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Abstract: This paper considers a non-zero-sum stochastic differential investment-reinsurance
game between n competitive insurers. Each insurer can purchase proportional reinsurance and trade
in a more general financial market consisting of a risk-free asset, a defaultable bond and n risky
assets. In particular, the risky asset’s price process is modeled by a constant elasticity of variance
(CEV) model and the defaultable bond with proportional recovery at default. The objective of
each insurer is to maximize the expected exponential utility of the terminal wealth relative to the
competitors. By applying stochastic optimal control theory, the explicit expressions of equilibrium
strategies and equilibrium value functions are derived, respectively. Numerical examples are given
to illustrate the effects of parameters on the equilibrium policies, as well as, we examine how the
number of insurers on the optimal equilibrium investment strategies. We find that when the num-
ber of insurers increases, each insurer will invest more money in risky assets and defaultable bond.
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1 Introduction

Investment and reinsurance are two significant issues for the insurers. Extensive studies
have been conducted to find the optimal investment-reinsurance strategies under different
objectives, such as minimizing the probability of ruin (Browne [1], Zhang et al. [2]), max-
imizing the expected utility of terminal wealth (Chen and Yang [3], Bai and Guo [4]) and
the mean-variance (MV) criterion (Shen and Zeng [5], Zeng [6]).

The CEV risky asset model has received extensive attentions due to the empirical ad-
vantage and mathematical tractability. The study in this area includes but is not limited to
the following work. For example, Gu et al. [7] considered the excess-of-loss reinsurance and
investment problem for an insurer. Zheng et al. [8] investigated a robust optimal portfolio

and reinsurance problem under a Cramér-Lundberg risk model. Wang et al. [9] derived the
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optimal investment strategies for both insurer and reinsurer. Li et al. [10] focused on a
stochastic differential game between two insurers.

Most of the above-mentioned research did not take the default risk into consideration.
However, the large market share of defaultable bonds make itself one of the most important
investment products. Recently, many authors considered the financial market with a risk-
free asset, a risky asset and a defaultable bond (see, e.g., Zhao et al. [11], Sun et al. [12]
and Wang et al. [13]).

In reality, there exist many insurers playing the roles of both partners and competitors.
The non-zero sum game theory is a kind of idea to reflect the interaction among several
insurers. Bensoussan et al. [14] formulated a non-zero-sum stochastic differential game
between two insurers and obtained explicit solutions for optimal strategies. Deng et al. [15]
discussed this problem between two competitive insurers facing the default risk. Zhang et al.
[16] invested the same problem under the CEV model. Yang et al. [17] further investigated
the optimal reinsurance-investment strategy for n mean-variance insurers.

In our paper, a non-zero-sum stochastic differential game theory is applied to solve the
optimal investment reinsurance problem for n competitive insurers under the exponential
utility function. In the financial market, we assume the risky asset price process is governed
by the CEV model. As well as the risky assets and the risky-free asset the insurers are allowed
to invest in a defaultable bond. The explicit expressions of Nash equilibrium strategies
and equilibrium value functions under pre-default case and post-default case are derived,
respectively. We also analyze the impact of volatility skew on each insurer’s equilibrium
strategy through numerical examples. Last but not least, we find an interesting conclusion,
the number of insurers is also one of the factors that affect insurer’s trading strategy.

The rest of this paper is organized as follows. Assumption and problem formulation are
described in Section 2. In Section 3, we obtain the optimal strategies and the corresponding
value functions under pre-default case and post-default case, respectively. Section 4 provides

some numerical studies to analyze our results. Section 5 concludes this paper.

2 Model Setup

Let (Q, F {Fi} e, P) is a complete probability space, where the filtration {F; }.cp0,1
is right-continuous and P-complete; [0, T is a fixed and finite time horizon. F; stands for the
information available until time ¢, which is generated by 2n mutually independent standard
Brownian motions {W1, ()}, {Ws, ()}, -+, {Wao (©)}, {W1 ()}, {Wa(t)}, -+, {W. (D)}

Suppose that there are n insurers in the insurance market, named insurer 1,2,--- ,n.

