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Abstract: In this paper, we investigate the weighted Dirichlet eigenvalue problem of a class of
operators on Riemannian manifolds isometrically immersed into a Euclidean space and Riemannian
manifolds admitting some special functions. We establish some universal inequalities for eigenvalues
of this problem. Moreover, as applications, we derive some results for the weighted Dirichlet
eigenvalue problem of quadratic polynomial operator of the Laplacain.
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1 Introduction

In recent years, there is increasing interest in the research of elliptic operators in diver-
gence form (cf. [1-3]). Let Q be a bounded domain in an n-dimensional complete Riemannian
manifold M. Let A : Q — End (T2) be a smooth symmetric and positive definite section of
the bundle of all endomorphisms of the tangent bundle TQ2. Do Carmo, Wang and Xia [4],
Sun and Chen [5] researched the Dirichlet eigenvalue problem of elliptic operator in diver-
gence form div (AV) and gave some universal inequalities for its eigenvalues, where V and
div were the gradient operator and the divergence operator on M. The operator div (AV)
is an interesting operator. It includes the Laplacian A as special case. Moreover, it has
connections with second order elliptic operators with variable coefficients on Q C R", the
linearized operator L, of the r-th mean curvature of a hypersurface and so on.

The purpose of this paper is to investigate the following problem

A2y — pdiv (AVu) + qu = Apu, in Q,

| _8u| _0 (1.1)
uloa = 5-loa =0,
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where p is a positive continuous function on €2, v denotes the outward unit normal to the
boundary 92 and the constants p,q > 0. It is well known that problem (1.1) has real and
discrete spectrum

0< A <A< A< — +oo,

where each eigenvalue is repeated according to its multiplicity. This problem has some
connections with some other problems. When A is the identity, problem (1.1) becomes the

following weighted Dirichlet problem of quadratic polynomial operator of the Laplacain.

A%y — pAu + qu = \pu, in €,

| _3u| _0 (1.2)
Uaﬂ—ayan— .

Furthermore, when p = ¢ = 0 and p = 1, problem (1.2) becomes the clamped plate problem

A%y = M, in
ou (1.3)
ulon = $|aﬂ =0.
Cheng and Yang [6], Cheng, Ichikawa and Mametsuka [7], Wang and Xia [8] established
some universal inequalities for problem (1.3). Sun and Chen [9], Sun and Qi [10] obtained
some universal inequalities for problem (1.2). Shi [11] gave some inequalities for lower order
eigenvalues of problem (1.1) in the case of p =1 and p = 1.

One of the main goals of this paper is to establish some inequalities for eigenvalues of
problem (1.1) on bounded domains of some Riemannian manifolds. Nash’s theorem [14]
states that any complete Riemannian manifold M can be isometrically immersed into an
Euclidean space. We first give the following result:

Theorem 1.1 Let € be a connected bounded domain in an n-dimensional complete
Riemannian manifold M. Let A : Q@ — End(TQ) be a smooth symmetric and positive
definite section of the bundle of all endomorphisms of the tangent bundle 7'Q2. Assume that
the eigenvalues of A are bounded below by &; and that tr (A) < n&; throughout €2, where
&1 and & are two positive constants. Denote by A; the i-th eigenvalue of problem (1.1). Set
pL = I;lelgp( z) and py = maxp( ). If M is isometrically immersed in RY with mean curvature

vector H, then we have

k
> Owir -
i=1

k n2H2 z
H,
E (N1 — [(Qn +4)B; + 0+pn£2]
npl =1 pl

k n2H2 H
H
[ E (A1 — <4B + : >] )

P1

(1.4)

where Hy = maé(|H| (z) and B; = [ —p€1 + \/p2§1 +4p1 (N — —)J .
S
As we know, Hy = 0 when M is an n-dimensional complete minimal submanifold in
an Euclidean space and Hy = 1 when M is an n-dimensional unit sphere. Therefore, from

