x3)ft(x3, x1, x2) = 0, (3.2)

ft(x1, x2, ft(x3, x4, x5)) =ft(ft(x1, x2, x3), x4, x5)

+ ε(x1 + x2, x3)ft(x3, ft(x1, x2, x4), x5)

+ ε(x1 + x2, x3 + x4)ft(x3, x4, ft(x1, x2, x5)).

(3.3)

注 式 (3.1) ― (3.3)等价于 (i, j ≤ n, n = 0, 1, 2, · · ·)

Fi(x1, x2, x3) = −ε(x1, x2)Fi(x2, x1, x3), (3.4)

ε(x3, x1)Fi(x1, x2, x3) + ε(x1, x2)Fi(x2, x3, x1) + ε(x2, x3)Fi(x3, x1, x2) = 0, (3.5)
∑

i+j=n

Fi(x1, x2, Fj(x3, x4, x5)) =
∑

i+j=n

(Fi(Fj(x1, x2, x3), x4, x5)

+ ε(x1 + x2, x3)Fi(x3, Fj(x1, x2, x4), x5)

+ ε(x1 + x2, x3 + x4)Fi(x3, x4, Fj(x1, x2, x5)).

(3.6)
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进一步, 式 (3.6)等价于
∑

i+j=n FiFj = 0, 其中

FiFj(x1, x2, x3, x4, x5)

= −Fi(x1, x2, Fj(x3, x4, x5)) + ε(x1 + x2, x3)Fi(x3, Fj(x1, x2, x4), x5)

+Fi(Fj(x1, x2, x3), x4, x5) + ε(x1 + x2, x3 + x4)Fi(x3, x4, Fj(x1, x2, x5)).

当 n = 1, 式 (3.6)等价于 F0F1 + F1F0 = 0;
当 n ≥ 2, 式 (3.6)等价于 −(F0Fn + FnF0) = F1Fn−1 + F2Fn−2 + · · ·+ Fn−1F1.
由 F0(x1, x2, x3) = [x1, x2, x3], 则有

F0F1(x1, x2, x3, x4, x5)

= −F0(x1, x2, F1(x3, x4, x5)) + ε(x1 + x2, x3)F0(x3, F1(x1, x2, x4), x5)

+F0(F1(x1, x2, x3), x4, x5) + ε(x1 + x2, x3 + x4)F0(x3, x4, F1(x1, x2, x5))

= −[x1, x2, F1(x3, x4, x5)] + ε(x1 + x2, x3)[x3, F1(x1, x2, x4), x5]

+[F1(x1, x2, x3), x4, x5] + ε(x1 + x2, x3 + x4)[x3, x4, F1(x1, x2, x5)]

= −D(x1, x2)F1(x3, x4, x5)− ε(x1 + x2, x3 + x5)ε(x4, x5)θ(x3, x5)F1(x1, x2, x4)

+ε(x1 + x2 + x3, x4 + x5)θ(x4, x5)F1(x1, x2, x3)

+ε(x1 + x2, x3 + x4)D(x3, x4)F1(x1, x2, x5).

同理, 有

F1F0(x1, x2, x3, x4, x5)

= −F1(x1, x2, F0(x3, x4, x5)) + ε(x1 + x2, x3)F1(x3, F0(x1, x2, x4), x5)

+F1(F0(x1, x2, x3), x4, x5) + ε(x1 + x2, x3 + x4)F1(x3, x4, F0(x1, x2, x5))

= −F1(x1, x2, [x3, x4, x5]) + ε(x1 + x2, x3)F1(x3, [x1, x2, x4], x5)

+F1([x1, x2, x3], x4, x5) + ε(x1 + x2, x3 + x4)F1(x3, x4, [x1, x2, x5]).

于是

(F0F1 + F1F0)(x1, x2, x3, x4, x5) = d3F1(x1, x2, x3, x4, x5).