The ith insurer’s claim process {Z;(t),t > 0} is described by the drifted Brownian motion
le (t) = (J/Zdt — JigdWio (t),

where a; is the expectation of claim, o;, is the volatility. According to the expected value
premium principle, the ith insurer’s premium rate is ¢; = (1 + 7;, )a;, where n;, is the ith

insurer’s relative safety loading.
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The insurer can buy proportional reinsurance or acquire new business to reduce the
claim risk. Let ¢;(¢)(0 < ¢;(t) < 1) be the proportional reinsurance level, that is, when a
claim occurs, the reinsurer pays 100(1—g;(t))% of the claim while the insurer pays 100¢;(t)%.
In this case, the insurer should distribute part of the premium to the reinsurer at the rate
of (14 m;,)a;(1 — ¢;(t)), where n;, (> n;,) refers to the safety loading of the reinsurer. It is
worth to notice that ¢;(t) € (1,400) means acquiring new business. With the reinsurance

strategy ¢;(t), t € [0,T], the ith insurer’s surplus process can be expressed by
dR;(t) = a;(0; + mi,q:(t))dt + 04, q; (1) dWi, (1),

where 6; = n;, — m;,. We assume that the financial market contains a risk-free asset, n
risky assets and a defaultable bond. The risk-free asset’s price process B(t) is described
by dB(t) = rB(t)dt, B(0) = by > 0, where r > 0 is the risk-free asset interest rate. The
price process of the jth risky asset S;(t) follows the CEV model dS;(t) = S;(t)[u,dt +
aijB(t)de(t)}, S;(0) = sj,, where p; is the expected instantaneous return rate of the
jth risky asset; o; is a positive constant; 3 is called the elasticity parameter; oij(t)B is
the instantaneous volatility. As usual, we assume that p; > r and [ satisfies the general
condition # > 0. Let T} > T denotes the maturity time of the defaultable bond, and
a nonnegative random variable 7 represents the default time of the corporate issuing this

bond. The dynamics of the defaultable bond under measure P can be described as
dp(t, Ty) = p(t—,T1)[rdt + (1 — H(t))(1 — A)ddt — (1 — H(t—))CdMP ()],

where, the default process H(t) has a constant default intensity h?, 1/A > 1 is the default
risk premium, ¢ € [0,1] denotes the constant loss rate when a default happens, 1-¢ is the
default recovery rate and d represents the risk neutral credit spread. Let G, = F; Vo{H(s) :
0 < s <t} such that G := {gt}te o,7] is the smallest filtration. The martingale jump process
MP(t) is given by MP(t) := fo (1- ))hPdu, which is a (G, P)-martingale.

Suppose that each insurer is allowed to 1nvest his surplus in financial market described
above. Let m;1(t), m2(t), -+, min(t) and m;,(t) represent the money amounts that the ith
insurer invests in risky assets 1,2,--- ,n and the defaultable bond at time ¢, the rest of the
surplus is then invested in the risk-free asset. We denote the whole reinsurance-investment
strategy by m;(t) = (qi(t), mi1(t), mia(t), -+, min(t), mp(t)). Based on the trading strategy
{mi(t),t € [0,T]}, the ith insurer’s wealth process X" (¢) is presented by

X E mi(t) — mip (t)

B(t)

+z”w 95,0+ 72O ap(i— 1)

dXT(t) =dR,(t) + 0 pli—T1)

n

=[rXT () + ai(0: + i qi(8) + > (1 — )i (8) + (1= H(1))(1 — A)dmy, (¢)]dt

j=1

+ Z i (£)03 S} () AW (t) + 030 s (1) dWig (1) — (1 = H (t=)){map (1AM (2), (2.1)
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where X[ (0) = z;, is the ith insurer’s initial wealth.
Definition 2.1 For any fixed ¢ € [0, 7], a trading strategy m;(t) = (¢;(t), mi1(t), mia(t),
-, Tin(t), mip(t)) is said to be admissible if it satisfies
(1) m;(¢) is G-progressively measurable;
(2) Yt € [0,7],:(t) € [0, +00) and Ep{ [ 132 73,()S2(0) + 72, (6) + @ (B))dt} < oc;
=1

=
(3) For Vz;, € R, the stochastic differential equation (2.1) with respect to m;(¢) has a

pathwise unique solution X[ (t) satisfying Ep[exp(—v; X[ (t))] < oo.

