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1 ¹»º
¼(½¥¾B¿VÀ±ÁBÂ2ÃIÄBÂuÅ(Æ±Ç»ÂÉÈ±Ê¥ËÍÌ(Î±ÏÐ¿VÑÓÒ

, ÔÓÕ ÇÓÖ(×±ØBÙVÚ±Û¥Ü»¿VÝÓÞÓßÖ
. ÔÓÕ Ç±à¥á*â¥ã±Û±Ü(ä±å¥æ¥ç*è , 2019 é±ê±ë¥ì ¿VÑ¥Ò*íÓî±ï*ð¥ñ(ò +±ó¥ô(õ±ö¥÷ , øù±ú*ûýüIÛ*Ü°ä*å

, þ�ÿ�����������	 ü�
���
�� .ÿ±ÔÓÕ Ç»¿���������� , ì Ç����ýÂ Ô������ æ� �!�"�#ÓË�$�%Óá�&»¿�')(�*�+ , , �Ä�-�.�/±Ø) �!�0�132�4�5�%�6 ¿87���9�:
, ; ½�.�/�<±ç�=�> ,

¼�?�@�=�A±ÇB¿8B Õ [1−4].C Ø(Ä�-�.�/ ;�D�E�F�G�H�I�J , K Ø¥Ö�L H�M)N�O ½�P , Q�F�H�M�R�S�T P�U�V ÷ ��W�%6Í¿�X�Y
, Z�[ Ø�\¯Ä�.�/�X�Y , K�]�^�_�` (�a [5].b é(÷ , c ��ç�d�e�f�e�g ÿ�H�M .�/ Ô¥Õ Ç�h�i�<±çBü�j�k ¿�l�m .

$�n�o
[6]
���ÓüÖ°Ü�p�qrW Ots�H�M�u Ä�-�.�/�X�Y�v�w�x Õ�y�z�{ . Ô�� ¿�|�}�e�h)i , ~ 9����4ÇB¿pÄ-�X)Y���� ü�U�V����

. �¥÷(+ [7] ��� ü ÿ�� B±Û������ H�M .�/�p�%���� ì ç��B¿ ÔÓÕÇ�h�i
, S���,°ÿ*Ô±Õ Ç��) ¥¿�6�� . � %�� S f�e�g����Óü8p�% O�� Â������������ýÂ��±×Ô±Õ Ë���� ¿ H�M .�/�h�i , �¡ (÷�¢�£°Ô±Õ ÇB¿87��*æ�A±ÇB¿�¤�¥*Ë§¦IÞ [8−12]. ¨ ?����f�e�©�ª ��� ÌBü I�J Ä�- N){ ¿t6�« , ¬ % ��� Ì*Û�­*Û»¿8>�® ø�¯ ,

%»¿VÛ I�J Ä�-�°±�²�6
, ³��¡´�µ Ø(Ö�L H�M ¿p½�P , ¶�·�¸�¹�º�µ�H�M .�/ ;

?�%ý¿GÛ I�J Ä�-�»)¼�&±Ö�½: O�{�¾�¿ <(ç�6�� , K Ö�: O�{ Ø�� N�O ¿ , ¶�·�¸�K : O�{�º�~ .�/�6�«�À { . Á�Â�; ½Ã h�i ~ '�(°ç�Ä��°¿GÄ�-�.�/���� ³�Å ¿rÆ�X�Ç�È .
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¶�· ¿���&����*Î�� , ������ �! üòh�iÍ¿�"�#�$&% , ��'&�&(*) ü,+�-*á�&*.8U , �0/
�&(*) üòh�i�È&1 ¿�2�3 , 4 »±Ö�� S¯ÿ�·65 ��&���V����ýü £ V .

