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ç�è ·Ã¸
P- ÿ®ÔªÕ	é	u®÷�6�7�� n	o�R ù à*ê«âªèÁé , ç�j�u®÷�6�7a� R ù	O P- ÿ®Ô

Õ Mªà ã	��S�T n�o8à åÏæ	ë	ì . íªð , î®å®÷�6�7a� R ù�O P- ÿ®ÔªÕ Myï �Ïã	� àtn�o S
TÉØ ·Ã¸ .

2 P- ðòñaóõôõöø÷úùûñaó
î	ü�ý	��þ�ÿ P- ÿ®ÔªÕ�=�>	A�B«ÔªÕ , ��� ����� ãÏäªåÏæ [3-4].���

2.1 	�

���®Û X
à�� ���5��í

f(x) =
pλ

2σΓ(1/p)
exp

{

−
[

λ
|x − µ|

σ

]p}

, (2.1)

/��
X ÐÉÑÉõ�� P- ÿ¹ÔÁÕ ( > M λ = (Γ(3/p)/Γ(1/p))1/2, ���Éã ��í µ ,

ï �Éã ��í
σ > 0).� ���

�����	�«Ô®Õ ( Ü p = 1) 
 ÒªÓ«Ô®Õ ( Ü p = 2) 

���®Ô®Õ ( Ü p → ∞)
1 ���

ÔªÕ ( Ü p → 0) ��íÏõ�� P- ÿ®ÔªÕ (2.1)
à�� �

. ï1ð�!
�

, P- ÿ®ÔªÕ " #8Ø ��$ ] %®î�?
@ à'&�( ÔªÕ à��%¶ î ) *�C .���

2.2 Ì+

���®Û X1, X2, · · · ,Xn �	X-,kÔªÕ , ÐÏÑ µ = 0 
 σ = 1
à õ�} P- ÿ®Ô

Õ ,
/�� 

���®Û Y =

n
∑

i=1

|Xi|p ÐÏÑ/.mïc��í n
à

χp ÔªÕ , 0�í Y ∼ χp(n), > � ���5��í

f(y) =







λn

Γ(n/p)
yn/p−1e−λpy, y > 0

0, y ≤ 0

(2.2)

�+�
2.3 Ì X Ð«Ñ µ = 0 
 σ = 1

à õ	} P- ÿÏÔ®Õ , Y Ð«Ñ χp(n) Ô®Õ , 1 X
1

Y

?�2��	X ,
/

T =
X

(Y/n)1/p
, (2.3)

ÐÏÑ/.mïc��í n
à

tp ÔªÕ , 0�í T ∼ tp(n), > � ���5��í
f(t) =

pΓ((n + 1)/p)

2Γ(1/p)Γ(n/p)n1/p

(

1 +
|t|p
n

)−(n+1)/p

. (2.4)

���
2.4 Ì X 
 Y Ô�3®ÐÏÑ/.mïc��í m, n

à
χp ÔªÕ , 1 X

1
Y ?�2��	X ,

/

Z =
X/m

Y/n
(2.5)

ÐÏÑ�4¢õ5.mïc��í m 
64 � .mïc��í n
à

Fp ÔªÕ , 0�í Z ∼ Fp(m, n), > � ���5��í

f(z) =











(m/n)m/p

B(m/p, n/p)
zm/p−1

(

1 +
m

n
z
)−m+n

p

, z > 0

0, z ≤ 0

(2.6)

� M
B(x, y) í�7'8��5� .
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3 U5VXWZY/[
î�üÏË+\ µ ]

�
, î�^Ïõ�� » Ë+\ µ = 0. _ µ `

� Â
, ï`þ®ð Â õ�� P- ÿÏÔ®Õ à54 Ú

6�7 )	+ ( ã«ä®å«æ [5]) î
��a

� , bdc ¶(Y�e5N ÷ M ÷�>	\ )	+ x̄ = n−1

n
∑

i=1

xi f H , g�!
h ÷ ìi$Éà�� ���5��S�T�z�6 +�j .

