
Vol. 42 ( 2022 )
No. 4

� � � �
J. of Math. (PRC)

�����
	���
��������������

�����
( �! #"#$!%#$'&'(*)+$-, , .#/��! 430072)

021
: 3#4+5-6!7'8 , 9;:=<!>'?;@BA+C'5-6!DE@GF#?#H;IGJ#4+K+L!M;@BN'O#P , QSRUT;@*VWSXZY M+[E\*M+H-]#^+_-`+a-bc@Bd#e-f , g-h;iBjcV WSXZY Mlk=m#H#n+o#[E\=M , p'qErc:Gs+tl@u'v

, Q+w;x'@ Coupla y=%+z , {#|'}-~E:=V WlXUY M;kBm'H#n#o#[c\=M;@=�!�#�+�+� , �#�'g+h'�� :Z�+�E@B%'M#)+�'�#� . g+h'�;iGj;@ XUY M;kBm'H#n#o#[c\=M#[c\=P Y , �'�l:Gh#�;�B�'�lRUT
@B�!� .�l���

: n'o'[�\BM ; kGm![�\BM ; V W;X�Y M ; Coupla

MR(2010) �!�+�#�*  : 60E99; 60E05; 62H20 ¡�¢�����  : O211.9£¥¤¥¦¨§¥©
: A

£¥ª�«   : 0255-7797(2022)04-0330-15

1 ¬®­
¯±°;²�³�´�µ·¶�¸¥¹¥º¨»¨¼·½¨¾¥³�¿�À¥Á2ÂcÃ�Ä

. 1994 Å , JP Morgan Æ�Ç±È�É®Ê ¯±°Ë
(Value at Risk, VaR), Ì®ÍlÎ�Ï±Ð�ÑÓÒ�Ô�Õ »Ö¼¥×±Ø , Ù¥Ú�Ï¨Û�Ü±Ý�Þ�ß�à . Ílá , 1999

Å Arztner âÖãÖäæåÓÊ µ�çÖ¯®°�²è³éÂ�êÖë . Kusoka(2001) ìæåÓÊ·Û±Ü À±í ÏÖîèà Â�ïð ¯Ó°S²�³
(Conditional Value at Risk, CVaR). 2003 Å , Landsman ñ Valdez ä®å�Ê ï ðò�ó�ô�õ

(Conditional-Tail-Expectation, CTE). ö·÷ , ø�ù�ú¥û ¸ CTE
½±¾ ÊEü�ý , Îÿþ ,

Krokhmal ñ Palmquist â�ã ¸ CTE
Â����¥½�¾ Ê���� Cherny(2006) �
	 CTE ��Ð
���

å�����û Â���� , 	�á¨ä®å�ÊEß�� ¯Ó° Ë (Weight Value at Risk, WVaR). Cont(2010) â¨ã
��	 µ·ç¥¯±°;²¨³����
��� à�� � ¸
!�" Ë�# "%$�& , ÍEá¥äèå�Ê('�) ¯Ö° Ë (Range Value

at Risk, RVaR). Ì ´ Î¨Ù%��ü�ý RVaR ñ WVaR
º ø ¶ ���(*%+
, Â ��� .-�.�/%0�1

, ����ã
	®Ê ¸
2¨¯Ó°(3�4
5 ø ¶
6�7 . Ílá�Ï�8±ú¥û ¸ ø%9 ¯Ó°S²�³�½±¾
Ê:��� . Li(1996a) â¥ã¥ä%;®ÊcÛ�Ü=<�>(?A@ Â ø�BÖö�C�D ³2Â;À¥í . 2013 Å , Cousina ñ Di

Bernardino E
FèÊ�G¥î ³ D ³ Ë VaR
Â ø
B�H�I , ø
BJD ³ Ë VaR Û¥Ü�K�L¨Ï¥î¨à , M%N

Ý¥à¥â . 2014 Å , Cousina ñ Di Bernardino E
FèÊ�G¥î ³ D ³ Ë CTE
Â ø
B�H�I , ø
BJD³ Ë

CTE O:P�Q¥Û¥Ü�K�L¨Ï¥î¨à , M%N�Ý¥à=RTS�G�U¨Þ¥ß¨à¥â . Ì ´ , V�W ¶�¯Ö°l²¨³ Ù��X%Y ���Sû Â��%� .Z�[ ÈcÉÓø
BJD ³ Ë WVaR ñ RVaR, Ù ¸ Î�\ Z à�] ½�¾ ��� . ^�_�` VaR ñ CTE,

WVaR ñ RVaR Ð�a�b �2Â�c
d å����Sû Â���� ñ=e�f ¸�!�" Ë Â�$�&�² .

2 gihkj�l
m

(Ω, F , P) 	 µ(n�oèÂcê�p�q
r , s X = L+∞
+ (Ω, F , P), t�	 (Ω, F , P)

1 Ü�u #�v
ö
C�î ³�w�x , 1<p< + ∞.

m
X
´ ����ã Â;»±¼ , Ú X∈ X , Î À�í=y
z 	 FX(x), {�| y

∗ }�~����%� 2021-04-01 � }���� : 2021-05-21�������
: ����� (1995–), � , �����:� , � � , ���'q�r�� X : ���*[�\BP Y .
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z 	 SX(x) = 1 − FX(x). s

F−1
X (α) := inf{x ∈ R : FX(x) ≥ α}, F

−1

X (α) := inf{x ∈ R : F X(x) ≤ 1 − α}, α ∈ (0, 1).

³�´�µ K�	 α
Âc¯±° Ë

(V aRα)
Â >%¶�·�, :

V aRα(X) := inf{x ∈ R : FX(x) ≥ α},

Î2þ ³�´�µ K α ∈ (0, 1).³�´�µ K�	 α
Âcï ð ò�ó�ô�õ

(CTEα)
Â >%¶�·�, :

CTEα(X) := −
1

1 − α

∫ 1

α

V aRt(X)dt, α ∈ (0, 1).