Let II; denote the set of all admissible strategies of the ¢th insurer. In a competitive
market, each insurer considers the relative performance compared with the others. Following
Espinosa and Touzi [18], we define the relative performance for n > 2 insurers as the differ-
ence between the performance of an insurer and the average performance of his competitors.

For the ith insurer, the average performance of his competitors is defined as

n

7(77m)7n¢i e 1 e _ 1 e
X, t) = E X m(t) = E X7 (t

here ()i i= (1 (8), Ta(t), -+ w1 (), Tiga (£), - -+ T (E)). We use X[ ™# (1) to rep-
resent the ith insurer’s relative wealth process, which is denoted by

X7emIm e (1) = (1= 7) X (t) + 7 X7 (1) = X0 (1)), (2:2)

K2

here the constant 7; € [0, 1) measures the ith insurer’s sensitivity to the average performance
of his competitors and reflects the degree of competition among n insurers. Combining
equations (2.1) and (2.2), the ith insurer’s relative wealth process can be written as

dXzTiv(ﬂ'm)m#i (t)

Ao (o , Ti
=[rX; S ) a0+ 1)) —

1 Z am(em + 77m2Qm(t))

n —

+ Z(M;‘ — 1) f (i, T ) () + (L = H(t=))(1 = D)8 f (i, Tomp) (£) | dit 4 073 g (8) AW, (2)

T D (AW (1)

n

+ Z f(mij, ij)(t)aij(t)de(t) _

— (L= H(t=))Cf (mip, Tmp) (£)dMP (1), (2.3)
here f(mij, Tmj) () := mi;(t) — 355 Z;‘ij(t), f(mip, Tmyp) (t) := mip (8) — 225 2‘7%;)(15)-
In this paper, we assume the ith insurer has an exponential utility function, i.e.,
1
U(z) = ——e "7, (2.4)
i

with the constant risk aversion parament 7; > 0. The ith insurer looks for the optimal

reinsurance and investment strategy to maximize the objective function

J.T"i)(ﬂ'yn)m?r‘i (t,SACi, 5 Z) _ Et,ii,E,z [Uz <X?T'L7(7Tm)M¢i (T))} (25)

K2 K2
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where By s 5. [] = Epas- [ XT T 20(4) = 2,5(t) = 5, H(t) = 2. 5 = (51,82, ,n)
and S(t) = (S1(t), Sa(t),- -+ ,Sn(t)) are two row vectors.

Problem 1 The classical non-zero-sum stochastic differential game between n com-
peting insurers is to find a Nash equilibrium (7,75, , 7)) € II; x II3 x - - - x II,, such that

for any (mwy, ma, -+ ,7y) €H1 x Iy % - -+ x IL,,, we have

(2.6)

3 Solusion to the Model

In this section, we derive the equilibrium strategies and corresponding equilibrium value
functions in the post-default case(z = 1) and the pre-default case(z = 0), respectively.

By the stochastic control theory, we define the ith insurer’s value function V*(¢, 2, 5, 2)
by

Vi(t,31,5,2) = sup B, s |U (X772 (1)) | (3.1)
i €ll,
with V(T &4, 5, z) = U;(&;).

Before giving the Hamilton-Jacobi-Bellman(HJB) equation, we first denote C'222([0, T'| x
RXxRT x-- xRt x{0,1}) := {w(t, X, 81, 8, 2)|w(t,x, 81, , Sp, 2) is once continuously
differentiable in ¢, and twice continuously differentiable in sy, sg, - -+, s, and x} In addition,
we omit the function parameters for notational simplicity in the following paragraph.