3.1 k�l�m n�o p�q+r
s t
î - ü+u�v�w�x�y (L2	3 à5ï �¢ã�� à ËÃÌ n�o üký . Ì�
i��B�î x1, x2, · · · , xn ��X,kÔªÕ , Ö/.0ã	��í µ é σ

à
P- ÿ®ÔªÕ ,

n�oÙü3ý í

H0 : σ ∈ Θ0 ↔ H1 : σ ∈ Θ1,

> M Θ0 é Θ1 Ô�3�í�z�ËÏÌ�é { |®ËÏÌ à ã��+}ÃÈ . ��0
ln(σ) = log L(σ; x1, x2, · · · , xn) =

n
∑

i=1

log f(xi; σ)

=

n
∑

i=1

log

{

pλ

2σΓ(1/p)
exp

{

−
(

λ
|xi|
σ

)p}}

= n log

{

pλ

2σΓ(1/p)

}

−
n
∑

i=1

(

λ
|xi|
σ

)p

,

(3.1)

/ 6�7a� n�o D + Û�\ � í
λn = −2

{

sup
σ∈Θ0

ln(σ) − sup
σ∈Θ0∪Θ1

ln(σ)

}

= 2 sup
σ∈Θ0

{

n log σ + λp/σp

n
∑

i=1

|xi|p
}

− 2 sup
σ∈Θ0∪Θ1

{

n log σ + λp/σp

n
∑

i=1

|xi|p
}

.

(3.2)

� ~
3.1 0 σp

à*4 Ú�6�7 )�+ í

σ̂p
n =

p

n
λp

n
∑

i=1

|xi|p. (3.3)

O«þ n�o H0 : σ = σ0 ↔ H1 : σ 6= σ0

ü3ý
,
r

(1) 6�7a� n�o D + Û
λn

n
= 2(log σ0 − log σ̂n) +

2λp

n

n
∑

i=1

(

|xi|p
σp

0

− |xi|p
σ̂p

n

)

D−→ −2

p
log ξ, (3.4)

> M ξ = pλp

n

n
∑

i=1

|xi|p
σp

0

à ÔªÕ�í χp(n).
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(2) − 2n
p

log ξ
à�� ���5��í

f(y) =
1

2Γ(n/p)

(

n

p
exp

{

−py

2n

}

)n/p−1

exp

{

−n

p
exp

{

−py

2n

}

− py

2n

}

.

(3) _ n ���«Ú Â , λn

à z�6 � ���5��í
g(y) = C−1

(

n

p
exp

{

−py

2n

}

)n/p−1

exp

{

(n − p)y

2n

}

,−∞ < y < ∞.

> M C =
∫∞
−∞

(

n
p

exp
{

− py
2n

}

)n/p−1

exp
{

(n−p)y
2n

}

dy.�
(1) ï (3.2) é (3.3)

� ×

λn = 2n log
σ0

σ̂n

+ 2λp

{

n
∑

i=1

∣

∣

∣

∣

xi

σ0

∣

∣

∣

∣

p

−
n
∑

i=1

∣

∣

∣

∣

xi

σ̂n

∣

∣

∣

∣

p
}

= 2n log
σ0

σ̂n

+ 2λp

{

n
∑

i=1

∣

∣

∣

∣

xi

σ0

∣

∣

∣

∣

p

− n

p

(

Γ(3/p)

Γ(1/p)

)−p/2
}

= −2n log σ̂n + 2n log σ0 + 2

(

Γ(3/p)

Γ(1/p)

)p/2 n
∑

i=1

∣

∣

∣

∣

xi

σ0

∣

∣

∣

∣

p

− 2n

p

= 2λp

n
∑

i=1

∣

∣

∣

∣

xi

σ0

∣

∣

∣

∣

p

− 2n

p
− 2n

p
log

{

n
∑

i=1

|xi|p
σp

0

}

− 2n

p
log
{p

n
λpσp

0

}

+ 2n log σ0

= −2n

p
log

{

pλp

n

n
∑

i=1

|xi|p
σp

0

}

+ n

(

2λp

n

n
∑

i=1

|xi|p
σp

0

− 2

p

)

.