¸ `%¹ ² µ
Â ß%� ¯±° Ë (WV aRµ)

Â >%¶�·�,�º

WV aRµ(X) :=

∫ 1

0

CTEα(X)µ(dα),

Î þ µ 	 [0, 1]
1 Â�ê=p ¹ ² , » µ � L[0, 1], ¼�½ Radon-Nikodym >�¾ , | º ω ¿ÀE

dµ(α) = ω(α)dα. ÍEá WVaRµ(X) Á�ÞJ����Â�	

WV aRµ(X) :=

∫ 1

0

CTEα(X)ω(α)dα.

³�´�µ K�	 α, β
Â '�) ¯±° Ë (RV aRα,β)

Â >%¶�·�, :

RV aRα,β(X) = E[X|V aRα(X) ≤ X ≤ V aRβ(X)] = −
1

β − α

∫ β

α

V aRt(X)dt, 0 ≤ α ≤ β ≤ 1.

Ã ` º G2î ³ Â¨×ÿØ , {V aRα(X) ≤ X ≤ V aRβ(X) }, {1 − β ≤ F X(X)≤ 1-α} �(�
{α ≤ FX(x) ≤ β} ��Â ÂE´ ^AO Â�Ä ð�Å + . ÍEá , RV aRα,β(X) = E[X|α ≤ FX(x) ≤ β].m

d ≥ 1, s Xi=Lp(Ω, Fi, Pi),
m

X d 	 µ d 9�Æ
Ç q�r X1 × · · · × Xd, i = 1, · · ·, d,

X = (X1, · · ·, Xd) ∈ X d, Xi ∈ Xi, t Xi 	J�È�Óã Â ?k@ » ¼ . X
Â�É + À2íÊy�z 	

FX(X)=P (X1 ≤ x1, · · ·, Xd ≤ xd),
É +
{�| y
z FX(X)=P (X1 ≥ x1, · · ·, Xd ≥ xd).

m
XË�Ì ��, "(Í¥ï ð º (1)X Î ¸�Ï�Ð ; (2)E(Xi)< + ∞, i = 1, · · ·, d.

¼%½ Cousina ñ Di(2013), X ∈ X d, » X
Ë�Ì "(Í¥ï ð

, α ∈ (0, 1), >%¶ V aRα ·�,�º

V aRα(X) := E[X|FX(X) = α] =







E[X1|FX(X) = α]
...

E[Xd|FX(X) = α]






,

Ñ�Ò
V aRα(X) 	 ³�´�µ K�	 α

Â ,
ÓÀÔ�ø%BÈD ³ Ë ¯è°%Õ Ë . s V aRi
α(X) 	 V aRα(X)
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Â:Ú
i Û À�³ (i = 1, · · ·, d). O�¾ , >%¶ V aRα ·�, :

V aRα(X) := E[X|FX(X) = 1 − α] =







E[X1|FX(X) = 1 − α]
...

E[Xd|FX(X) = 1 − α]






,

Ñ�Ò
V aRα(X) 	 ³
´
µ K
	 α

Â 1 Ó�Ô¥ø(B�D ³ Ë ¯Ó° Ë . s V aR
i

α(X) 	 V aRα(X)
Â

Ú
i Û À�³ (i = 1, · · ·, d).

¼%½ Cousina ñ Di(2014), X ∈ X d, » X
Ë�Ì "(Í¥ï ð

, >%¶ CTEα(X) ·�, :

CTEα(X) := E[X|FX(X) ≥ α] =







E[X1|FX(X) ≥ α]
...

E[Xd|FX(X) ≥ α]






,

ÑÀÒ
CTEα(X) 	 ³J´Jµ KJ	 α

Â ,AÓÈÔÓø�BkD ³ Ë ï ð ò®óèô®õ . s CTEi
α(X) 	

CTEα(X)
Â:Ú

i Û À�³ (i = 1, · · ·, d). O�¾ , >%¶ CTEα(X) ·�, :

CTEα(X) := E[X|FX(X) ≤ 1 − α] =







E[X1|FX(X) ≤ 1 − α]
...

E[Xd|FX(X) ≤ 1 − α]





 Ü

Ò
CTEα(X) 	 ³Ý´Ýµ KÝ	 α

Â 1 ÓÊÔ®ø=BÞD ³ Ë ï ð òæóÿôæõ . s CTE
i

α(X) 	
CTEα(X)

Â:Ú
i Û À�³ (i = 1, · · ·, d).

2.1 WVaR

WVaRµ(X) Þß�%àJá ´ CTEα(X)
Â ßA��KJâ Ë . ã�äJå , Þß�%æJç CTEα(X) ñ

CTEα(X) è(��Â WV aRµ(X) ñ WV aRµ(X).
é�ê

2.1
¸
ë=ìèÂ ö(CÝD ³ X ∈ X d, » X

Ë�Ì "�Í�ï ð
, i = 1, 2, · · ·, d,

³�´�µ K
α ∈ (0, 1). >%¶ WV aRµ ·�, :

WV aRµ(X) :=







∫ 1

0
CTE1

α(X)ω(α)dα
...

∫ 1

0
CTEd

α(X)ω(α)dα







Ñ(Ò
WV aRµ(X) 	�,�Ó
Ô·ø�BAD ³ Ë ß%� ¯±° Ë . >%¶ WV aRµ ·�, :

WV aRµ(X) :=









∫ 1

0
CTE

1

α(X)ω(α)dα
...

∫ 1

0
CTE

d

α(X)ω(α)dα








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Ñ(Ò
WV aRµ(X) 	 Â 1 Ó
Ô·ø�BAD ³ Ë ß%� ¯Ö° Ë .

s WV aRµ(X)=(WV aR1
µ(X), · · ·, WV aRd

µ(X))
′

, WV aRµ(X)=(WV aR
1

µ(X), · · ·,

WV aR
d

µ(X))
′

. ·�í X
´ Þ�î(ï Â ö�CJD ³ ,

Ñ
WV aRi

µ(X)=WV aRj
µ(X) ñ WV aR

i

µ(X)=

WV aR
j

µ(X), i, j = 1, · · ·, d. ð d=1 ñ , WV aRµ(X) = WV aRµ(X) = WV aRµ(X).ò(ó
2.2 ô y�z h 	 h(x1, .., xd)=(h1(x1), · · ·, hd(xd)),

¸�ë�ì
X ∈ X d,

(1) » h1, · · ·, hd 	 # e y�z ,
Ñ ,(õ ¸�ö%÷�ø º

WV aRi
µ(h(X)) =

∫ 1

0

CTEi
α(h(X))ω(α)dα, WV aR

i

µ(h(X)) =

∫ 1

0

CTE
i

α(h(X))ω(α)dα.