2 798
:��)±�;Ð¿ £ V , <�=Ó'�> ürp N�O�H�M .�/)­�� N�O�H�M .)/)6�«Ð¿¯Ö±Ü¥Ñ ¿ SIRÔ±Õ Ç�h�i .





dS(t)
dt

= λ1 − β1S(t)I(t)− d1S(t),

dI(t)
dt

= β1S(t)I(t) − (r1 + d1)I(t),

dR(t)
dt

= r1I(t) − d1R(t),





t ∈ (nτ, (n + l)τ ],

∆S(t) = −µS(t),

∆I(t) = 0,

∆R(t) = µS(t),





t = (n + l)τ,

dS(t)
dt

= λ2 − β2S(t)I(t)− (d2 + u1)S(t),

dI(t)
dt

= β2S(t)I(t) − (r2 + d2)I(t),

dR(t)
dt

= r2I(t) − (d2 − µ1)R(t),





t ∈ ((n + l)τ, (n + 1)τ ],

(2.1)

, � S(t), I(t)
æ

R(t) S�[�?&@ t Ors�� B�©*ÜBÂ Õ Ç�©*Ü*æ&A6B�©(Üý¿pÛ�f ; λ1 > 0 ?&@ ò
(nτ, (n+ l)τ ]

± ¿ ) ç&C�f ; β1 > 0 ?&@ ò (nτ, (n+ l)τ ]
± ¿ Ô±Õ C�f , D S

æ
I
.&E�»�F ÔÕ ¿�$�� ; d1 > 0

ò
(nτ, (n+l)τ ]

± ¿*G ¨ Æ�¥�� ; r1 > 0 ?&@ ò (nτ, (n+l)τ ]
±

I
¿�A�B��

;

0 < µ < 1 ?&@ ò t = (n+ l)τ Ors ¿ H�M .�/�� . λ2 > 0 ?&@ ò ((n+ l)τ, (n+1)τ ]
± ¿ ) çC�f

; β2 > 0 ?&@ ò ((n+ l)τ, (n+1)τ ]
± ¿ Ô±Õ C�f ; d2 > 0 ?&@ ò ((n+ l)τ, (n+1)τ ]

± ¿
G ¨ Æ�¥�� ; r2 > 0 ?&@ ò ((n+l)τ, (n+1)τ ]

±
I
¿�A�B��

; µ1 > 0 ?&@ ò ((n+l)τ, (n+1)τ ]±ý¿IH�J�.�/��
; (1 − l)τ

Ø�� N�OtH�M .�/�6�«�À {�K&L (0 < l < 1); τ > 0 @�M�H�M .�/N&O
.P�Q C6R

(2.1)
�8%6-

R(t)
¿ T PÓØ�S > ¿ ,

�  6<�=�S�� ù)­ S(t)
æ

I(t)
%6-B¿ TP

, T Ì°Î��rh�i




dS(t)
dt

= λ1 − β1S(t)I(t) − d1S(t),

dI(t)
dt

= β1S(t)I(t) − (r1 + d1)I(t),

}
t ∈ (nτ, (n + l)τ ],

∆S(t) = −µS(t),

∆I(t) = 0,

}
t = (n + l)τ,

dS(t)
dt

= λ2 − β2S(t)I(t) − (d2 + µ1)S(t),

dI(t)
dt

= β2S(t)I(t) − (r2 + d2)I(t),

}
t ∈ ((n + l)τ, (n + 1)τ ].

(2.2)

3 ¹VU
C�R

(2.1)
¿,W±Ø*Ø(Ö�L&H�J ¿ S :VX�f X : R+ → R3

+, , W F X(t) = (S(t), I(t), R(t))T

@6M , X(t)
ò

(nτ, (n + l)τ ]
æ

((n + l), (n + 1)τ ]
±±Ø�H6JB¿

,
v

X(nτ+) = lim
t→nτ+

X(t)
æ
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X ((n + l)τ+) = lim
t→(n+l)τ+

X(t) | ò .

P
·�} [13] ��~ , X(t)

¿ +���| ò��*æ��*Ö�� P C6R
(2.1) ��� X�fý¿��&������� .P

·�} [14](147) <�=��)�IT Ì°Î���.8U .�,�
3.1 ��� X(t) �&��� (2.1) �,��� X(0+) ≥ 0, ����� t ≥ 0 � , X(t) ≥ 0.�,�
3.2 ��� m ∈ PC[R+, R] ���&���� 





m(t) ≤ p(t)m(t) + q(t),

t ≥ t0, t 6= tk, k = 1, 2, ...,

m(t+k ≤ dkm(tk) + bk, t = tk,

(3.1)

¡£¢
p, q ∈ PC[R+, R] � dk ≥ 0, bk ��¤¥� . ���
m(t) ≤ m(t0)Πt0<tk<tdkexp(

∫ t

t0

p(s)ds) +
∑

t0<tk<t

(Πtk<tj<tdjexp(

∫ t

t0

p(s)ds))bk

+

∫ t

t0

Πt0<tk<tdkexp(

∫ t

s

p(σ)dσ)q(s)ds, t ≥ t0.¦�§¥¨
, ©�ª�«0¬���� (2.1) �,��­&��®�¯�°¥±&²�³V� .�I�

3.3 ´�µ��6� (2.1) �I� (S(t), I(t), R(t)), � t �&¶�·V� , ¸�¹V°&º�¤&� M > 0,»&¼
S(t) ≤ M , I(t) ≤ M , R(t) ≤ M .