由 F0F1 + F1F0 = 0可得 d3F1 = 0, 也可得 −d3Fn = F1Fn−1 + F2Fn−2 + · · ·+ Fn−1F1. 此时
称 F1为 ft的无穷小形变.
定义 3.2 设 T 是李 color三系, 若存在 K[[t]]- 模形式同构

φt(x) =
∑
i≥0

φi(x)ti : (T [[t]], ft) → (T [[t]], f
′
t ),

其中 φ0 = idT , φi : T → T 为 K- 线性映射, 满足

φtft(x1, x2, x3) = f
′
t (φt(x1), φt(x2), φt(x3)), ∀ x1, x2, x3 ∈ T,

则称 T 的两个单参数形式形变 ft和 f
′
t 是等价的, 记为 ft ∼ f

′
t .
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特别地, 如果 F1 = F2 = · · · = 0, 则称 ft = F0为零形变. 如果 ft ∼ F0, 则称 ft为微小形

变. 如果每一个单参数形式形变 ft均为微小的, 则称 T 为解析刚性李 color三系.
定理 3.3 设 ft =

∑
i≥0 Fi(x1, x2, x3)ti 与 f

′
t =

∑
i≥0 F

′
i (x1, x2, x3)ti 为 T 的两个等价的

单参数形式形变. 则微小形变 F1和 F
′
1 属于同一个上同调 H3(T, T ).

证 假设 F1和 F
′
1 等价, 则存在 K[[t]]- 模同构 φt(x) =

∑
i≥0 φi(x)ti使得

∑
i≥0

φi

(∑
j≥0

Fj(x1, x2, x3)tj

)
ti =

∑
i≥0

F
′
i

(∑
k≥0

φk(x1)tk,
∑
l≥0

φl(x2)tl,
∑
m≥0

φm(x3)tm

)
ti,

进一步, 有
∑

i+j=n

φi(Fj(x1, x2, x3))ti+j =
∑

i+k+l+m=n

F
′
i (φk(x1), φl(x2), φm(x3))ti+k+l+m.

特别地 ∑
i+j=1

φi(Fj(x1, x2, x3))t =
∑

i+k+l+m=1

F
′
i (φk(x1), φl(x2), φm(x3))t.

比较上式两边的系数得

F1(x1, x2, x3) + φ1([x1, x2, x3])

= F
′
1(x1, x2, x3) + [φ1(x1), x2, x3] + [x1, φ1(x2), x3] + [x1, x2, φ1(x3)],

整理得

F1(x1, x2, x3)− F
′
1(x1, x2, x3)

= [φ1(x1), x2, x3] + [x1, φ1(x2), x3] + [x1, x2, φ1(x3)]− φ1([x1, x2, x3])

= ε(x1, x2 + x3)θ(x2, x3)φ1(x1)− ε(x2, x3)θ(x1, x3)φ1(x2) + D(x1, x2)φ1(x3)− φ1([x1, x2, x3])

= d1φ1(x1, x2, x3).

因此 F1 − F
′
1 = d1φ1 ∈ B3(T, T ).

定理 3.4 设 T 是李 color三系, 若 H3(T, T ) = 0, 则 T 是解析刚性的.
证 设 ft是 T 的单参数形变, 假设 ft = F0 +

∑
i≥n Fit

i. 则−d3Fn = F1Fn−1 +F2Fn−2 +
· · ·+ Fn−1F1 = 0. 由 H3(T, T ) = 0知, Fn ∈ Z3(T, T ) = B3(T, T ), 即存在 gn ∈ C1(T, T )使
得 Fn = d1gn.
令 φt = idT − gntn, 则

φt(idT + gntn + g2
nt2n + g3

nt3n + · · ·)
= (idT − gntn)(idT + gntn + g2

nt2n + g3
nt3n + · · ·)

= (idT + gntn + g2
nt2n + g3

nt3n + · · ·)− (gntn + g2
nt2n + g3

nt3n + · · ·)
= idT .

同理可证 (idT + gntn + g2
nt2n + g3

nt3n + · · ·)φt = idT . 因此 φt : (T [[t]], ft) → (T [[t]], f
′
t )是线

性同构. 考虑另一个单参数形变

f
′
t (x1, x2, x3) = φ−1

t ft(φt(x1), φt(x2), φt(x3)).
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显然, ft ∼ f
′
t . 假设 f

′
t =

∑
i≥0 F

′
i t

i. 则

(idT − gntn)


∑

i≥0

F
′
i (x1, x2, x3)t

i


 =


F0 +

∑

i≥n

Fit
i


 (x1 − gn(x1)t

n, x2 − gn(x2)t
n, x3 − gn(x3)t

n),

即

∑
i≥0

F
′
i (x1, x2, x3)ti −

∑
i≥0

gnF
′
i (x1, x2, x3)ti+n

= F0(x1, x2, x3)− {F0(gn(x1), x2, x3) + F0(x1, gn(x2), x3) + F0(x1, x2, gn(x3))}tn