(2) » h1, · · ·, hd 	 #%ù y�z ,
Ñ ,(õ ¸�ö%÷�ø º

WV aRi
µ(h(X)) =

∫ 1

0

vi
1(α)ω(α)dα, WV aR

i

µ(h(X)) =

∫ 1

0

vi
2(α)ω(α)dα,

Î2þ vi
1(α) = E[hi(Xi)|FX(X) ≥ α], vi

2(α) = E[hi(Xi)|FX(X) ≤ 1 − α], i = 1, · · ·, d.ú ¼%½
>%¶ 2.1 WV aRi
µ (h(X))=

∫ 1

0
CTEi

αω(α)dα,
¸

i=1, · · ·, d, ô

Fh(x)(y1, · · ·, yd) =

{

FX(h−1(y1), · · ·, h
−1(yd)), » h1, · · ·, hd 	 # e y�z

FX(h−1(y1), · · ·, h
−1(yd)), » h1, · · ·, hd 	 #%ù y�z ,

Ñ 1%û�ü í ÷�ø .ò(ó
2.3

¸�ë�ì
α ∈ (0, 1), X ∈ X d, WV aRµ(X) ñ WV aRµ(X)

Ë�Ì ��,·à%] :

(1) M(N�à :
¸�ë�ì±Â

c=(c1, · · ·, cd)
′

∈ R
d
+,

WV aRµ(c1X1, · · ·, cdXd) = (c1WV aR1
µ(X), · · ·, cdWV aRd

µ(X)),

WV aRµ(c1X1, · · ·, cdXd) = (c1WV aR
1

µ(X), · · ·, cdWV aR
d

φ(X)).

(2) K�L�Ï�î�à :
¸�ë�ì±Â

c∈ R
d
+,

WV aRµ(c + X) = c + WV aRµ(X), WV aRµ(c + X) = c + WV aRµ(X).

ú ¼%½ Cousina ñ Di(2014) þþý�ÿ 2.2, ����ý�ÿ 2.3
÷�ø

.���
2.4

m
h 	��¥à y�z , h(x1, .., xd)=(h1(x1), · · ·, hd(xd)),

Ñ ·�, ü ý ÷�ø
(1) » h1, · · ·, hd 	 # e y�z ,

Ñ ,(õ ¸�ö%÷�ø º

WV aRµ(h(X)) = h(WV aRµ(X)), WV aRµ(h(X)) = h(WV aRµ(X));

(2) » h1, · · ·, hd 	 #%ù y�z ,
Ñ ,(õ ¸�ö%÷�ø º

WV aRµ(h(X)) = h(

∫ 1

0

[
E(X)

1 − K̂(α)
−

K̂(α)

1 − K̂(α)
CTE1−α(X)]ω(α)dα),
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WV aRµ(h(X)) = h(

∫ 1

0

[
E(X)

K(1 − α)
−

1 − K(1 − α)

1 − K̂(α)
CTE1−α(X)]ω(1 − α)dα),

Îéþ K 	 X
Â	�ÖÀ±í�y�z

, K(x) = P (FX(X) ≤ x), K̂(x) = P (FX(X) ≤ x),
¸�ëJì®Â

x ∈ (0, 1).ú H�ý 2.4
Ã

Cousin and Di Bernardino (2014) þ:H�ý 2.3 ��� .éÀê
2.5

m
X ∈ X d, »
| º ö%CÖî ³ Z ñ # e y%z f1, · · ·, fd, ¿�E X=((f1(Z), · ·

·, fd(Z))),
Ñ(Ò

X
´ S�G%U Â .é�ê

2.6
m

X, Y ∈ X d,
Ò

(X, Y) 
%B d 9�ö�CJD ³�¸ , »%| º�µ Û±ö�C�î ³ Z ∈ X d

ñ # e y(z f1, · · ·, fd, g1, · · ·, gd, ¿
E (X, Y):=((f1(Z1), · · ·, fd(Zd)), (g1(Z1), · · ·, gd(Z1))),Ñ(Ò
(X, Y)

´
π- S�G%U Â .ò(ó

2.7 » (X, Y)
´

π- S�G%U Â ,
Ñ ,(õ�â�� ÷�ø :

WV aRµ(X + Y) = WV aRµ(X) + WV aRµ(Y),

WV aRµ(X + Y) = WV aRµ(X) + WV aRµ(Y).

ú ¼�½ Cousin and Di Bernardino (2014) à�] 2.3 �
� .
¸ `�W�Û�� ø Ú��Êã�B����r ^��	� ø Â ö�CJD ³ , ����� r | º Ý�Þ�ß�à .ò(ó

2.8
¸�ë�ì±Â

X, Y ∈ X d Ú X
Ë�Ì "(Í¥ï ð

,
¸�ë�ì±Â

i = 1, · · ·, d, » X, Y
Â

�%Û À�³ X1, · · ·, Xd, Y1, · · ·, Yd � r ^��	� ø ,
Ñ Û�Ü�·�,·Ï�â���º

WV aRµ(X + Y) ≤ WV aRµ(X) + WV aRµ(Y).

ú Ã
Cousin and Di Bernardino(2014) þ Â à%] 2 ��� .

2.2 RVaR

OþP Â , RVaRα,β(X) Q�ÞJ������F¨ø�B ×�Ø .é�ê
2.9

m
X ∈ X d, » X

Ë
Ì "�Í¨ï ð
i=1, 2, · · ·, d,

³
´
µ K 0<α ≤ β<1, >�¶
RV aRα,β ·�, :

RV aRα,β(X) := E[X|α ≤ FX(X) ≤ β] =







E[X1|α ≤ FX(X) ≤ β]
...