«½¬ : ¾�¿ V (t) = S(t) + I(t) + R(t) � d = min{d1, d2, d2 − µ1}, � t ∈ (nτ, (n + l)τ ]

� , ² D+V (t) + dV (t) = λ1 − (d1 − d)S(t)− (d1 − d)I(t) − (d1 − d)R(t) ≤ λ1.

� t ∈ ((n+ l)τ, (n+1)τ ] � , ² D+V (t)+dV (t) = λ2− (d2 +µ1−d)S(t)− (d2−d)I(t)−

(d2 − µ1 − d)R(t) ≤ λ2.À
λ = max{λ1, λ2}, � t = (n + l)τ � , V ((n + l)τ+) = S((n + l)τ) + I((n + l)τ) +

R((n + l)τ) = V ((n + l)τ).

� t = (n+1)τ � , V ((n+1)τ+) = V ((n+1)τ). Á�Â£ÃIÄ 3.2 Å&Æ , ´�µ t ∈ (nτ, (n+l)τ ]Ç
t ∈ ((n + l)τ, (n + 1)τ ], ²

V (t) ≤ V (0)exp(−dt) +

∫ t

o

λexp(−d(t − s))ds

= V (0)exp(−dt) +
λ

d
(1 − exp(−dt))

→
λ

d
, t → ∞

ÈÊÉ
V (t) ��®6¯6°&±�²�³*� . Ë�ÌÊÍ V (t) �Î¾�¿�Å�Æ , ¸�¹V°&º�¤&� M > 0, � t �&¶�·

� ,
»&¼

S(t) ≤ M , I(t) ≤ M , R(t) ≤ M . «6Ï .

� I(t) = 0 � , ��� (2.2) ��Ð�����Ñ § :





dS(t)
dt

= λ1 − d1S(t), t ∈ (nτ, (n + l)τ ],

∆S(t) = −µS(t), t = (n + l)τ,
dS(t)

dt
= λ2 − (d2 + µ1)S(t), t ∈ ((n + l)τ, (n + 1)τ ].

(3.2)
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�,�
3.4 ��� (3.2) ²&Ö�×¥Ø�Ù&Ú�¾V��Û&Ü��

S̃(t) =





λ1

d1

− (
λ1

d1

− S∗)e−d1(t−nτ), t ∈ (nτ, (n + l)τ ],

λ2

d2 + µ1

− (
λ2

d2 + µ1

− S∗∗)e−(d2+µ1)(t−(n+l)τ), t ∈ ((n + l)τ, (n + 1)τ ],
(3.3)

¡½¢
S∗ =

λ2
d2+µ1

+((1−µ)
λ1
d1

−
λ2

d2+µ1
)A+(1−(1−µ)

λ1
d1

)B

1+µB
, S∗∗ = (1 − µ)(λ1

d1
− (λ1

d1
− S∗)e−d1lτ), A =

e−(d2+µ1)(1−l)τ < 1, B = e−((d2+µ1)(1−l)+d1l)τ < 1.

«0¬ : Ý�Þ&ß�à���� (3.2) �,á6°¥º Ç á�â&º&ã�ä , ©�ª ¼�åçæ ¹�è&é�êÎëVì��,��í&� ,
{

S(t) = λ1

d1
− (λ1

d1
− S(nτ+))e−d1(t−nτ), t ∈ (nτ, (n + l)τ ],

S(t) = λ2

d2+µ1
− ( λ2

d2+µ1
− S((n + l)τ+))e−(d2+µ1)(t−(n+l)τ), t ∈ ((n + l)τ, (n + 1)τ ].