+{F0(gn(x1), gn(x2), x3) + F0(x1, gn(x2), gn(x3)) + F0(gn(x1), x2, gn(x3))}t2n

+F0(gn(x1), gn(x2), gn(x3))t3n +
∑
i≥n

Fi(x1, x2, x3)ti

−
∑
i≥n

{Fi(gn(x1), x2, x3) + Fi(x1, gn(x2), x3) + Fi(x1, x2, gn(x3))}ti+n

+
∑
i≥n

{Fi(gn(x1), gn(x2), x3) + Fi(x1, gn(x2), gn(x3)) + Fi(gn(x1), x2, gn(x3))}ti+2n

−
∑
i≥n

Fi(gn(x1), gn(x2), gn(x3))ti+3n.

于是

F
′
0(x1, x2, x3) = F0(x1, x2, x3) = [x1, x2, x3],

F
′
1(x1, x2, x3) = F

′
2(x1, x2, x3) = · · · = F

′
n−1(x1, x2, x3) = 0,

和

F
′
n(x1, x2, x3)− gn([x1, x2, x3])

= Fn(x1, x2, x3)− [gn(x1), x2, x3]− [x1, gn(x2), x3]− [x1, x2, gn(x3)]

= Fn(x1, x2, x3)− ε(x1, x2 + x3)θ(x2, x3)gn(x1) + ε(x2, x3)θ(x1, x3)gn(x2)−D(x1, x2)gn(x3).

于是

F
′
n(x1, x2, x3) = Fn(x1, x2, x3)− d1gn(x1, x2, x3) = 0.

可得 f
′
t = F0 + Σi≥n+1F

′
i t

i. 由归纳法, 有 ft ∼ F0, 故 T 是解析刚性的.

4 李 color三系的 Nijenhuis算子

设 T 是李 color三系, ψ : T × T × T → T 是三线性映射. 考虑线性算子的 λ- 参数簇:

[x1, x2, x3]λ = [x1, x2, x3] + λψ(x1, x2, x3), (4.1)

其中 x1, x2, x3 ∈ T , λ为变量.
若 T 对式 (4.1)定义的运算 [·, ·, ·]λ 构成李 color三系, 记为 Tλ, 则称 ψ 生成 λ- 参数李

color三系 T 的无穷小形变.
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定理 4.1 设 T 是李 color三系, 则 Tλ是李 color三系当且仅当
(1) ψ在 T 上定义李 color三系 ;
(2) ψ是 T 的 3- 余循环.
证 (⇒) 若 Tλ是李 color三系, 则 ∀ x1, x2, x3 ∈ T , 有

[x1, x2, x3]λ = [x1, x2, x3] + λψ(x1, x2, x3) = −ε(x1, x2)[x2, x1, x3] + λψ(x1, x2, x3),

[x1, x2, x3]λ = −ε(x1, x2)[x2, x1, x3]λ = −ε(x1, x2)[x2, x1, x3]− ε(x1, x2)λψ(x2, x1, x3).

于是

ψ(x1, x2, x3) = −ε(x1, x2)ψ(x2, x1, x3). (4.2)

由于

0 = ε(x3, x1)[x1, x2, x3]λ + ε(x1, x2)[x2, x3, x1]λ + ε(x2, x3)[x3, x1, x2]λ

= ε(x3, x1)[x1, x2, x3] + ε(x3, x1)λψ(x1, x2, x3) + ε(x1, x2)[x2, x3, x1] + ε(x1, x2)λψ(x2, x3, x1)

+ε(x2, x3)[x3, x1, x2] + ε(x2, x3)λψ(x3, x1, x2)

= ε(x3, x1)[x1, x2, x3] + ε(x1, x2)[x2, x3, x1] + ε(x2, x3)[x3, x1, x2]

+λ(ε(x3, x1)ψ(x1, x2, x3) + ε(x1, x2)ψ(x2, x3, x1) + ε(x2, x3)ψ(x3, x1, x2)),

可得

ε(x3, x1)ψ(x1, x2, x3) + ε(x1, x2)ψ(x2, x3, x1) + ε(x2, x3)ψ(x3, x1, x2) = 0. (4.3)

令 x1, x2, x3, x4, x5 ∈ T , 考虑下面等式

[x1, x2, [x3, x4, x5]λ]λ =[[x1, x2, x3]λ, x4, x5]λ + ε(x1 + x2, x3)[x3, [x1, x2, x4]λ, x5]λ