For any functions Vi(t,%;, 81, ,8n, 1), Vi(t, %4, 81, ,80,0) € CH2272([0,T] x R x
R* x --- x RT x {0,1}), denote the variational operator A™(™m)m=i{/? as follows:

iy (Tm)mzi {71 1/ P (0 . qa: _—Ti
A PVESVE A g+ a0 4 i a) - > (O + NG

+ Z(Mj = 1) (i Tmg) + (1= 2)0f (i, M) | Vi, + Zﬂjsg‘vﬁj

Jj=1 j=1

1 2 2 26 3.2
+ 5[2 f (Trija 7Tm] + azOQZ 1)2 Z amOQm T xl ( )

m#i
E 2 25+1 E 2 25+2 A
+ f 7T1J,7ij g J mls] 2 V;]sj

+ hp[VZ(t, 5,2 — Cf (Tips Tmp), 1) — VZ( 24, 0)](1 = 2),
where Vi', Vi VI, VI V;isj and V;J 5, are the partial derivative of function Vit T4y 8157+ 5 Sny 2)-

According to the dynamic programming principle, the HJB equation can be derived as

sup {A™Tm)mzi Vit 3,05 2)} =0, 0<t<T (3.3)

i €11;
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with the boundary condition V(T #;, 5, 2) = U,(%;).
3.1 Post—default Case: z=1

In the post-default case, we have p(t,71) = 0, 7 < t < T. Thus 7;,(t) = 0 for i €
1,2,---,n. Form the definition of A™(Tm)m=i1/? Eq. (3.3) is expressed as

7 - Ti *
sug {Vt + [r2s + ai(0; + 1i,05) — — Z A (O + Mma @1y,
i €115 -

+Z = ) (i m )V, +Z“737V1 [ZfQ(mj,w;‘m 757+ onal (3.4)
j=1 j=1
- 2 2ﬁ+1 2 2ﬁ+2 i _
n—l)QZUmoq xm1+Zf Tij, T, mg xs]+ Z ‘/Sjsj}—o.

m#i

We try to infer that the solution of Eq. (3.4) satisfies the following functional form
) ) 1 —%[erw*t)irff Gij(t,s;)—Fii(t)]
Vz(t7‘%i7§71) :Vz(ta‘%iuslas%"' 787171) = —_¢ =t ) (35)
Vi
with the boundary conditions F;;(T") = 0 and G;;(T,s;) =0, j = 1,2,--- ,n. Substituting
(3.5) into Eq. (3.4), we can obtain

sup
;i €11,

- . \r(T— - Gy i .
+) (g =) f (g, mh e T — Zujsj as; + 5{2 FA(ig,mg)os sy’
j=1 =1 P

- 8G” ’ Ti *
{205 Fal) = [l 1) = 5 D (O + s

j=1 mZi

oo (3.6)
N+ Gy D Ot e I3 fm, O
m#i j=1 J
i - 5 2p12,0Gi o 1 - 2 2B+282Gij _
+§Zajsj <—05j ) —EZUJ-S]- s =0.
j=1 Jj=1 J
By the first order condition of Eq.(3.6), we have:
;M
q; (1) = 0T er (D (3.7)
* (1) _ Hj—T Sj Gij
T (t) 710'28266T(T_t) er(T t) 85 ?’L 1 z;;’nmj (38)
Inserting Eqgs.(3.7) and (3.8) into Eq.(3.6), we have:
_ Zn:[aGij +TS,3GU n 102_82,5+232Gij N (ny—m)?  mam, %72“277322 )
p ot 7 Ds; 2777 68? 2v;0° 2 25 (n— 1)’){ja§0 2(n —1)242 Vi 7
2,2
T _ T a;'n;
F(t mbmle" T — (14 ——=)P 2 =0
+Fa () IZ;_G le ( +nfl) 2vi07,
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Eq.(3.9) can be decomposed into two equations