(3.5)

� ß g Eχp(n) = n
pλp

, V arχp(n) = n
pλ2p

( ãÏäªåÏæ [4]), ï3Ú���\�E �
�
^�� :

1

n

n
∑

i=1

∣

∣

∣

∣

xi

σ0

∣

∣

∣

∣

p
P−→ E

{

1

n

n
∑

i=1

∣

∣

∣

∣

xi

σ0

∣

∣

∣

∣

p
}

=
1

pλp
, (3.6)

ï1ð®×�g
2λp

n

n
∑

i=1

∣

∣

∣

∣

xi

σ0

∣

∣

∣

∣

p
P−→ 2

p
, (3.7)

þ	j
λn

n
= −2

p
log ξ + 2λp

(

1

n

n
∑

i=1

|xi|p
σp

0

− 1

pλp

)

= −2

p
log ξ + op(1)

D−→ −2

p
log ξ,

(3.8)

> M ξ = pλp

n

n
∑

i=1

|xi|p
σp

0

à ÔªÕ�j χp(n).
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(2) ï ξ
� ���5�

h(x) =
λn

Γ(n/p)

(

n

pλp

)n/p

xn/p−1 exp

{

−nx

p

}

, (3.9)

!ª×�g − 2n
p

log ξ
à�� ���5��í

f(y) =

(

n

pλp

)n/p
λn

Γ(n/p)

(

exp
{

−py

2n

})n/p−1

exp

{

−n

p
exp

{

−py

2n

}

}

·
( p

2n

)

exp
{

−py

2n

}

=
1

2Γ(n/p)

(

n

p
exp

{

−py

2n

}

)n/p−1

exp

{

−n

p
exp

{

−py

2n

}

− py

2n

}

.

(3) _ n → ∞
Â

,
r

py
2n

→ 0 é exp
{

− py
2n

}

≈ 1 − py
2n

, Ñ�� r

exp

{

−n

p
exp

{

−py

2n

}

− py

2n

}

≈ exp

{

−n

p

(

1 − py

2n

)

− py

2n

}

= exp

{

(n − p)y

2n
− n

p

}

,

þ	j !ª×
f(y) =

1

2Γ(n/p)

(

n

p
exp

{

−py

2n

}

)n/p−1

exp

{

−n

p
exp

{

−py

2n

}

− py

2n

}

≈ 1

2Γ(n/p)

(

n

p
exp

{

−py

2n

}

)n/p−1

exp

{

(n − p)y

2n
− n

p

}

=
1

2Γ(n/p)
exp

{

−n

p

}(

n

p
exp

{

−py

2n

}

)n/p−1

exp

{

(n − p)y

2n

}

= C−1

(

n

p
exp

{

−py

2n

}

)n/p−1

exp

{

(n − p)y

2n

}

,

(3.10)

> M

C =

∫ ∞

−∞

(

n

p
exp

{

−py

2n

}

)n/p−1

exp

{

(n − p)y

2n

}

dy,

� ð , λn

à z�6 � ���5��í
g(y) = C−1

(

n

p
exp

{

−py

2n

}

)n/p−1

exp

{

(n − p)y

2n

}

,−∞ < y < ∞.