+ ε(x1 + x2, x3 + x4)[x3, x4, [x1, x2, x5]λ]λ,
(4.4)

式 (4.4)左端等价于

[x1, x2, [x3, x4, x5] + λψ(x3, x4, x5)]λ

= [x1, x2, [x3, x4, x5] + λψ(x3, x4, x5)] + λψ(x1, x2, [x3, x4, x5] + λψ(x3, x4, x5))

= [x1, x2, [x3, x4, x5]] + λ([x1, x2, ψ(x3, x4, x5)] + ψ(x1, x2, [x3, x4, x5]))

+λ2ψ(x1, x2, ψ(x3, x4, x5)),

式 (4.4)右端等价于

[[x1, x2, x3] + λψ(x1, x2, x3), x4, x5]λ + ε(x1 + x2, x3)[x3, [x1, x2, x4] + λψ(x1, x2, x4), x5]λ

+ε(x1 + x2, x3 + x4)[x3, x4, [x1, x2, x5] + λψ(x1, x2, x5)]λ

= [[x1, x2, x3], x4, x5] + ε(x1 + x2, x3)[x3, [x1, x2, x4], x5]

+ε(x1 + x2, x3 + x4)[x3, x4, [x1, x2, x5]]

+λ{[ψ(x1, x2, x3), x4, x5] + ψ([x1, x2, x3], x4, x5) + ε(x1 + x2, x3)[x3, ψ(x1, x2, x4), x5]

+ε(x1 + x2, x3)ψ(x3, [x1, x2, x4], x5) + ε(x1 + x2, x3 + x4)[x3, x4, ψ(x1, x2, x5)]

+ε(x1 + x2, x3 + x4)ψ(x3, x4, [x1, x2, x5])}+ λ2{ψ(ψ(x1, x2, x3), x4, x5)

+ε(x1 + x2, x3)ψ(x3, ψ(x1, x2, x4), x5) + ε(x1 + x2, x3 + x4)ψ(x3, x4, ψ(x1, x2, x5))}.
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于是, 有

[x1, x2, ψ(x3, x4, x5)] + ψ(x1, x2, [x3, x4, x5])

=[ψ(x1, x2, x3), x4, x5] + ψ([x1, x2, x3], x4, x5) + ε(x1 + x2, x3)[x3, ψ(x1, x2, x4), x5]

+ ε(x1 + x2, x3)ψ(x3, [x1, x2, x4], x5) + ε(x1 + x2, x3 + x4)[x3, x4, ψ(x1, x2, x5)]

+ ε(x1 + x2, x3 + x4)ψ(x3, x4, [x1, x2, x5]),

(4.5)

和
ψ(x1, x2, ψ(x3, x4, x5))

=ψ(ψ(x1, x2, x3), x4, x5) + ε(x1 + x2, x3)ψ(x3, ψ(x1, x2, x4), x5)

+ ε(x1 + x2, x3 + x4)ψ(x3, x4, ψ(x1, x2, x5)).

(4.6)

由式 (4.2), 式 (4.3)和式 (4.6)知 ψ在 T 上定义李 color三系.
利用 θ(a, b)(x) = ε(a + b, x)[x, a, b]和 D(a, b)(x) = [a, b, x], 式 (4.5)可写为

0 =−D(x1, x2)ψ(x3, x4, x5)− ψ(x1, x2, [x3, x4, x5])

+ ε(x1 + x2 + x3, x4 + x5)θ(x4, x5)ψ(x1, x2, x3) + ψ([x1, x2, x3], x4, x5)

− ε(x1 + x2, x3 + x5)ε(x4, x5)θ(x3, x5)ψ(x1, x2, x4) + ε(x1 + x2, x3)ψ(x3, [x1, x2, x4], x5)

+ ε(x1 + x2, x3 + x4)D(x3, x4)ψ(x1, x2, x5) + ε(x1 + x2, x3 + x4)ψ(x3, x4, [x1, x2, x5])

=d3ψ(x1, x2, x3, x4, x5).