¡&î*ïÎð�ñ�ò
S((n+1)τ+) =

λ2

d2 + µ1

−(
λ2

d2 + µ1

−(1−µ)(
λ1

d1

−(
λ1

d1

−S(nτ+))e−d1lτ))e−(d2+µ1)(1−l)τ . (3.4)

Í�Ì�©�ª ¼�å (3.4) ��ó�°���ô�ê
{

S∗ =
λ2

d2+µ1
+((1−µ)

λ1
d1

−
λ2

d2+µ1
)A+(1−(1−µ)

λ1
d1

)B

1+µB
,

S∗∗ = (1 − µ)(λ1

d1
− (λ1

d1
− S∗)e−d1lτ ),

¡£¢
A = e−(d2+µ1)(1−l)τ < 1, B = e−((d2+µ1)(1−l)+d1l)τ < 1.õ

Sn+1 = S((n + 1)τ+), Sn = S(nτ+), ö (3.4) ÷&ø ò Sn+1 = f(Sn). ´ f(Sn) ù�ú�©
ª&² , dSn+1

dSn

∣∣∣∣
Sn=S∗

= −µB < 1,
¡£¢

B = e−((d2+µ1)(1−l)+d1l)τ < 1.ÈûÉ
(3.4) ��ó�°���ô�êÎ��Ö�×¥Ø�Ù&Ú�¾ç� , Í�ü�ý [15] Å&Æ&��� (3.2) ²&Ö�×¥Ø�Ù&Ú�¾

��Û&Ü�� S̃(t).���
3.5 ��� (2.2) ��Û6Ü�� ((S̃(t), 0)) ��Ö�×�Ø�Ù6ÚV¾£� ,

¡½¢
S̃(t), S∗

Ç
S∗∗ Ñ

(3.3)
È&þ

.

4 ÿ��������
� �

4.1 Ñ	�
β1

d1

(λ1lτ +
λ1 − d1S

∗

d1

(e−d1lτ − 1)) − (r1 + d1)lτ +
β2

d2 + µ1

(λ2(1 − l)τ

+
λ2 − (d2 + µ1)S

∗∗

d2 + µ1

(e−(d2+µ1)(1−l)τ − 1)) − (r2 + d2)(1 − l)τ < 0, (4.1)


	�
, ö&��� (2.2) �
�	�&Û&Ü�� (S̃(t), 0) ��Ö�×¥Ø�Ù&Ú�¾V� ,

¡£¢
S∗

Ç
S∗∗ Ñ (3.3)

È&þ
.

«û¬ : ����«û¬ (S̃(t), 0) ��×��&Ú6¾	� , ¾&¿ S1(t) = S(t) − S̃(t), I1(t) = I(t), ö (2.2)

´��*���	�&����Å�� ò
(

dS1(t)
dt

dI1(t)
dt

)
=

(
−d1 −β1S̃(t)

0 β1S̃(t) − (r1 + d1)

)(
S1(t)

I1(t)

)
, t ∈ (nτ, (n + l)τ ].
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¼�å=< �	>@? ò

Φ1(t) =




exp(−d1t) ∗1

0 exp(

∫ t

0

β1S̃(s) − (r1 + d1)ds)


 .

��� (2.2) �,á�â&º Ç á�A,º&ã�ä&´��*�����	BC>D? ò
(

S1((n + l)τ+)

I1((n + l)τ+)

)
=

(
1 − µ 0

0 1

)(
S1((n + l)τ)

I1((n + l)τ)

)
.

E Ä&©�ª&²
(

dS1(t)
dt

dI1(t)
dt

)
=

(
−(d2 + µ1) −β2S̃(t)

0 β2S̃(t) − (r2 + d2)

)(
S1(t)

I1(t)

)
, t ∈ ((n + l)τ, (n + 1)τ ],

Φ2(t) =




exp(−(d2 + µ1)t) ∗2

0 exp(

∫ t

0

β2S̃(s) − (r2 + d2)ds)


 .

(
S1((n + 1)τ+)

I1((n + 1)τ+)

)
=

(
1 0

0 1

)(
S1((n + 1)τ)

I1((n + 1)τ)

)
.