�
_ |λn| �ÏÚ Â , ��� H0, ��í � 2V3�R Î r����®» Î�� ; _ |λn| ��z 0 � , ��� H0,��� ���i��� ����� ��� � ��� .�Z���

(Γ(3)/Γ(1))1/2 =
√

2 � (Γ(3/2)/Γ(1/2))1/2 = 1/
√

2, �
��� 3.1  -¡i¢ ��£ ¤¥'¦�§ ¨�©
, ª�«+¬�­�®�¯ .
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´Zµ
3.1 ( ¶�·-¶�¸Z¹�º ) » p = 1, σ̂n =

√
2

n

n
∑

i=1

|xi|, ¼ λn

n

D−→ −2 log ξ, ½¿¾ ξ =

√
2

n

n
∑

i=1

|xi|
σ0

À�Á
χ(n). Â λn

¥�Ã�Ä�Å�Æ�Ç
È �

f(y) =
1

2Γ(n)

(

n exp
{

− y

2n

})n−1

exp
{

−n exp
{

− y

2n

}

− y

2n

}

.

´�µ
3.2 ( É+Ê�¹�º ) » p = 2, ¼ λn

n

D−→ − log ξ, ½/¾ ξ = 1
n

n
∑

i=1

x2
i

σ2
0

À�Á ¥ ¹�º�Ë
χ2(n). Ì�Í λn

¥�Ã�Ä�Å�Æ�Ç
È �
f(y) =

1

2Γ(n/2)

(n

2
exp

{

− y

n

})n/2−1

exp
{

−n

2
exp

{

− y

n

}

− y

n

}

.

3.2 Î Ï�Ð Ñ�Ò Ó�Ô+Õ
Ö ×
Ø�Ù Ú+Û�Ü�Ý�Þ�¦�§ � � ¥
ß+Æ+à+Èá¥�â�ã�ä�å/æ�ç .

ã�èié�ê+Ø
x1, x2, · · · , xn ë�ìí ¹ º , î¿ï à�È � µ1, σ1

¥
P- ð�¹ º ; y1, y2, · · · , yn ë�ì í ¹ º , ñ�î¿ï à�È � µ1, σ1

¥
P- ð ¹�º ; Í Â ¦�§�ê�Ø ò�ó ë ì . ô�õ�ö â � µ1 = 0, µ0 = 0.

ä�å�÷ £ æ�ç
H0 : σ1 = σ2 ↔ H1 : σ1 6= σ2.

��ø�ù (3.5) ú û�ü+ý ¦�§ ��� ¥'ß�Æ+à�È�ä�å ,
Û�Ü ù�þ�ûZÿ������ ÷ £ Ä��	��ä�å
���


λn = 2 sup
σ1∈Θ̃1

{

n log σ + λp/σp

n
∑

i=1

|xi|p
}

− 2 sup
σ2∈Θ̃2

{

n log σ + λp/σp

n
∑

i=1

|xi|p
}

= 2

{

log(σ̂n1

1n1
/σ̂n2

2n2
) + λp

[

n1
∑

i=1

∣

∣

∣

∣

xi

σ̂1n1

∣

∣

∣

∣

p

−
n2
∑

i=1

∣

∣

∣

∣

yi

σ̂2n2

∣

∣

∣

∣

p
]}

=
2

p

{

log(σ̂pn1

1n1
/σ̂pn2

2n2
) + (n1 − n2)

}

,

(3.11)

½-¾ Θ̃1 � Θ̃2 ¹������������ § �i������� ¥�à�È���� , σp
1 � σp

2 ���
¥�����Ä��� �� ¹��

�
σ̂p

1n1
=

p

n1

λp

n1
∑

i=1

|xi|p, σ̂p
2n2

=
p

n2

λp

n2
∑

i=1

|yi|p,

!�"
3.2

Ä��#�$
���

λn = 2

p

{

log(σ̂pn1

1n1
/σ̂pn2

2n2
) + (n1 − n2)

} ¥�Å�Æ�Ç
È �
f̃(y) =

n
n1/p−1
1 n

n2/p−1
2 p1−(n1+n2)/p

2Γ(n1/p)Γ(n2/p)σp
1σ

p
2

exp

{

(1 − p)

[

y

2
− n1 − n2

p

]}

·
∫ ∞

0

z2/p−1 exp

{

−n1
n1

√
z

pσp
1

exp

{

py

2n1

−
(

1 − n2

n1

)}

− n2
n2

√
z

pσp
2

}

dz,−∞ < y < ∞.