因此 d3ψ = 0.
(⇐) 若 ψ满足条件 (1)和 (2), 易证 Tλ是李 color三系.
定义 4.2 设 T 是李 color三系,若存在线性映射N : T → T ,使得 ϕλ = id+λN : Tλ → T

满足

ϕλ[x1, x2, x3]λ = [ϕλx1, ϕλx2, ϕλx3], (4.7)

则称形变 N 是平凡的. 其中 x1, x2, x3 ∈ T , λ为变量.
易知, 等式 (4.7)左端等价于

[x1, x2, x3] + λ{ψ(x1, x2, x3) + N [x1, x2, x3]}+ λ2Nψ(x1, x2, x3),

等式 (4.7)右端等价于

[x1, x2, x3] + λ{[Nx1, x2, x3] + [x1, Nx2, x3] + [x1, x2, Nx3]}
+λ2{[Nx1, Nx2, x3] + [x1, Nx2, Nx3] + [Nx1, x2, Nx3]}+ λ3[Nx1, Nx2, Nx3],

于是

ψ(x1, x2, x3)

=[Nx1, x2, x3] + [x1, Nx2, x3] + [x1, x2, Nx3]−N [x1, x2, x3]

=ε(x1, x2 + x3)θ(x2, x3)Nx1 − ε(x2, x3)θ(x1, x3)Nx2 + D(x1, x2)Nx3 −N [x1, x2, x3]

=d1N(x1, x2, x3),

(4.8)
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Nψ(x1, x2, x3) = [Nx1, Nx2, x3] + [x1, Nx2, Nx3] + [Nx1, x2, Nx3], (4.9)

[Nx1, Nx2, Nx3] = 0. (4.10)

由式 (4.8)和式 (4.9), 可得

N2[x1, x2, x3] =N [Nx1, x2, x3] + N [x1, Nx2, x3] + N [x1, x2, Nx3]

− [Nx1, Nx2, x3]− [x1, Nx2, Nx3]− [Nx1, x2, Nx3].
(4.11)

记

ψ(x1, x2, x3) = [x1, x2, x3]N , (4.12)

则式 (4.9)等价于

N [x1, x2, x3]N = [Nx1, Nx2, x3] + [x1, Nx2, Nx3] + [Nx1, x2, Nx3]. (4.13)

定义 4.3 若式 (4.10)和式 (4.11)成立, 则称线性算子 N : T → T 为 Nijenhuis算子.
定理 4.4 设 N 是 T 的 Nijenhuis算子, 则 T 的形变可由以下定义得到

ψ(x1, x2, x3) = ε(x1, x2+x3)θ(x2, x3)Nx1−ε(x2, x3)θ(x1, x3)Nx2+D(x1, x2)Nx3−N [x1, x2, x3].

并且, 该形变是平凡的.
证 显然 ψ = dN 且 dψ = d2N = 0, 因此 ψ 是 T 的 3- 余循环. 下面证明式 (2.3)成立.

考虑式 (4.8), 式 (4.12)和式 (4.13), 推得

ψ(x1, x2, ψ(y1, y2, y3))

= [x1, x2, [Ny1, y2, y3] + [y1, Ny2, y3] + [y1, y2, Ny3]−N [y1, y2, y3]]N

= [x1, x2, [Ny1, y2, y3]]N + [x1, x2, [y1, Ny2, y3]]N + [x1, x2, [y1, y2, Ny3]]N

−[x1, x2, N [y1, y2, y3]]N

= [Nx1, x2, [Ny1, y2, y3]] + [x1, Nx2, [Ny1, y2, y3]] + [x1, x2, N [Ny1, y2, y3]]

−N [x1, x2, [Ny1, y2, y3]] + [Nx1, x2, [y1, Ny2, y3]] + [x1, Nx2, [y1, Ny2, y3]]

+[x1, x2, N [y1, Ny2, y3]]−N [x1, x2, [y1, Ny2, y3]] + [Nx1, x2, [y1, y2, Ny3]]

+[x1, Nx2, [y1, y2, Ny3]] + [x1, x2, N [y1, y2, Ny3]]−N [x1, x2, [y1, y2, Ny3]]

−[Nx1, x2, N [y1, y2, y3]]− [x1, Nx2, N [y1, y2, y3]]− [x1, x2, N
2[y1, y2, y3]]

+N [x1, x2, N [y1, y2, y3]]

= [Nx1, x2, [Ny1, y2, y3]] + [x1, Nx2, [Ny1, y2, y3]]−N [x1, x2, [Ny1, y2, y3]]

+[Nx1, x2, [y1, Ny2, y3]] + [x1, Nx2, [y1, Ny2, y3]]−N [x1, x2, [y1, Ny2, y3]]