Theorem 1.1, we can get some results for problem (1.1) on these two kinds of manifolds.
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Corollary 1.1 Let 2 be a connected bounded domain in an n-dimensional complete
minimal submanifold in a Euclidean space. Denote by A; the i-th eigenvalue of problem
(1.1). Then we have

k 9 k g
Z()‘k+1—/\i>2§ pi {Z(Ak-&-l A [(2n+4)B + 2 2]}

2
npy =1 P1

k 2
[Z(AH1 - /\,;)Bi] :
i=1
(1.5)
Corollary 1.2 Let Q be a connected bounded domain in an n-dimensional unit sphere
S™(1). Denote by A; the i-th eigenvalue of problem (1.1). Then we have

k S, 3
{Z Mert — A [(2n+4)B +"pn2”
i=1 p1

1
2

N|=

k
Z (Akg1 —
=1

”Pl

x [i(xm —\) <4BZ- + ’;2)

i=1 1

(1.6)

Moreover, we consider problem (1.1) on Riemannian manifolds admitting some special
functions. We obtain the following result:

Theorem 1.2 Let € be a connected bounded domain in an n-dimensional complete
Riemannian manifold M. Let A : Q@ — End(TQ) be a smooth symmetric and positive
definite section of the bundle of all endomorphisms of the tangent bundle 7°Q2. Assume that
&I < A < &I in the sense that the eigenvalues of A lie in the interval [£1, ;] throughout

Q, where & and & are two positive constants. Denote by A; the i-th eigenvalue of problem
(1.1). Set p; = melgp(x), p2 = meaé(p( x) and B; = 7 [—p& + \/p2§1 +4p1 (N — —)J .

i) If there exists a function ¢ :  — R and a constant Cj such that |Vi¢| = 1 and
|AyY| < Cj on Q, then

1

k 2
Bi C2 +
Z Akl — <ii [Z Aky1 — (63 +4Cy ) Opp&)]
; 3 | 4= 1

1

K
B, C?
X [Z()‘k+l — i) <4B7; +4C) o + ,OT>

i=1

(1.7)

[N

i

ii) If there exists a function ¢ : @ — R and a constant Dy such that |Vy| = 1 and
Ap = Dq on €2, then

k
Z Akg1 —

i=1

[N

b‘E

Ll VI

k
2D2 D2
[Z Nt — <6B -2y 0“’52)]
P2 P1

=1

k
2D D
x Z<)‘k+1 — i) <4B -—— + O)] ;
L_l P2 P1

~.

(1.8)

N
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iii) If there exist [ functions ¢, :  — R such that (V¢,, Vo) = dap and A¢, =0, a, [ =
;L on €, then

2

Y

Z (Aky1 — )\i)2 §2p2 {Z (Akg1 — A ) [(21 +4) B; + p;&} } [Z()\kﬂ — i) B;

=1 1 =1
(1.9)

iv) If Q admits an eigenmap f = (fi, fo, -+, fng1) @ @ — SY(1) corresponding to an
eigenvalue p, that is ZNH f2=1land Afy, = —pfe, a=1,2,--- N +1, then

ol

k k 9

+
Z b1 — <2 [Z Akt — (6/~LB +,upu§2>
i=1 i=1

MPl 1

x [zk:()\kﬂ -\) <4uBi + i)

i=1

(1.10)

1
2

As applications of the above results, we can give some results for problem (1.2). For
example, when A is the identity, we can obtain the following corollary for problem (1.2) from
Theorem 1.1.

Corollary 1.3 Let M be an n-dimensional complete Riemannian manifold and € be
a connected bounded domain in M. Denote by A; the i-th eigenvalue of problem (1.2). Set
pL= glelgp(x) and py = Iglaleaé(p(l‘) E; = i {—p + \/p2 +4p1 (N — p%)} . If M is isometrically

immersed in RY with mean curvature vector H, then
k n2H2 + pn 5
> (e 3?20+ 4) B ESER
i=1 ”Pl 1
n2l2\ |2
[Z Akl — Ai <4E + . )] )
P1

ﬂM?r
>4
ol
s
|

(1.11)

where Hy = maX|H|( ).