(3.12)
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A B �DC  �¡'¢ � σ̂p
n = p

n
(Γ(3/p)/Γ(1/p))

p/2
σp

n
∑

i=1

|xi|p
σp

¥�Å�Æ�Ç
È�÷ £
:

f(y) =
n

p

λn−p

Γ(n/p)σp

(

y
p
n
λpσp

)n/p−1

exp

{

−λp y
p
n
λpσp

}

, y > 0

=
( p

n

)−n/p 1

Γ(n/p)σp
yn/p−1 exp

{

− ny

pσp

}

, y > 0

(3.13)

� «�E#F ¢ � σ̂pn
n =

{

p
n
λpσp

n
∑

i=1

|xi|p
σp

}n ¥�Å�Æ�Ç
È �

h(y) =
1

n

( p

n

)−n/p 1

Γ(n/p)σp
yn−1(n/p−1)yn−1−1 exp

{

−nyn−1

pσp

}

=
1

n

( p

n

)−n/p 1

Γ(n/p)σp
y1/p−1 exp

{

−nyn−1

pσp

}

, y > 0

(3.14)

� (3.11) � (3.14) ú�E�¢ Z = σ̂pn1

1n1
/σ̂pn2

2n2

¥�Å�Æ�Ç
È �

g(y) =

∫ ∞

−∞
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(

p

n2

)−n2/p
1

Γ(n2/p)σp
2
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{

−n2z
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2
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2

}

· 1
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(

p

n1
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1
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1
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{

−n1(zy)n−1

1

pσp
1

}

dz

=
n

n1/p−1
1 n

n2/p−1
2 p−(n1+n2)/p

Γ(n1/p)Γ(n2/p)σp
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p
2
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·
∫ ∞

0
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{

−n1(zy)n−1

1

pσp
1
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n−1

2

pσp
2

}

dz, y > 0

(3.15)
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1n1
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2n2
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} ¥�Å�Æ�Ç
È �
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p
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2
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2
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{

(1 − p)

[

y

2
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p
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·
∫ ∞

0
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{
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√
z

pσp
1
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{

py

2n1

−
(

1 − n2
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√
z

pσp
2

}
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(3.16)

��ý���� 3.2
¥HG�©�IDJ�K õ�L�ý�� ü , �MF £i¤ Û�Ü Ý�Þ ½�N�O�P�Q , R n1 = n2 = n.S ü���� 3.2 T�½�®�¯� �¡'¢ � ÷ £ I�U�V�¥�G�© :
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3.3 W H0 � ì , Â n1 = n2 = n, ¼ λn = 2n

p
log
(

σ̂1n

σ̂2n

)p ¥�Å�Æ�Ç
È �
f̃(y) =

p

2nB(n/p, n/p)
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{

y

2

(

1 − n

p

)}

[

1 + exp
( py

2n

)]−2n/p

,−∞ < y < ∞. (3.17)

A X ���
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=
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∑
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∑
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∑
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∑
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=
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∑
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∑
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∼ Fp(n, n).

R (σ̂1n/σ̂2n)
p ¥�Å�Æ�Ç
È �

f(z) =
1

B(n/p, n/p)
zn/p−1(1 + z)−2n/p, z > 0 (3.18)

ý Ë�� (3.11) � (3.18) ú�¢ λn = 2n
p

log
(

σ̂1n

σ̂2n

)p ¥�Å�Æ�Ç
È �
f̃(y) =

1

B(n/p, n/p)
zn/p−1(1 + z)−2n/p

=
p

2nB(n/p, n/p)
exp

{

py

2n

(

n

p
− 1

)}

[

1 + exp
(py
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)]−2n/p

=
p

2nB(n/p, n/p)
exp

{

y

2

(

1 − n

p

)}

[

1 + exp
(py

2n

)]−2n/p

,−∞ < y < ∞

(3.19)