E[Xd|α ≤ FX(X) ≤ β]






,

Ñ(Ò
RV aRα,β(X) 	 [α, β]

1 Â ,�Ó
Ô·ø�BAD ³ Ë '�) ¯Ö° Ë . >%¶ RV aRα,β ·�, :

RV aRα,β(X) := E[X|1 − β ≤ FX(X) ≤ 1 − α] =







E[X1|1 − β ≤ FX(X) ≤ 1 − α]
...

E[Xd|1 − β ≤ FX(X) ≤ 1 − α]






,
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Ñ(Ò
RV aRα,β(X) 	 [α, β]

1 Â 1 Ó
Ô·ø�BAD ³ Ë '�) ¯Ö° Ë . OþP Â , s RV aRα,β(X)=

(RV aR1
α,β(X), · · ·, RV aRd

α,β(X))
′

, RV aRα,β(X)=(RV aR
1

α,β(X), · · ·, RV aR
d

α,β(X))
′

. ·�í X´ Þ�î(ï Â ö�CJD ³ ,
Ñ

RV aRi
α,β(X) = RV aR

j
α,β(X), RV aR

i

α,β(X) = RV aR
j

α,β(X), i, j = 1, · · ·, d.

ð d=1 ñ , RV aRα,β(X)=RV aRα,β(X) = RV aRα,β(X). RV aRα,β(X) ÞJ����Â�	 :

RV aRα,β(X) =
1

K(β) − K(α)

∫ β

α

V aRγ(X)K̂
′

(γ)dγ, (2.1)

Î þ K 	 X
Â��ÓÀÖíÈy�z

, K(x)=P(FX(X)≤ x), K̂(x)=P(FX(X)≤ x),
¸Àë�ìÿÂ

x ∈

(0, 1).ò(ó
2.10 ô y�z h 	 h(x1, .., xd)=(h1(x1), · · ·, hd(xd)), X ∈ X d

Ñ ��, ü ý ÷�ø :

(1) » h1, · · ·, hd 	 # e y�z ,
Ñ ,(õ ¸�ö%÷�ø º

RV aRi
α,β(h(X)) = E[hi(Xi)|α ≤ FX(X) ≤ β],

RV aR
i

α,β(h(X)) = E[hi(Xi)|1 − β ≤ FX(X) ≤ 1 − α];

(2) » h1, · · ·, hd 	 #%ù y�z ,
Ñ ,(õ ¸�ö%÷�ø º

RV aRi
α,β(h(X)) = E[hi(Xi)|α ≤ FX(X) ≤ β].

RV aR
i

α,β(h(X)) = E[hi(Xi)|1 − β ≤ FX(X) ≤ 1 − α].

���������
ý�ÿ 2.2 �	� .ò(ó
2.11

¸�ë�ì
α ∈ (0, 1), X ∈ X d, RV aRα,β(X) ñ RV aRα,β(X)

Ë�Ì ��,·à%] :

(1) M(N�à :
¸�ë�ì±Â

c=(c1, · · ·, cd)′ ∈ R
d
+,

RV aRα,β(c1X1, · · ·, cdXd) = (c1RV aR1
α,β(X), · · ·, cdRV aRd

α,β(X)),

RV aRα,β(c1X1, · · ·, cdXd) = (c1RV aR
1

α,β(X), · · ·, cdRV aR
d

α,β(X)).

(2) K�L�Ï�î�à :
¸�ë�ì±Â

c ∈ R
d
+,

RV aRα,β(c + X) = c + RV aRα,β(X), RV aRα,β(c + X) = c + RV aRα,β(X).

ú Ï! �ô hi(Xi) = ci + Xi, ¼%½�ý�ÿ 2.10(1), ��� .���
2.12

m
h 	��¥à y�z , h(x1, .., xd)=(h1(x1), · · ·, hd(xd)),

(1) » h1, · · ·, hd 	 # e y�z ,
Ñ ,(õ ¸�ö%÷�ø :

RV aRα,β(h(X)) = h(RV aRα,β(X)), RV aRα,β(h(X)) = h(RV aRα,β(X));
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(2) » h1, · · ·, hd 	 #%ù y�z ,
Ñ ,(õ ¸�ö%÷�ø :

RV aRα,β(h(X)) = h(
CTE

i

1−β(X)

K̂(β) − K̂(α)
−

K̂(α)

K̂(β) − K̂(α)
CTE

i

1−α(X)),

RV aRα,β(h(X)) = h(
CTEi

1−β(X)

K(1 − α) − K(1 − β)
−

1 − K(1 − α)

K(1 − α) − K(1 − β)
CTEi

1−α(X)).

ú Ï! �ô h(X) = (b1 − a1X1, · · ·, bd − adXd), ai ≥ 0, i = 1, · · ·, d,
Ã ý�ÿ 2.10 Þ%E

RV aRi(h(X)) = E[bi − aiXi|α ≤ F (X) ≤ β]

= bi − aiE[Xi|α ≤ FX(X) ≤ β],

Ã w ô�õ Æ���Þ%E :

E[Xi|α ≤ FX(X) ≤ β] =
1

K̂(β) − K̂(α)
{E[X|FX(X) ≤ β] − E[X|FX(X) ≤ α]P (FX(X) ≤ α)}

=
1

K̂(β) − K̂(α)
{CTEi

1−β(X) − K̂(α)CTEi
1−α(X)},

" ¾¥Þ%E . RV aRα,β(h(X)) O�¾¥Þ!� .#
1 » X ∈ X d $�% ?=@�â�& À�í , Ú hi(x) = 1 − x, x ∈ (0, 1), i = 1, · · ·, d,

Ñ Ü

RV aR
i

α,β(X) = 1 − RV aRi
1−β,1−α(1 −X) +

K̂(1 − β)

K̂(1 − α) − K̂(1 − β)
CTE

i

α(X),

Î2þ K̂ 	=D ³ 1-X = (1 − X1, · · ·, 1 − Xd)
Â
�¥À�í�y�z

. » X � 1-X Ü�^AO ÂEÀ�í�y�z ,Ñ(Ò ö�CJD ³ X
´·¸ Ò Ï�î Â , Ú
,(õ�â�� ÷�ø º

RV aR
i

α,β(X) = 1 − RV aRi
1−β,1−α(1− X) +

K(1 − β)

K(1 − α) − K(1 − β)
CTE

i

α(X).