Remark 1 1 Let {a;},, {b;}", and {c¢;}", be three sequences of non-negative real

numbers with {a;}!", decreasing and {b;}/", and {¢;}!", increasing. Then it holds [§]

(a?bz) (aici) S (af) ((I,’biCi) . (112)

Using (1.12), we know that (1.11) becomes (1.11) of Theorem 1.1 in [10].

Moreover, when A is the identity, we can derive the following corollary for problem (1.2)
from Theorem 1.2.

Corollary 1.4 Let M be an n-dimensional complete Riemannian manifold and € be

a connected bounded domain in M. Denote by A; the i-th eigenvalue of problem (1.2). Set
p1 = minp(z), p; = maxp(z) and E; = 3o [—p + \/p2 +4p1(Ni — p%)} :

2p1
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= 1 and

No. 1
there exists a function : — and a constant Cg such that
i) If th i f ion ¢ : € R and C h th Vi
|Av| < Cp on €, then
k k 3
E;, C2+
Z (Meg1 — S% [Z (Meg1 — )\i)z <6Ei +4Cy . + Op p)
— 2 | = 1 1
=1 pl =1 ) (113)
. 1
E; 02
Z Akt1 — <4E +4Co4 | — 0> ;
Py P1 P1
there exists a rfunction ¢ : — and a constant DDy such that ¢l = 1 an
If th i fi i Q R and D h th Vv 1 and
Ay = Dq on €2, then
- - opz p2ap\]’
S Ok =07 <23 O = A <6E —+0)
i=1 pi Li=1 P2 P1
) (1.14)
. 1
D2 D2
X (Ak )\)<4E2+> ;
[Zz_; 1 P2 P1

)

iii) If there exist [ functions ¢, : © — R such that (V¢,, Vog) = dap and Ad, =
a,B8=1,---,lon (, then

k k 2
2
3> e — A <2 {Z (M1 = X)* (2 +4) pr E; +pn}
lpi Uiz
(1.15)
k

X [Z(Ak—&-l - \i)E;

i=1

2

)

Q — SM(1) corresponding to an

L fng) e
, N + 1, then

iv) If Q admits an eigenmap f = (fi, fo,
eigenvalue p, that is ZNH f2=1land Af, = —pfe,a=1,2

u2+pu>]

k k
3 A [z s (o +
MPl 1

i=1
1
2

=

i=1

x [i(xkﬂ — ) <4ﬂEi + ’/f)

i=1

Remark 1.2 It is easy to find that when p = ¢ = 0 and p = 1, (1.13-1.16) for problem
(1.2) become the results of Theorem 1.1 for problem (1.3) in [§]

2 Proof of the Main Results
In this section, we first prove a general inequality which plays the key role in the proofs

of Theorems 1.1 and 1.2.



48 Journal of Mathematics Vol. 43

Lemma 2.1 Let € be a bounded domain in an n-dimensional compact Riemannian
manifold M. Assume that A : Q@ — End(T) is a smooth symmetric and positive definite
section of the bundle of all endomorphisms of the tangent bundle T2. Denote by A; the i-th
eigenvalue of problem (1.1) and wu; the i-th weighted orthonormal eigenfunctions. For any

function h € C* (Q) and any integer k, we have

k
> O =207 [ a2 vnP
Py Q

k 2
<l 1 2 (Ah
<5 § (A1 — / - [(Vh, V)2 + u A (Vh, V) + @W)]

i=1 Q

P 4

i=1 Q Q

4/ (Vh, Vui>2+/u? (Ah)2+p/u§ <Vh,AVh>>,
Q Q Q

where ¢ is any positive constant.
Proof Foreachi=1,---, k, we define p; : 2 — R by ¢; = hu; — Zle a;;u;, where