� ¨�© 3.3 ¡'¢ ¨�© 3.4 � ¨�© 3.5, ª�«+¬�­�®�¯ .´�µ
3.4 » p = 1, ¼�ª ¨�© 3.3

¥$Y�Z £
, λn = 2n log(σ̂1n/σ̂2n)

¥�Å�Æ�Ç
È �
f̃(y) =

1

2nB(n, n)
exp

{

y

2

(

1 − 1

n

)}

[

1 + exp
{ y

2n

}]−2n

,−∞ < y < ∞

´�µ
3.5 » p = 2, ¼�ª ¨�© 3.3

¥$Y�Z £
, λn = n log(σ̂2

1n/σ̂2
2n)
¥�Å�Æ�Ç
È �

f̃(y) =
2

2nB(n/2, n/2)
exp

{

y

2

(

1 − 2

n

)}

[

1 + exp
{ y

n

}]−n

,−∞ < y < ∞

[ ÿ |λn| \ � � , ]D^ H0, _�� ¦ �i��� � �D`�a � ��� ; ÿ |λn| � Ã 0 � , ��� H0,

_�� ¦ �i��� �����D`�a � ��� .

4 bdcMedf
Ø�Ú ù�g+î�õ í ¥ p h Ì�i ÄD�M� ä å . � £�¤ 3

§�j�k EMFmlon ,
ä å�G�p ñ�q�rDsÈ�t�ò�u

,
Á Í�vZ¯ ø Û�Ü � ©�G�p�¥ E�w � .x

1 ª (2.1) ú-¾'» p = 2, µ = 0, σ = 2,
èié�y�z

100 { ê+Ø , ½á¾ ê+Ø   
 � 100.Û Ü�|�tD} { ê+Ø h�~on 
���
 , ��ù 100
§ ê�Ø�
��D
 ~��+î���ñ�Ì�i�r�s�� å ( `�a �� ��î � α = 0.05).
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(1)
ä�å

H0 : σ = 3 ↔ H1 : σ 6= 3.|�t ê�Ø E#F �DC ¢
λ̄n = 2n(log σ0 − log σ̂n) + λp

n
∑

i=1
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|xi|p
σp

0

− |xi|p
σ̂p
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� ��� 3.1 ¾ (2) ú�¢
0.025 =
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−∞
f(y)dy, 0.975 =

∫ q2
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� ¢ : q1 = −25.8983, q2 = 29.8111. � ý λ̄n > q2, ��Â ª ��C 100
§ ê�Ø�
��D
 � ,

G
p `���� Ù�¥H
���
 λn
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p
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(
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−∞
f̃(y)dy, 0.975 =

∫ q4

−∞
f̃(y)dy

½�¾ q3 = −32.4755, q4 = 17.6155. � ý q3 < λ̄n < q4, ��Â G�p `�����~ 
���
 λn

¥ � �
h ��� Ù h�ª (q1, q2), �MF ��� H0, _�� ¦ �i��� �����D`�a � �D� .
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LIKELIHOOD RATIO TESTS FOR SCALE PARAMETER IN

P-NORM DISTRIBUTION AND ITS APPLICATIONS

HU Hong-chang , REN Huan

(School of Mathematics and Statistics, Hubei Normal University, Huangshi 435002, China)

Abstract: P-norm distribution is a important distribution family, including Laplace

distribution, normal distribution, uniform distribution, one-point distribution, etc. In this article,

we consider the problem of testing scale parameter in P-norm distribution via likelihood ratio

test method. Firstly, we introduce three sampling distributions, whose are closely related to

P-norm distribution. Secondly, for a and two P-norm distributions, we investigate two hypothesis

testing problems of unknown scale parameters by the likelihood ratio test method. We discuss the

asymptotic distributions and (approximate) density functions of likelihood ratio test statistics, and

also give the (approximate) density functions under some special cases such as Laplace distribution

and normal distribution. At last, the validity of our method is illuminated by some numerical

examples.

Keywords: P-norm distribution; Likelihood ratio tests; Scale parameter
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