ò(ó
2.13 » (X,Y)

´
π- S�G%U Â ,

Ñ ,(õ�â�� ÷�ø :

(1) RV aRα,β(X + Y) = RV aRα,β(X) + RV aRα,β(Y),

(2) RV aRα,β(X + Y) = RV aRα,β(X) + RV aRα,β(Y).ú Ã ` RV aRα,β(X) � RV aRα,β(X)
Â �'��^�� , Ílá º V)(+*,�'� RV aRα,β(X).

» X = (X1, · · ·, Xd),Y = (Y1, · · ·, Yd)
´

π- S�G�U Â ,
Ñ | ºÓµ ÛÈD ³ Z = (Z1, · · ·, Zd),

i = 1, · · ·, d, Ü Xi = fi(Zi), Yi = gi(Zi), fi, gi 	 # e y�z , ô hi = fi + gi, i = 1, · · ·, d. Í�	
h 	 # e y�z ,

Ã ý�ÿ 2.6 Þ%E
RV aRi

α,β(X + Y) = E[hi(Zi)|α ≤ FX(X) ≤ β]

= E[fi(Zi)|α ≤ FZ(Z) ≤ β] + E[gi(Zi)|α ≤ FZ(Z) ≤ β]

= RV aRi
α,β(X) + RV aRi

α,β(Y),
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t�� .¸ `�W%Û�� ø Ú��iã�B���� r ^���� ø Â ö�CJD ³ , ����� r | º Ý�Þ�ß�à .ò(ó
2.14 ð β <�>�ñ ,

m
X, Y ∈ X d, Ú X

Ë�Ì "(Í¥ï ð
,
¸�ë�ì±Â

i = 1, · · ·, d. »
X1, · · ·, Xd, Y1, · · ·, Yd � r ^��	� ø ,

Ñ
RV aRα,β(X + Y) Û�Ü�·�,·Ï�â���º

RV aRα,β(X + Y) ≤ RV aRα,β(X) + RV aRα,β(Y),

ú - � E[Xi + Yi|α ≤ FX+Y(X + Y) ≤ β] ≤ RV aRα,β(X) + RV aRα,β(Y),
Ã `

Xi + Yi � Xj + Yj(i 6= j) ^��	� ø , i 6= j, ÍEá.*	/0� :

E[Xi + Yi, α ≤ FX+Y(X + Y) ≤ β]

P (α ≤ FX+Y(X + Y) ≤ β)
≤

E[Xi, α ≤ FX(X) ≤ β]

P (α ≤ FX(X) ≤ β)
+

E[Yi, α ≤ FY(X) ≤ β]

P (α ≤ FY(Y) ≤ β)
.

ô U = (U1, · · ·, Ud), Ui := FXi+Yi
(Xi + Yi), i = 1, · · ·, d, V = (V1, · · ·, Vd), Vi := FXi

(Xi),

i = 1, · · ·, d
Ã ` Xi + Yi � Xj + Yj ^��	� ø ,

¸ ` ë�ì±Â i, j = 1, · · ·, d,
Ñ Ü

E[Xi + Yi|α ≤ FX+Y(X + Y) ≤ β] = E[Xi + Yi|α̂i ≤ FXi+Yi
(Xi + Yi) ≤ β],

s α̂ = α
∏

d
i=1,i6=j Ui

. 1 � G�î ³ , RV aRi(X)
Â Ý�Þ�ß�à ,

Ñ ,(õ�â�� ÷�ø :

E[Xi + Yi, α̂ ≤ FXi+Yi
(Xi + Yi) ≤ β|Ui,i6=j ] ≤ E[Xi, α̂ ≤ FXi

(Xi) ≤ β|Ui,i6=j ]

+E[Yi, α̂ ≤ FYi
(Yi) ≤ β|Ui,i6=j ]

.

Ã ` (U1, · · ·, Xi, · · ·, Ud) Û�Ü�^AO ÂEÀ�í , (V1, · · ·, Xi, · · ·, Vd) Û�Ü�^AO Â ?=@ À�í ñ�^�2 ü3
, ÍEá

E[Xi, α̂ ≤ FXi
(Xi) ≤ β|Ui,i6=j ] = E[Xi, α ≤ FX(X) ≤ β|Vi,i6=j ].

O�¾ ,

E[Yi, α̂ ≤ FYi
(Xi) ≤ β|Ui,i6=j ] = E[Yi, α ≤ FY(Y) ≤ β|Vi,i6=j ].

ÍEá ,
1%û�ü ý ÷�ø .

3 4�57698;: Coupla <>=�?9@
º Z�A þ ,

Ã `�B�\�C�D�� Coupla Û�Ü�Þ�î(ï�à ,
¸ Û�Ü%?=@ À�íèÂ ö�CJD ³ È�É�^JOÂ ø�B ¯±°;²�³ .é�ê

3.1
m Ò0E φ:[0, 1]→ [0, +∞) 	 µ(Ï�Ð	F�G G%U�H	I Â�J(y�z , Ú φ(1) = 0. s

φ[−1](t) =

{

φ−1(t), 0 ≤ t ≤ φ(0)

0, φ(0)<t< + ∞
,

Ò
φ[−1] 	 φ

Â�K�L�y�z
. >%¶�Ò0E C:[0, 1]d → [0, 1]: C(u1, · · ·, ud) = φ−1(φ(u1), · · ·, φ(ud)),Ñ(Ò

C 	 d 9�B�\�C�D�� Coupla, Ù Ò φ 	�Î�{ ÷ y�z .
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� 1 wEx Coupla @NM'%'{PO+z WV aRi
µ(X, Y ), i = 1, 2

Coupla θ WV aRi
µ(X,Y )

Clayton Cθ [-1, +∞) θ
θ−1 − θ(θ+1)