+[Nx1, x2, [y1, y2, Ny3]] + [x1, Nx2, [y1, y2, Ny3]]−N [x1, x2, [y1, y2, Ny3]]

−[Nx1, x2, N [y1, y2, y3]]− [x1, Nx2, N [y1, y2, y3]] + N [x1, x2, N [y1, y2, y3]]

+[x1, x2, [Ny1, Ny2, y3]] + [x1, x2, [Ny1, y2, Ny3]] + [x1, x2, [y1, Ny2, Ny3]],
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同理可得

ψ(ψ(x1, x2, y1), y2, y3)

= [[Nx1, x2, y1], Ny2, y3] + [[Nx1, x2, y1], y2, Ny3]−N [[Nx1, x2, y1], y2, y3]

+[[x1, Nx2, y1], Ny2, y3] + [[x1, Nx2, y1], y2, Ny3]−N [[x1, Nx2, y1], y2, y3]

+[[x1, x2, Ny1], Ny2, y3] + [[x1, x2, Ny1], y2, Ny3]−N [[x1, x2, Ny1], y2, y3]

−[N [x1, x2, y1], Ny2, y3]− [N [x1, x2, y1], y2, Ny3] + N [N [x1, x2, y1], y2, y3]

+[[Nx1, Nx2, y1], y2, y3] + [[Nx1, x2, Ny1], y2, y3] + [[x1, Nx2, Ny1], y2, y3],

和

ψ(y1, ψ(x1, x2, y2), y3)

= [Ny1, [Nx1, x2, y2], y3] + [y1, [Nx1, x2, y2], Ny3]−N [y1, [Nx1, x2, y2], y3]

+[Ny1, [x1, Nx2, y2], y3] + [y1, [x1, Nx2, y2], Ny3]−N [y1, [x1, Nx2, y2], y3]

+[Ny1, [x1, x2, Ny2], y3] + [y1, [x1, x2, Ny2], Ny3]−N [y1, [x1, x2, Ny2], y3]

−[Ny1, N [x1, x2, y2], y3]− [y1, N [x1, x2, y2], Ny3] + N [y1, N [x1, x2, y2], y3]

+[y1, [Nx1, Nx2, y2], y3] + [y1, [Nx1, x2, Ny2], y3] + [y1, [x1, Nx2, Ny2], y3],

和

ψ(y1, y2, ψ(x1, x2, y3))

= [Ny1, y2, [Nx1, x2, y3]] + [y1, Ny2, [Nx1, x2, y3]]−N [y1, y2, [Nx1, x2, y3]]

+[Ny1, y2, [x1, Nx2, y3]] + [y1, Ny2, [x1, Nx2, y3]]−N [y1, y2, [x1, Nx2, y3]]

+[Ny1, y2, [x1, x2, Ny3]] + [y1, Ny2, [x1, x2, Ny3]]−N [y1, y2, [x1, x2, Ny3]]

−[Ny1, y2, N [x1, x2, y3]]− [y1, Ny2, N [x1, x2, y3]] + N [y1, y2, N [x1, x2, y3]]

+[y1, y2, [Nx1, Nx2, y3]] + [y1, y2, [Nx1, x2, Ny3]] + [y1, y2, [x1, Nx2, Ny3]],

易知 N ∈ C1(T ), 由式 (2.3), 式 (4.13)和定理 4.1可得

ψ(x1, x2, ψ(y1, y2, y3))− ψ(ψ(x1, x2, y1), y2, y3)

−ε(x1 + x2, y1)ψ(y1, ψ(x1, x2, y2), y3)− ε(x1 + x2, y1 + y2)ψ(y1, y2, ψ(x1, x2, y3))

= 0.
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COHOMOLOGY AND NIJENHUIS OPERATORS OF LIE COLOR

SYSTEMS

ZHANG Wan-ying, CAO Yan

(School of Science, Harbin University of Science and Technology, Harbin 150080, China)

Abstract: In this paper, we study the cohomology structure and the Nijenhuis operator of

the Lie color triple systems. Using the cohomology of the Lie triple systems and the study of the

Nijenhuis operator, the upper boundary operator of the Lie color triple systems is constructed,

and the one-parameter formal deformation of the Lie color triple systems is given. The sufficient

and necessary conditions for linear maps to generate infinitesimal transformations are generalized,

while the deformation produced by the Nijenhuis operator of a Lie color triple systems is proved

to be trivial.

Keywords: Lie color triple system; representation; cohomology; deformation; Nijenhuis

operator
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