Gy +7s; 0Gi + 102.32.5” aQGzij + (py —7)? _ T, 5 — Vit 577]22 =0,
ot ds; 2777 0s? 2702 25 (n—1)yo5  2(n—1)*yi03
(3.10)
, T—t) _ T a277.2
FL(t a;(0; mOmle” T L2 — ). A1
In order to solve Eq.(3.10), we define
Gij(t,s;) = Ai(t) + By (t)s; >, (3.12)

and the boundary conditions are A;;(7) = 0 and B;;(T") = 0. Plugging Eq.(3.12) into (3.10),
we derive

10202 yir2ain?
A; (t) + 5(25 + 1)()’23Z (t) _ 712 _ J2
J V) (’I’L - 1)’)@'0’]2-0 2(n — 1) ’yj jo

)2

By matching coefficients, we obtain two differential equations. Considering the boundary
conditions A;;(T") = 0 and B;;(T") = 0, we have

Ay(0) = 528+ 1)a? [ By T - TSy
ig(t) = oj iglu)ou — - ‘ —t)
’ T n—1" 2(n—1)y; v0;, (3.14)
(1j — r)? -2 - .
Bi(t) = i =1 1y o-2er(r-0),
0= D )
Finally, the solution of Eq. (3.11) is
Ti L a;n;
Fi(t) = a0, — —— mBm mE T %ih, T—1). 3.15
0= ~lati= 25 D [ et T, 69
Lemma 3.1 Egs.(3.8) has a unique root 7;(t) is given by
¢ij(t) —r(T—t) nTil 1 - ¢z]( ) —r(T—t) ; -
() = ) r =1.2. ...
i) 1+%6 +1+ oL =0 = ;e ") s
where
M —28 - nTi1
S = 1 98B, : = L 3.16
ol = 2B 0 =3 (3.16)

Proof Similar to the one of Lemma 4.2 in [17], and we omit it.

3.2 Pre—default Case: z=0
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In the pre-default case, Eq.(3.3) can be rewritten as follows
1 - Ti * *
sup {Vt e+ aili + 7.00) — —— D am(Om + M @3) + 6 F (Tips Thy) (8)

mi€ll; m£i

+Z i — 1) f(Tijs T ) Vi, —|—Z:;LJSJVZ Zf2 Tijs T )0 o2 2B+crqu
(3.17)

* 2 26+1
’I’L—l ZamOQm mxl—i_Zfﬂ-U? m] xs]+ ZU
m#i
WPV 5,8 — Cf (i m0))s 1) = VE(E, 5, 8, 0)}} —0.
Similarly, we guess that V*(¢, #;,5,0) is of the following form
1 =l D4 32 Gis(t,55)—Fio(0)]
= ’ (3.18)

Vi(tw%iv s, O) = Vi(tafﬁivsla 52, Sn, 0) =—_¢€
Vi
Inserting (3.5) and (3.18) into HJB equation

2 26+2vz

5585

with the boundary condition Fjo(T") = 0.
(3.17), we derive

"L 9G;; X
sup { =305 (1) ~ [0 + 1) =~ > @O+ 1a)
€I, j=1 mti

- * ’I" aGZ
+ Z(#J - T) Trl.]? mj) + 5f<7sz, mp)] (=5 — Z:u7 7 a J
— e
i - * r(
+ 5[2 P2 (g mhg oy’ + onal + Zamoqm 2rr=n (3.19)
m;éz
0G;; ; 0G;
2. 28+19Gi | Vi 2 2642 ij
+ _ZOJSJ (5 ds; )

+ 7Ty (g )3, Bs; | 2
j=1 J j=1

1 Z 2 2B+23 Gw 1 P il pmy i) P (- Fio(®)] _ @} _o.
i i
The first order maximizing condition for the optimal investment strategy is
QiTliy
g (t) = 70T e (3.20)
A Hj —T 5 Gij
mi(t) = %028266T(T—t) er(T—t) 83 n -1 ;WW] (3.21)
Ings Fii(t) — Fyol
* - ChP 2
Tiplt) = (™=t (er(T-1) R gﬂmp (3.22)
Inputting Eqgs.(3.20), (3.21) and (3.22) into Eq.(3.19), we get
) )
’ Y el . r(T—t)
Fio(t) CEO(t)+CE1() ai0; 7lzam m
. . . m¢1a2n2 (3.23)
T 2 ?
1—In—)—-——(1 P2 =0, FyT)=0.
(1-tn=>) (4 PP g =0 FlD)