2(θ−1)(1−e−λ)

∫ 1
0

(1−α)2

θ−α(1+θ)+α1+θ e−λαλdα

Counter-monotonic W -1 1
2 − 1

4(1−e−λ)

∫ 1
0

(1−α)2

1−α+lnα
e−λαλdα

Independent Π 0 λ
2

∫ 1
0

(1−α)2

1−α+αlnα
e−λαdα

Π
Σ−Π 1 1

2 +
∫ 1
0

α(1−α+αlnα)
(1−α)2(1−e−λ)

λe−λαdα

Comonotonic M ∞ λ+1
2λ

+ e−λ

2(1−e−λ)

� 2 wEx Coupla @RQcyB%'{PO (0<λ<1) z WV aRi
µ(X, Y ), i = 1, 2

Coupla θ WV aRi
µ(X,Y )

Clayton Cθ [-1, +∞) θ
(θ−1) −

θλ
2(θ−1)

∫ 1
0

(θ+1)(1−α)2

θ−α(1+θ)+α1+θ αλ−1dα

Counter-monotonic W -1 1
2 − λ

4

∫ 1
0

αλ−1(α−1)2

1−α+lnα
dα

Independent Π 0 λ
2

∫ 1
0

(1−α)2αλ−1

1−α+αlnα
dα

Π
Σ−Π 1 1

2 +
∫ 1
0

λαλ(1−α+αlnα)
(1−α)2

dα

Comonotonic M ∞ λ+2
2(λ+1) )

ò(ó
3.2

m
X ∈ X d,

¸�ë�ì±Â
i = 1, · · ·, d,

º B�\�C�D�� Coupla ,SÜ
(1) RV aRi

α,β(X) = 1
K(β)−K(α)

∫ β

α
[1 −

∫ 1

γ
(1 − φ(u)

φ(γ)
)d−1du]K

′

(γ)dγ,

(2) RV aR
i

α,β(X) = 1
K(1−α)−K(1−β)

∫ β

α
[1 −

∫ 1

γ
(1 − φ(u)

φ(1−γ)
)d−1du]K

′

(1 − γ)dγ,

(3) WV aRi
µ(X) =

∫ 1

0
{ 1

1−K(α)

∫ 1

α
[1 −

∫ 1

γ
(1 − φ(u)

φ(γ)
)d−1du]K

′

(γ)dγω(α)}dα ,

(4) WV aRi
µ(X) =

∫ 1

0
{ 1

K(1−α)

∫ 1

α
[1 −

∫ 1

γ
(1 − φ(u)

φ(1−γ)
)d−1du]K

′

(γ)dγω(1 − α)}dα.#
2
m

C 	 Clayton coupla S , á�ñ µ(u) = 1
θ
(u−θ − 1), u ∈ (0, 1). T�U�å�ð θ = −1,

áÀñ C 	 Counter-monotonic W
y
z

; ð θ = 0, áÀñ C 	 Independent Π
y
z

; ð θ = 1,

áÀñ C= Π
Σ−Π

; ð θ = ∞, áÀñ C 	 Comonotonic M
y
z

. ð X, Y $)% (0, 1)
1 Â âV& Àí ñ , ô φ WJ��,(W ¶�À�í .

(1) X z�À�í º
ω(x) =

λe−λx

1 − e−λ
, x ∈ (0, 1), λ>0,

Î2þ λ 	����Sû Â
Y)Z;² ;

(2) [ À�í :

ω(x) =

{

λxλ−1, 0<λ<1

λ(1 − x)λ−1, λ>1
,
¸�ë�ì±Â

x ∈ (0, 1).

º X z�À�í ñ�[ y�z (0<λ<1)
À�í , ,

À U�E�F WV aRi
µ(X, Y ), \�] ü í�^(� 1, � 2.

T�U�å , ð C 	 Clayton
y�z S�ñ , _�ý α

ÂEÀ�í�y�z�´ X z�`�´ [ y�z , WV aRi
µ(X, Y )a ´ ¸ `%^�2�b z θ

Â I y�z , ^dc 1 ñec 2.
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f
1: gihkjilnmno WV aRi

µ(X, Y ), i = 1, 2
f

2: prqsh (0 ≤ λ ≤ 1) jilnmno WV aRi
µ(X, Y ), i = 1, 2

� 3 wEx Coupla @RQcyB%'{PO+z RV aRi
α,β(X,Y ), i = 1, 2

Coupla θ RV aRi
α,β(X,Y )

Clayton Cθ [-1, +∞) 2θ(βθ+1
−αθ+1)−(1+θ)θ(β2

−α2)
2(1−θ)[(θ+1)(α+β)−βθ+1+αθ+1]

Π
Σ−Π 1

α2lnα−β2lnβ+ 1
2
(β2

−α2)

2(β−α)+β2
−α2

Comonotonic M ∞ (β − α)[ 12 (β + α) + 1]

#
3 O�¾ , W¥Ï=O Â Coupla

y�z
C \�]%E�F RV aRi(X, Y ),

ü í�^(� 3.

T�U�å , ð C 	 Clayton coupla
y�z ñ , ð β <�>�ñ , RV aRi

α,β(X, Y )
´ ¸ ` α

Â ù y
z Ú�	%^�2�b z θ

Â I y�z , ·dc 3 t�c 6. ð C 	 Gumble coupla
y�z ñ , W θ = 1, ð β

<�>�ñ , RV aRi
α,β(X, Y )

´ ¸ ` α
Â ù y�z

, ·dc 7 t�c 8.
¸ië ì Â

x1, x2 ∈ R ��� ë ì ÂeuÈz a ∈(0, 1), » ËÊÌ f(ax1 + (1 − a)x2) ≥

min{f(x1), f(x2)},
ÑÀÒ

f(x) 	dvxw y
z . TeUAå , » x1 6= x2,
ÑÀÒ y
z

f(x) 	 FeG
v+w y�z .

ò(ó
3.3 » ω

´	F�G v+w y�z , X ∈ X d,
¸�ë�ì±Â

i = 1, · · ·, d, Ü
,(õ¥Ï�â�� ÷�ø º
CTEi

α(X) ≤ WV aRi
µ(X).