ai; = /phuiuj = aj;. Since /pgpiuj =0,Vij =1,---,k, we know from Rayleigh-Ritz
Q

Q
inequality that

>\k+1/ pp; < / ©i [Az% — pdiv (AVy;) + Q%]
Q Q

(2.2)
- / @i [A? (hu;) — pdiv (AV (hu,)) + qghug).
Q
By direct computation, we have
—div (AV (hu;)) = —hdiv (AVu;) — 2 (Vh, AVu;) — u;div (AVh) (2.3)

and

A? (hu;) =A (hAw; + 2 (Vh, V) + u; AR)
=hA%u; + 2 (Vh, VAu;) + 2A (Vh, Vu;) + u; A?h (2.4)
+2(Vu;, VARL) + 2Au; Ah.
Substituting (2.3) and (2.4) into (2.2), we get

>\k+1 /P% /hpzu1 Zaz]/pzuja (25)

where p; = AhAu;+2 (Vh, VAu;)+2A (Vh, Vu;)+A (u; Ah)—pu;div (AVh)—2p (Vh, AVu;) .
Using the divergence theorem, we deduce

Q Q Q Q

(2.6)
:/u,—div (hVAuj)—/hAuiAuj
Q Q
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and

/uidiv (hV Auy) :/huiAQUj—i—/ui (Vh,VAu;)
Q Q Q
) Q

:/huiAguj/Auj (Vh, Vui)/uiAujAh.
Q Q Q

Using (2.6) and (2.7), we derive

A’LLj <Vh,, V’U,1> - / Am <Vh, Vu]>
Q Q

@ (2.8)
huiAQUj—/AUj <Vh, Vui>—/uiAujAh—/hujA2ui
Q Q Q
Q

Q

(2
J

_ /Q w;div (hV Au,) — / u;div (hV Auy)
J

{
It yields
Q Q

Q Q Q Q

Moreover, we have

/uiujdiv (AVh)—l—/Quj (Vh, AVu;) = /hle (AV (uwjuy)) — /thiv (ujAVu;)
Q Q Q Q

/hu div (AVu;) — /hujdiv (AVu;)
Q
(2.10)
and

Q Q Q Q
Using (2.9)-(2.11), we obtain

Q Q
—pu;u;div (AVh) — 2pu; (Vh, AVu,;)]

a (2.12)
+u; AujAh — phu;div (AVu;) + phu;div (AVuy,)]
_/ hu; [A%u; — pdiv (AVuy) + qu;]| — / hu; [A%u; — pdiv (AVu;) + qu;]
Q

Q
= (/\J — )\1) aij.
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Substituting (2.12) into (2.5), we get

k
(A1 — /\i)/ pg; < / huip; + Z (\i = A)) agj. (2.13)
Q Q o=

> . Then one gets from the divergence theorem that

Set b;; = / u; ((Vh, Vu,) +
Q

bij +bji = [ (u; (Vh,Vu;) +u; (Vh, Vu;) + wu;Ah)

<Vh,V(uz'uj)>+/QuiujAh (2.14)

|
'O:;\;\

Moreover, since

_/hquh:/w (hu?) , Vh) :Q/hui <Vh,vui>+/u§wz|2,
Q Q Q Q

Ah
—2/% <<Vh,Vui> “2 > / u? |Vh| —1—22(1” - (2.15)
Q

Multiplying both sides of (2.15) by (Ar1 — A;)®, using the Schwarz inequality, we get

k
M1 — i) (/ u? |Vh[* + 22%‘%‘)
Q

j=1

it holds

2

+ 6 (Arg1 — Ni) /P‘P?-
Q

(2.16)
Substituting (2.13) into (2.16), we obtain

k
Mesr — Ao)® (/ u? |Vh|® + 2Zaijbij>
Q

Jj=1

s@ [/Q; <<Vh,Vui> uzAh) Zb ] (2.17)
+0 Aer1 — ) [/ hu;p; + Z (i = A5) afj] .