C Yi Chp i
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By solving Eq.(3.23), we obtain

5 T
Fyo(t) = Ee%t / Fi(u)e™ ¢%du — fale ¢T1 — ¢~(T=0] _ g fiole €00 _ 1], (3.24)
t
here fin = glaids =21 3 ambn] and fiz = (1 = Ingly) = 58 = (L4 520 50t

Lemma 3.2 Egs.(3.22) has a unique root 7}, (t) which is given by

* Q&z(t) —r(T—t) nT—il 1 - Q&z(t) —r(T—t) .
75 (t) = e T + e T =1.2.---
lp( ) 1 - 1 T—il 1 wn i=1 1+ Ti > B T

n—1 n n—1
here,
In=>> F (t) — Fy(t)
ChP i i0
(1) = _ . 3.25
©i(t) o c (3.25)

Proof Similar to Lemma 3.1, thus we omit it.
Theorem 3.1  For the wealth process (2.3) with n insurers and Problem 1, the ith

(1 =1,2,---,n) insurer’s equilibrium reinsurance and investment strategy m;(¢) is given by
() =gEe
i (1) =71¢+(“ T 4 - f = _ T R
a0 =1ﬁi<> - j — Ry 00, e AT

where 1, and ¢;;(t) are shown in Eq. (3.16), ¢;(t) is given by Eq. (3.25).

Besides, the equilibrium value functions are

1 —ule" T Va4 Y Gij(ts;)—Fia(2)]
i=1

i ~
V<taxi781a82a"'asnal):__e )
i

n
i . 1 —vler T e+ '21 Gij(t,s;)—Fio(t)]
V<taxi781a82a"'asnao):_;e 7= )
7

where G;(t, s;) are given by (3.12), Fj1(t) and Fj(t) are given by (3.15) and (3.24).

The following theorem verifies that the solution to HJB equation (3.3) given in Theorem
3.1 is indeed the solution to Problem 1.

Theorem 3.2 (Verification theorem) If W(t, #;, 5, z) be the solution of HJB equation
(3.3) with the boundary condition V(T %;,5,2) = U;(%;), and for Vj = 1,2,---,n, the

parameters satisfy one of the following conditions

(a)r>(1- %m;
1 6(pj —7r)*>—r?

(B)r < (1— -y, and T < arctan(—

V6 B\/6(p; —r)? —r? r )
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then the optimal value function is V(t, #;, 5, z) = Wi(t, 44, 5, z), and the optimal strategy is

*(t), which is given in Theorem 3.1.

s
The proof of the verification theorem can be adapted from Theorem 2 of Gu et.al [7].

We hence omit it here.

4 Numerical Analysis

In this section, we present a series of numerical simulations to analyze the effects of
different model parameters on the equilibrium reinsurance-investment strategies. In the
following examples, unless otherwise specified, we select the basic parameters as t = 0,
T =10,r =0.03, 6 =1, ( =04, h? = 0.005, § = 0.02, and other model parameters are
given in the Table 1.

Table 1 Values of parameters in numerical simulations

First insurer’s parameters Second insurer’s parameters Third insurer’s
parameters
B! 0.4 Yo 0.5 Y3 0.3
1 0.6 Ty 0.5 T3 0.7
ay 1.5 Qo 14 as 1.6
M, 0.8 2, 0.7 N3, 0.6
M, 2.0 72, 1.8 73, 2.2
01, 1.0 02, 1.2 03, 0.8
First risky asset’s parameters Second risky asset’s parameters Third risky asset’s
parameters
I 0.07 1 0.09 3 0.05
S1 1.2 So 1.4 S3 1.3
o1 0.35 09 0.4 o3 0.3