ò(ó
3.4 ð β <�>�ñ , » FX 	 F�G v+w y�z ,

¸�ë�ì±Â
i = 1, · · ·, d, Ü
,(õ¥Ï�â�� ÷ø º

V aRi
α(X) ≤ RV aRi

α,β(X) ≤ V aRi
β(X).

ú ð β <�>�ñ , ¼%½
>%¶iã�ä¥Ü RV aRi
α,β(X) ≤ V aRi

β(X), *	/0����y%? . s

L(α, β) := {x ∈ Rd
+ : α ≤ FX(x) ≤ β},
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f
3:Clayton znm , θ = 1, β = 0.95, RV aRi

α,β(X, Y ),

i = 1, 2

f
4:Clayton znm , θ = 1, β = 0.8, RV aRi

α,β(X, Y ), i = 1, 2

f
5:Clayton znm , θ = 5, β = 0.95, RV aRi

α,β(X, Y ),

i = 1, 2

f
6:Clayton znm θ = 5, β = 0.8, RV aRi

α,β(X, Y ), i = 1, 2

f
7:Gumble znm , β = 0.95, RV aRi

α,β(X, Y ), i = 1, 2
f

8:Gumble znm β = 0.8, RV aRi
α,β(X, Y ), i = 1, 2
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t�	 FX(x)
Â

(α, β)- , µ K Å , α ∈ (0, β), s

L(α, β) := {x ∈ Rd
+ : 1 − β ≤ FX(x) ≤ 1 − α},

t�	 FX(X)
Â

(1 − β, 1 − α)-
1 µ K Å .

Ã À±í�y�zæÂ >�¶ÖÞ�E ∂L 	 FX

º
(α, β)

1
Â ,Àu .

Ã ` FX

´2µ Û FdG v7w y�z , Í�á , L(α, β) 	 Rd
+ þ Â¨µ Û J Å ,

¸e{ Ü Â
X ∈ L(α, β), X1 ≥ V aRα(X1), · · ·, Xd ≥ V aRα(Xd). ÍEá , V aRi

α(X) ≤ RV aRi
α,β(X), t�� .ò(ó

3.5 » X ∈ X d
Ë�Ì S�G%U ,

¸�ë�ì±Â
i = 1, · · ·, d, Ü
,(õ�â�� ÷�ø º

WV aRi
µ(X) = WV aRi

µ(X) = WV aR
i

µ(X).

ú ¼%½ Di Bernardino(2014) þcà%] 2.7 Þ%E .ò(ó
3.6 » X ∈ X d

Ë�Ì S�G%U ,
¸�ë�ì±Â

i = 1, · · ·, d, Ü
,(õ¥Ï�â�� ÷�ø º
RV aRi

α,β(X) = RV aRi
α,β(X) = RV aR

i

α,β(X).

ò(ó
3.7 ð β <�>�ñ , X ∈ X d , Ú Ë�Ì "(Í¥ï ð ,

¸�ë�ì±Â
i = 1, · · ·, d,

(1) » V aRi
α(X) 	 α

Â # e y�z ,
Ñ

V aRi
α(X) ≤ RV aRi

α,β(X) ≤ V aRi
β(X);

(2) » CTEi
α(X) 	 α

Â # e y�z ,
Ñ

CTEi
α(X) ≤ WV aRi

µ(X),ú Í�	 CTEi
α(X) ñ V aRi

α(X) 	 α
Â # e y�z ,

Ñ ����ý�ÿ 3.7
÷�ø

. RV aR
i

α,β(X)

ñ WV aR
i

µ(X) Q·Ü�^AO Â ü ý .òÀó
3.8 » X, Y ∈ X d

ËJÌ "ÀÍ2ï ð
, Ú X, Y |2ÜA^kO Â Coupla

y
z
C, »

Xi=Yi(i = 1, · · ·, d), }�~�,(õ�â�� ÷�ø

RV aRi
α,β(X) = RV aRi

α,β(Y), RV aR
i

α,β(X) = RV aR
i

α,β(Y),

WV aRi
µ(X) = WV aRi

µ(Y), WV aR
i

µ(X) = WV aR
i

µ(Y).

ú ¼%½ Cousin ñ Di Bernardino(2013) þcà%] 2.6 ñ Cousin ñ Di Bernardino(2014)

þcà%] 2.9 ��� .

4 �>�'���x�7��<>=�?9@
,��	��ìèå RV aRα,β(X) ñ WV aRµ(X)

º�µ�� ö�C�����, Â ��� .é�ê
4.1

m
X, Y ∈ X d, α ∈ (0, 1), » Ë
Ì QX(α) ≤ QY(α),

Ñ�Ò ºÖµ)� ö
C)�)��,
X �%` Y, t Xi �stYi(i = 1, · · ·, d), Î2þ QX(α) 	 X

À�íèÂ
α
À	��z

.ò�ó
4.2 � X, Y ∈ X d �9�9���'��� , �'�'����� Coupla �.� C, � Xi �st

Yi(i = 1, · · ·, d), �+ �¡V¢V£)¤V¥ :

RV aRi
α,β(X) ≤ RV aRi

α,β(Y), RV aR
i

α,β(X) ≤ RV aR
i

α,β(Y),

WV aRi
µ(X) ≤ WV aRi

µ(Y), WV aR
i

µ(X) ≤ WV aR
i

µ(Y).
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ª «)¬
Cousin ­ Di Bernardino(2013) ®�¯)° 2.7 ­ Cousin ­ Di Bernardino(2014)

®�¯)° 2.10 ±!² .³V´
4.3 µ β ¶�·d¸ , ¹ X, Y ∈ X d º+»+¼)½.¾V¿ , À X, Y Á.�7� Coupla �	�

C, � E(Xi|Xi ≤ β) ≤ E(Yi|Yi ≤ β) À V aRi(X) ­ V aRi(Y)(i = 1, · · ·, d) ºd»+Â+ÃVÄÅ ¾V¿ , Æ!Ç.È ÃVÉ c∈ (0, β), Ê.Ë�µ α ∈ (0, c) ¸ , V aRi(X) ≥ V aRi(Y) ; µ α ∈ (c, β)

¸ , V aRi
α(X) ≤ V aRi

α(Y), �+ �¡VÌV¢V£)ÍV¥9Î

RV aRi
α,β(X) ≤ RV aRi

α,β(Y).