Ë ò ¹ ¦ç§&¨ �GFIH ¢ �@JCK ∗i(i = 1, 2),
ÈÊÉ �	LMH�N£�GO�P�Q . Û�Ü�� (S̃(t), 0) �

Ú�¾C�0Í
M =

(
1 − µ 0

0 1

)(
1 0

0 1

)
Φ1(lτ)Φ2(τ),

�=R@SIQ λ1 = (1 − µ)e−(d1l+d2+µ1)τ < 1, λ2 = k1k2 T ¾ .
¡Ê¢

k1 = e
∫

lτ

0
β1S̃(s)−(r1+d1)ds,

k2 = e
∫

τ

0
β2S̃(s)−(r2+d2)ds.

ÁVÂVU@W (4.1)
Ç

Floquet ¾VÄ [13] (=ρi = exp(

∫ τ

0

βiS̃(s) − (ri + di)ds) < 1),
¼£å

λ2 < 1

	�

, ��� (2.2) �
�	�&Û&Ü�� (S̃(t), 0) ×	��Ú�¾ .¦�§¥¨YX «0¬,Ö�×�Z�Ã�� ,
õ °¥º ε > 0,

»&¼
ρi = exp(

∫ τ

0

(βiS̃(s) + ε)− (ri + di)ds) <

1(i = 1, 2). Í ��� (2.2) �,á6° Ç á�[�º&ã�ä�Å&Æ
{

dS(t)
dt

≤ λ1 − d1S(t), t ∈ (nτ, (n + l)τ ],
dS(t)

dt
≤ λ2 − (d2 + µ1)S(t), t ∈ ((n + l)τ, (n + 1)τ ].

ß�à�Ñ § è&é	\�Ý�ã�ä




dS2(t)
dt

= λ1 − d1S2(t), t ∈ (nτ, (n + l)τ ],

∆S2(t) = −µS2(t), t = (n + l)τ,
dS2(t)

dt
= λ2 − (d2 + µ1)S2(t), t ∈ ((n + l)τ, (n + 1)τ ].

(4.2)
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] Â�è�é�\�Ý&ã&ä_^a`�¾&Ä ( b�ß�ü�ý [13]
¢ ��¾&Ä 3.1.1) c0Ã�Ä 3.5, ² S(t) ≤ S2(t), �� t → ∞ � , S2(t) → S̃(t). d�� È ² t e&Ý&·6� ,

S(t) ≤ S2(t) ≤ S̃(t) + ε, (4.3)

ò*æ ã	f , g�� (4.3) ´ È ²*� t ≥ 0 h 
	� . Í (2.2)
Ç

(4.3) Å É ¼�å
{

dI(t)
dt

≤ ((β1(S̃(t) + ε) − (r1 + d1)))I(t), t ∈ (nτ, (n + l)τ ],
dI(t)

dt
≤ ((β2(S̃(t) + ε) − (r2 + d2)))I(t), t ∈ ((n + l)τ, (n + 1)τ ].

(4.4)

ËIÌ
I((n + 1)τ) ≤I((n + l)τ+)exp(

∫ (n+1)τ

nτ

(β2(S̃(s) + ε) − (r2 + d2))ds)

≤I(nτ+)exp(

∫ (n+l)τ

nτ

(β1(S̃(s) + ε) − (r1 + d1))ds)

exp(

∫ (n+1)τ

(n+l)τ

(β2(S̃(s) + ε) − (r2 + d2))ds)

=I(nτ+)ρ1ρ2.ÈûÉ
I(nτ) ≤ I(0+)(ρ1ρ2)

n �V� n → ∞, I(nτ) → 0. ËIÌV� t → ∞, I(t) → 0.¦V§�¨
,
X «û¬¥� t → ∞, S̃(t) → S(t). ´6µ ε1 > 0, °�¾¥¸�¹�°�º t0 > 0,

»�¼ ´�i@j
t ≥ t0 ² 0 < I(t) < ε1.