j=i

Taking the sum on ¢ from 1 to k in (2.17) and noticing

Qi = Aji, bij = _bjiv
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k k
Z Mepr = M) aigbiy = = > (esr = X)) (i = Ay) aigbyy
j=1 i,j=1
and
k
Z)\k+1_ /\—>\ ':_Z()\kJrl_/\)()\ ) zy’
j=1 i,j=1
we induce
k k 2
1 1 w; Ah
2 2 2 7
Z (Ars1 — \) /Qu VA" <5 Z Nos1 — /Qp <<Vh, Vi) + =3 )
= - (2.18)
+ (SZ (/\k+1 - )\i)Q/ hulpz
i=1 Q
Since
¢ 2 (2.19)

Q Q Q

Q Q Q

Q
/ hui A (u;Ah) = / u? (Ah)® + / hu; Au; Ah + 2 / w; AR (Vh, V) (2.21)
Q Q Q Q
and
/2hui (Vh, AVu;) :;/ufdiv (AVhQ)
@ @ (2.22)
- / huidiv (AVh) — / ui (Vh, AVh),
Q Q
we have
/hpiui:—2/uiAui|Vh|2+4/uiAh (Vh, wi>+4/ (Vh, Vu,)?

+ / u? (Ah)? +p/ ui (Vh, AVh).
Q Q

Substituting (2.23) into (2.18), we obtain (2.1). This completes the proof of Lemma 2.1.
Now we give the proof of Theorems 1.1 and 1.2 by using Lemma 2.1.

Proof of Theorem 1.1 Let x,x5,...,xy be the standard coordinate functions of
RY. Then it holds
N
> IVaal’ =n, (2.24)
a=1

A (zq1,29,...,2y5) =nH, (2.25)
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N
> (Vui, Vi) = |[Vu,[* (2.26)
a=1
and
N N
D Aza (Vui, Vaa) = > AraVu; (z4) = (nH, Vu,) = 0. (2.27)
a=1 a=1

Taking h = x,, in (2.1), taking the sum on « from 1 to N , and using (2.24-2.27), we get
n & k
2 O = A 63 (e =2 [(m +a / Tl [ a4 [ )
P2 . Q Q Q
k 2
1 (nH)

(2.28)
From

A = / u; [Azui — pdiv (AVu;) +qui] = / (Aui)2 —I—p/ (Vu;, AVu;) —I—q/ u?
Q Q

Q Q
and )
/|VuZ /ulAuz_ </ uf/(Au,)2> ,
Q Q
we have
2
o ( / |Vui|2) peamn [ [V +a-pah <0 (2.20)
Q Q

This is a quadratic inequality of [ |Vu,]?. Thus we obtain

/ \Vu;|* < B;. (2.30)
Q

Introducing (2.30) into (2.28), we infer

k k 2 2
H
S e - A< 53 [ [(211 9B+ oﬂmﬂ
2= i1 P1

k
1 n’H?

— (A B; 9.
o0 E: k+1 — < + i, )

(2.31)

Taking

Zf:1<)\k+1 —Ai) ( i Hg) 2
1Yy (e = A)? {(2n+4)B +M}

p1

5:

in (2.31), we can obtain (1.4). This finishes the proof of Theorem 1.1.
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Proof of Theorem 1.2 i) Taking h = in (2.1), we get
k
Z (Akt1 = A /U? |V¢|2
P Q
k 2
1 2(A
<530 - / - [<w, V) + s A (Vi V) + “(41”}
i=1 ol (2.32)
+5Z(Ak+1 -\)? <—2/ulAui|V¢2+4/u,Aw (Vih, V)
Py Q Q
w1 [ wovu s [ @@t [ @ @oave).
Q Q Q
By using (2.30), we have
B;
/ wi A (Vh, V) < Cy </ / V| ) < Cy (2.33)
Q Pl
Substituting (2.33) into (2.32), we deduce
1 < b |B;  C2+p€
— Z (Aey1 — Z Akg1 — <6Bi +4Co [ — + 02>
P2 = P P P1
. (2.34)
1 | Bi C?
752 Akt1 — A (B + Co +4p1>
Taking
Zl 1()\k+1 A ) <B + Co _|_ 4p1) 2
6 pr—
o100, Qs — X0)? (6B: + 46, ,/ i 4 Ghiv )
in (2.34), we get (1.7).
ii) Taking h = ¢ in (2.1), we have
k
Z Akg1 — / Uzz |V‘P|2
P Q
: L 2 uf (Ap)’
Z Akt1 — / - [<V%VU1‘> + uiAp (Vp, Vug) + 14]
i=1 o (2.35)

+ (52 (Akr1 — 2/ w; Au; |Vg0|2 + 4/ u; Ap (V, V)
Py Q Q

+4 / (Ve, Vu,)® + / u? (Ap)® +p / u? (Vep, Aw>>-
Q Q Q
Since

Dy
/uZAw (Vo,Vu;) = / <ch,Vu —/ wAp < -2
Q 2 Q 2P2
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we get
k k
1 2D2 D2+ p&,
— Mer1 — A (Aes1 — X)) [ 6B, — —2 + =2
5 3 O z ( D, Dot
o o (2.36)
_— (Aps1 — B — =% 4 20,
Taking

F 3
Dics N = A) ( s — % + 4p1)
P Zf:l Ak — i)’ (GB — 0 + Dof‘ipfz)

in (2.36), we obtain (1.8).
iii) Because (Vqo, Vo) = dap and A¢, =0, o, =1,--- 1, we know

0=

l
Z vuzvv¢a S |vuz|2

Thus, taking h = ¢, in (2.1), we obtain by summing over « that

/\k+1 - / Z Vol
k l
gaz Arp1 — M)’ (—2 / uiAuiZ|V¢a|2+4 / Vuil* + ps / ul lecf) (2.37)
i=1 @ a=1 Q Q a=1

1< 1 )
52_: Aht1 — /Qp|Vui| .
It implies
i : Mg — N)? < 5213 (Akg1 — M) [(21 +4)B; + plﬂ + L f: (Aks1—Ai)Bi. (2.38)
P2 = o Py 10 —
Taking

Nl

S (s — \)B;

)=
p1 Zz g — ) {(21+4)B —1—7"152}

n (2.38), we derive (1.9).
iv) Taking the Laplacian of ZNH f2 =1 and using the fact that Af, = —pufa, a =

1,2,--- ,N + 1, we have
N+1

S IVL =p (2.39)

a=1
and
N+1 N+1 N+1

Z/uAfa Y fu, Vi) = Z/ (Vf2,Vu?) ’“‘Z/ WCAf2=0.  (2.40)



No. 1 Inequalities for eigenvalues of a class of operators on riemannian manifolds 55

It then follows by taking h = f, in (2.1) and summing over « that

fj (hesr - / 91,

N+1

=1
k N+1 N+1
gaZ(AM—Af —Z/uiAui Z|Vfa|2 +4Z/uiAfa (V fo, Vi)
=t . = =179 (2.41)
N+ N+1 N+1
+4Z/ o)+ [ PIETS 4 [ u 3 (VS0 AV
Q
N+1 2
1 ?(_Nfa)
522: Aest = A Z/Q [Vfa,vw i fo (¥ fo, Vi) + =2 .
It implies
k 2+ 5
S (s - <5Z Meat — A (6 B+MW2>
im1 P1
(2.42)
1 @ 2
P70 ;( . )<“ 4/)1)

Taking
Zf:1<)\k+1 -\ ) (lU’B + 4p1>

P1 Zle (MNky1 — )\i)2 (6ﬂBz‘ + u'“;%ﬁz)

n (2.42), we obtain (1.10). This ends the proof of Theorem 1.2.
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