ª ÏVÐ Ã)É �!� G ·)ÑVÒ+ �Î
G(α) : = (K(β) − K(α))(RV aRi

α,β(Y) − RV aRi
α,β(X))

=

∫ α

β

(V aRi
γ(Y) − V aRi

γ(X))K
′

(γ)dγ.

ÓVÔeÕ � α<c, Á

G(0) = (K(β) − K(0))(E(Xi|Xi ≤ β) ≤ E(Yi|Yi ≤ β)) ≥ 0, G(β) = 0,

G
′

(α) = (V aRi
α(X) − V aRi

α(Y))K
′

(α) ≥ 0.

µ c ≤ α<β ¸ , G
′

(α) ≤ 0, Ö�× G(α)>0 Ø+ÙVÚ)Û.ÌV¢V£)ÍV¥ . RV aR
i
α,β(X)(i = 1, ···, d)Ü ÁVÝVÞ'�	ß�à .³)´

4.4 á X , X
? ∈ X d À º.».¼�½V¾)¿ , Fi(Xi) = Fi(X

?
i ),
ÓVÔeÕ � i = 1, · · ·, d.

á C â X � Coupla ��� , C â X ��ãVÇ Coupla ��� , C? â X
? � Coupla ��� , C?

â X
? �!ã�Ç Coupla �!� ,

(1) ä Ui = FXi
(Xi), U?

i = FX?
i
(X?

i ), U=(U1, · · ·, Ud), U
?=(U?

1, · · ·, U
?
d ), �

[Ui|α ≤ C(U) ≤ β] �st [U?
i |α ≤ C(U?) ≤ β],

�
RV aRi

α,β(X) ≤ RV aRi
α,β(X?);

(2) ä Vi = F Xi
(Xi), V ?

i = F X?
i
, V=(V1, · · ·, Vd), V

?=(V?
1, · · ·, V

?
d ), �

[Vi|α ≤ C(V) ≤ β] �st [V?
i |α ≤ C(V?) ≤ β],

�
RV aR

i
α,β(X) ≤ RV aR

i
α,β(X?).

ª
U1 �st U2 µ.À�å>µ E[f(U1)] ≤ E[f(U2)],

Ó�ÔxÕ �.æ�ç��V� f . è f(u) =
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QXi
(u), u ∈ (0, 1), Á

E[QXi
(Ui)—α ≤ C(U) ≤ β] ≤ E[QXi

(U?
i )—α ≤ C(U?) ≤ β].

���
Xi, X?

i � ÁV�9�)����� , Ö�×

E[QX?
i
(U?

i )—α ≤ C(U?) ≤ β] = E[QX?
i
(Ui)—α ≤ C(U?) ≤ β],

Ö�×VË	�Vß�
 (1).
Ó�� ß�
 (2), ¹ f(u) = F

−1
i (u), u ∈ (0, 1) �)ËV² .

«)¬
Cousin ­ Di

Bernardino(2014) ��
�� 2.12,
Ó

WVaRµ(X) ���VÁ��9�)�	ß�
 .���
4.5 á X ∈ X 2 À º.».¼�½V¾)¿ ,

(1) � C â��������.Ý Coupla, � WV aRµ(X), RV aRα,β(X) ��� � θ � ÃVÉ�� �
� , RV aRα,β(X) ��� � α(  �! β) � Ã)É�" �!� ;

(2) � C â��������.Ý Coupla, � WV aRµ(X), RV aRα,β(X) ��� � θ � ÃVÉ�" �
� . ���

4.6 á X ∈ X d À º.».¼�½V¾)¿ ,

(1) � V aRi
α(X) â�� � α �	æ�ç)�!� , � RV aRi

α,β(X)
Ü ��� � α �	æ�ç)�!� ;

(2) � V aR
i

α(X) â�� � α �	æ�ç)�!� , � RV aR
i

α,β(X)
Ü ��� � α �	æ�ç)�!� .���

4.7 á X ∈ X d º.».¼�½V¾)¿ , Coupla �!� C ­.ã�Ç Coupla �!� C,

(1) � C â d #	�$�����VÝ Coupla, � RV aRi
α,β(X)

Ü ��� � α �	æ�ç)�!� ;

(2) � C â d #	�$�����VÝ Coupla, � RV aRi
α,β(X)

Ü ��� � α �	æ�ç)�!� .

5 %'&
(�)�*�+�,�-/.10325476�8�-/.10�9�: �	;$<�=�> . ?A@�ß�
�B'C : D�E'�$;$<GF�H0�+�, ­ 6�8�-/.10 º.»�I�J	K ¯)­�L�M.Ì�N.¯ 254�O Â�P ¯ . Q�R ,

(�)�S�T�UGV Ã�W
X	Y	Z�[

,
*

VaRα(X) \ CTEα(X) ] RVaRα,β(X) �_^�` , aVÀ	b+à V ;�<3FcH 0	+�,
­ 6�8�-/.10 È Ã	d	e�f�g�h  e��B�i .
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MULTIVARIATE VECTOR WEIGHT AND RANGE VALUE AT

RISK

WANG Qiao-ling

(Department of Mathematics and Statistics, Wuhan University, Wuhan 430072, China)

Abstract: For the investment portfolio, in order to better characterize investor preferences

and reduce the sensitivity to outliers, this paper introduces the multivariate vector value area and

weighted risk value risk measurement which are based on the existing multivariate vector value

risk value and conditional tail expectations. And this paper studies their basic properties. Under

different Coupla functions, the specific expressions of the vector value area and the weighted

risk value are obtained respectively. Finally, this article provides relevant numerical calculation

examples. The vector value area and weighted risk value risk measurement introduced in this

paper extend some of the existing results in the literature.
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