ò£æ ��k�°YlI� , g���´6µ È ²£� t ≥ 0 ² 0 < I(t) < ε1. Á&Â6���
(2.2) Å É ¼�å
{

λ1 − (β1ε1 + d1)S(t) ≤ dS(t)
dt

≤ λ1 − d1S2(t), t ∈ (nτ, (n + l)τ ],

λ2 − (β2ε1 + (d2 + µ1))S(t) ≤ dS(t)
dt

≤ λ2 − (d2 + µ1)S2(t), t ∈ ((n + l)τ, (n + 1)τ ],

(4.5)

�V� t → ∞ � , ² S3(t) ≤ S(t) ≤ S2(t), S3(t) → S̃3(t)
Ç

S2(t) → S̃(t). S3(t)
Ç

S2(t) Ý�Þ�&��� (4.2)
Ç

(4.6) �,� ,




dS3(t)
dt

= λ1 − (β1ε1 + d1)S3(t), t ∈ (nτ, (n + l)τ ],

∆S3(t) = −µS3(t), t = (n + l)τ,
dS3(t)

dt
= λ2 − (β2ε1 + (d2 + µ1))S3(t), t ∈ ((n + l)τ, (n + 1)τ ],

(4.6)

¡£¢

S̃3(t) =





1

d1 + β1ε1

(λ1 − (λ1 − (d1 + β1ε1)S3
∗)e−(d1+β1ε1)(t−nτ)), t ∈ (nτ, (n + l)τ ],

1

d2 + µ1 + β2ε1

(λ2 − (λ2 − (d2 + µ1 + β2ε1)S3
∗∗)e−(d2+µ1+β2ε1)(t−(n+l)τ)),

t ∈ ((n + l)τ, (n + 1)τ ],

(4.7)m�n � S3
∗
Ç

S3
∗∗ ¾�¿&Ñ § :

{
S3

∗ =
λ2

d2+µ1+β2ε1
+((1−µ)

λ1
d1+β1ε1

−
λ2

d2+µ1+β2ε1
)A1+(1−(1−µ)

λ1
d1+β1ε1

)B1

1+µB1
> 0,

S3
∗∗ = (1 − µ)( λ1

d1+β1ε1
− ( λ1

d1+β1ε1
− S3

∗)e−(d1+β1ε1)lτ ),
(4.8)
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¡£¢
A1 = e−(d2+µ1+β2ε1)(1−l)τ < 1, B1 = e−((d2+µ1+β2ε1)(1−l)+d1l)τ < 1.

´çµ�ioj£� ε2 > 0, ¸�¹*°�º t1 > 0, � t > t1 � ,
»�¼

t ��¶ç·*� , ² S̃3(t) − ε2 ≤

S(t) ≤ S̃(t) + ε2, d t → ∞ � , S(t) → S̃(t). «6Ï .¦�§¥¨ «0¬���� (2.2) ��p	q	� :�Mr
4.1 Ñ��&¸�¹V¤&� m, M > 0( sCtIQ��Iu )

Ç °&º�²ov6����ì T0,
»�¼ ´ È ²0�

t ≥ T0, � (S(t), I(t)) � È ²	t�Q S(0+) > 0, I(0+) > 0, m ≤ S(t) ≤ M , m ≤ I(t) ≤ M



�
, ö&��� (2.2) �	p	qç� .� �

4.2 Ñ	�
β1

d1

(λ1lτ +
λ1 − d1S

∗

d1

(e−d1lτ − 1)) − (r1 + d1)lτ +
β2

d2 + µ1

(λ2(1 − l)τ

+
λ2 − (d2 + µ1)S

∗∗

d2 + µ1

(e−(d2+µ1)(1−l)τ − 1)) − (r2 + d2)(1 − l)τ > 0, (4.9)


	�
, ö&��� (2.2) �	p	qç� ,

¡£¢
S∗

Ç
S∗∗ Ñ (3.3)

È&þ
.

«Ê¬ : g�� (S(t), I(t)) �6��� (2.2) u6µ�tMQ S(0) > 0, I(0) > 0 �¥°�º�� . wIxûÃÎÄ
3.3, «0¬ æ ¸&¹6°¥º6¤�� M > 0, � t �¥¶�·6� , S(t) ≤ M , I(t) ≤ M . Í ��� (2.2), � t �
¶�·6� , ² {

I(t) > I(0+)e−(r1+d1), t ∈ (0, lτ ],

I(t) > I(lτ+)e−(r2+d2), t ∈ (lτ, τ ],

Ë�ÌDy	JYK	z å m1 > 0
Ç

ε3, � t ��¶6·�� ,
»�¼

I(t) ≥ m1. {&ö , ©&ª�Å É}|�~ m2 > 0

�¥¶I� , «0¬Î� t ≥ 0 � , I(t) ≥ m2 � 
	� . Á�Â�UCW (4.9)
¼�å

σ = β1

d1+β1m2
(λ1lτ + λ1−(d1+β1m2)S4

∗

d1
(e−d1+β1m2lτ − 1)) − (β1ε3 + r1 + d1 + β1m2)lτ +

β2

d2+µ1+β2m2
(λ2(1− l)τ + λ2−(d2+µ1+β2m2)S4

∗∗

d2+µ1+β2m2
(e−(d2+µ1+β2m2)(1−l)τ −1))−(β2ε3 +r2 + d2 +

β2m2)(1 − l)τ > 0,
¡£¢

S4
∗
Ç

S4
∗∗ Ñ § È&þ

{
S4

∗ =
λ2

d2+µ1+β2m2
+((1−µ)

λ1
d1+β1m2

−
λ2

d2+µ1+β2m2
)A2+(1−(1−µ)

λ1
d1+β1m2

)B2

1+µB2
> 0,

S4
∗∗ = (1 − µ)( λ1

d1+β1m2
− ( λ1

d1+β1m2
− S4

∗)e−(d1+β1m2)lτ ),
(4.10)

¡£¢
A2 = e−(d2+µ1+β2m2)(1−l)τ < 1, B2 = e−((d2+µ1+β2m2)(1−l)+d1l)τ < 1.

ËIÌ , ¸&¹6°¥º T1 > 0
Ç

ε3 > 0,
»&¼

S(t) ≥ S4(t) ≥ S̃4(t) − ε3. ´�µ t ≥ T1,

{
dI(t)

dt
≥ ((β1(S̃4(t) + ε3) − (r1 + d1)))I(t), t ∈ (nτ, (n + l)τ ],

dI(t)
dt

≥ ((β2(S̃4(t) + ε3) − (r2 + d2)))I(t), t ∈ ((n + l)τ, (n + 1)τ ].
(4.11)

õ
N1 ∈ N � N1τ > T1,

X ��� (4.11) ¹V�&ì (nτ, (n + 1)τ) �C��Ý , � n ≥ N1 ²
I((n + 1)τ ) ≥I(nτ

+)exp((

∫ (n+l)τ

nτ

(β1(S̃4(s) + ε3) − (r1 + d1))ds)

+ (

∫ (n+1)τ

(n+l)τ

(β2(S̃4(s) + ε3) − (r2 + d2))ds))

=I(nτ
+)eσ

.
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È É
, � k → ∞, I((N1 + k)τ) ≥ I(N1τ

+)ekσ → ∞, �M� Ç I(t) ²*³I�@� . Ë�Ì , ¸V¹
t1 > 0,

»&¼
I(t) ≥ m1.¦�§¥¨ ²
{

dS(t)
dt

> λ1 − (β1M + d1)S(t), t ∈ (nτ, (n + l)τ ],
dS(t)

dt
> λ2 − (β2M + d2 + µ1)S(t), t ∈ ((n + l)τ, (n + 1)τ ].

§=� ��è&é	\�Ýo^�`&ã�ä




dS5(t)
dt

= λ1 − (β1M + d1)S5(t), t ∈ (nτ, (n + l)τ ],

∆S5(t) = −µS5(t), t = (n + l)τ,
dS5(t)

dt
= λ2 − (β2M + d2 + µ1)S5(t), t ∈ ((n + l)τ, (n + 1)τ ].

(4.12)

sVÃIÄ 3.5 �C� , ²

S̃5(t) =





1

d1 + β1M
(λ1 − (λ1 − (d1 + β1M)S5

∗)e−(d1+β1M)(t−nτ)), t ∈ (nτ, (n + l)τ ],

1

d2 + µ1 + β2M
(λ2 − (λ2 − (d2 + µ1 + β2M)S5

∗∗)

e−(d2+µ1+β2M)(t−(n+l)τ)), t ∈ ((n + l)τ, (n + 1)τ ],

(4.13)m�n � S5
∗
Ç

S5
∗∗ ¾�¿&Ñ § :

{
S5

∗ =
λ2

d2+µ1+β2M
+((1−µ)

λ1
d1+β1M

−
λ2

d2+µ1+β2M
)A3+(1−(1−µ)

λ1
d1+β1M

)B3

1+µB3
> 0,

S5
∗∗ = (1 − µ)( λ1

d1+β1M
− ( λ1

d1+β1M
− S5

∗)e−(d1+β1M)lτ ),
(4.14)

¡£¢
A3 = e−(d2+µ1+β2M)(1−l)τ < 1, B3 = e−((d2+µ1+β2M)(1−l)+d1l)τ < 1.

´Vµ�iVj*� ε4 ��¶D� , ² S5(t) > S̃5(t) − ε4. Á�Â�è6éI\�Ý�ã�ä�^�`V¾6Ä , ² S(t) >

S5(t) > S̃5(t) − ε4 > (S5
∗ + S5

∗∗) − ε4 = m5. «6Ï .���
4.1 Ñ	�

β1

d1

(λ1lτ +
λ1 − d1S

∗

d1

(e−d1lτ − 1)) − (r1 + d1)lτ +
β2

d2 + µ1

(λ2(1 − l)τ

+
λ2 − (d2 + µ1)S

∗∗

d2 + µ1

(e−(d2+µ1)(1−l)τ − 1)) − (r2 + d2)(1 − l)τ > 0, (4.15)


	�
, ö&��� (2.1) �	p	qç� ,

¡£¢
S∗

Ç
S∗∗ Ñ (3.3)

È&þ
.

5 ���
� üI� � æG� è�é ¦I� s ¦I�M� �0� SIR �M�����@� , �C�@�	��� æ��I� ¹I�����a ¡�¢ �Gx�ä , £�«½¬ æ ���6�*� È ²���­��6°&±�®6¯�²�³*� . Ñ�� (4.1)


��
, �6� (2.1) �

�M��Û�Ü6�ç�6Öç×6ØVÙVÚ*¾û� . ÑM� (4.9)

M�

, �V� (2.1) �MpMqû� . Á6Â@UIW (4.1)
Ç

(4.9), ©�ª�¤�¥ �I�&¦I� t@¦&è�é�  � ¸�¹�§¨Q µ∗, � µ > µ∗ � , ©I�Iª�« ; � µ < µ∗ � ,

©���p	q .
mC¬ ¬ ,

��� �atI¦ ¦���­ ¹	©���ª	« ¢  	®�¯�K ¡�¢ . ©�ª�°Y¤	¥ ��� �
±�² ¦�I­ ¸�¹�§¨Q µ1
∗, � µ1 > µ1

∗ � , ©I�Iª�« ; � µ1 < µ1
∗ � , ©I�Ip�q . ����³ ¬ ¬ , ±I²
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¦���­ ´6���C����Û�Ü��û��Ú�¾��	 �®I¯�K ¡�¢ .
E � , ©&ª�´�Å É ¤�¥�µM¶��¥è�é ¦I�  � �&ì�����¸&¹V§�Q l∗, � l > l∗ � , ©���ª	« ; � l < l∗ � , ©���p	q . Á�Â É �C·�³&©�ª�ÅÉ ¼ Æ , ¸�¹Y©��*�aº�» , Å É}¼ �G½�¾=tI¦ ¦���­�¿ ±�² ¦���­ , °�Å É}À	Á µ�¶���è�é ¦�   � �&ì ÁCÂ . �=�I� òCÃ�ÄCÅ	Æ*¢ w	x ����¦���¨ º�»C©��C��Ç	½	È æ ÅCÉ£� TCÊ	Ë p .
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DYNAMICS OF A NEW SIR EPIDEMIC MODEL WITH

TRANSIENT/NON-TRANSIENT IMPULSIVE VACCINATION

EFFECTS

WANG Yuan1 , JIAO Jian-jun1 , QUAN Qi 2

(1.School of Mathematics and Statistics, Guizhou University of Finance and Economics, Guizhou

550025, China)

(2.School of Mathematical Sciences, Guizhou Normal University, Guizhou 550025, China)

Abstract: In this paper, we study the problem of epidemic model with transient/non-

transient impulsive vaccination effects. Using the theories of stroboscopic map, Floquet and

the theories of impulsive differential equations, we obtain the existence of infection-free periodic

solution and the controlling thresholds of the vaccination. The results show that the transient

impulsive vaccination rate and the length of non-transient impulsive vaccination effect interval

played an important role in disease extinction. It provides a reliable strategy support for practical

vaccination.

Keywords: transient impulsive vaccination; the length of non-transient impulsive vaccina-

tion effect interval; disease extinction
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