4.1 Effects of Parameters on Equilibrium Reinsurance Strategy

Form the expression of ¢;(t), we derive %i(t) > 0, %Q(t) > 0, % < 0, %_it) <0
and w < 0, which mean that as the expectation of claim a; or the safety loading of the
reinsurer 7;, increases, the cost of reinsurance becomes higher, and thus the ¢th insurer will
take more risks by buying less reinsurance or acquiring more new businesses. When the ith
insurer’s risk aversion coefficient +; is higher, or the volatility o;, is larger, the ith insurer
prefers to transfer more risks into reinsurance, so as to purchase more reinsurance or acquire
less new business. If the interest rate r is larger, the insurer will invest more funds in risk-free

asset. As a result, the insurer will also buy more reinsurance or acquire less new business.
4.2 Effects of Parameters on Equilibrium Investment Strategy

In this subsection, without loss of generality, we assume that the financial market con-
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Figure 1: Effects of v1,7v9. 72 on 7 (0), 755 (0), w5+ (0)
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Figure 2: Effects of v1,72,v3 on 731 (0), 75, (0), 735, (0)

sists of one risk-free bond, one defaultable bond and three risky assets, and that there are
three insurers investing in the financial market.

Fig. 1 and Fig. 2 show the influences of 1, 75 and 73 on 7}, (0), 775(0), 775(0), 73,(0)
and 73,(0). From Fig. 1 and Fig. 2 we can see that 77;(0), 775(0), 775(0), 73,(0) and
73, (0) decrease with regard to 71,72 and s, respectively. It is observed that with the in-
crease of v;(1 < ¢ < 3) the insurers tend to present stronger risk-aversion. Hence, a larger
7i(1 < ¢ < 3) would cause less investment in risk assets. Because we consider the mutual
influence among insurers, the increase in one insurer’s risk-aversion coefficient would cause
that the other two insurers also decrease their investment. However, from Fig. 1, we notice

that each insurer is more sensitive to his own risk-aversion coefficient.

2 18
1af | T®
— 1,0
T p
16 70 ,
.
14 i
- J
- g
12 -
Pid -
_- .-
1 _-- e
_-- e
08 ="
0 06
0 02 04 06 08 1 0 02 04 06 08 1
7‘ 72 7
a C

Figure 3: Effects of 7y, 72,73 on 7};(0), 775(0), 735(0)

Fig. 3 displays the effects of 71, 7 and 73 on 77;(0), 775(0) and 7j;(0), respectively.
We can observe from Fig. 3 (a) that, with the increase of 71, the first insurer increases his
investments in three risky assets. Here, a larger 71 means that the first insurer would put

more weight on the relative average performance, and that the competition becomes more
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Figure 5: Effects of v1, 72,73 on 77,(0),73,(0), 73,(0)

intense. To beat competitors, the first insurer would invest more of his surplus not only in
the first risky asset, but also in the second and third risky asset. The similar phenomenon
also appears in Fig. 3 (b) and (c). As 7, or 73 gradually increases, the first insurer would
invest more of its wealth in risky assets in order to gain an advantage over the competition.

Fig. 4 further captures how 77,(0), 73, (0) and 73, (0) vary with respect to the compe-
tition parameters 71, 7o and 73. Similar to the result for Fig. 3, the growth of 7;(1 <14 < 3)
indicates that the ith insurer cares more about his competitor’s performance at terminal
time, and hence he tends to increase exposure on risky assets, i.e., investing more amount of
surplus in the risky assets. It can also be seen that each insurer’s relative concern parameter
has a more significant influence on their own investment.

Fig. 5 illustrates the effects of v1, 72 and 3 on 77,(0), 73, (0), 73,(0). Here ;(1 < i < 3)
is the ith insurer’s risk-aversion coefficient. Similar to that in Fig. 1, 77,(0), 75,(0), 73,(0)

decrease with regard to 1, v2 and ~3.
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Figure 6: Effects of 7y, 7o ,bT3 on 77,(0),73,(0), 73,(0)

To demonstrate the impacts of 7;(1 < ¢ < 3) on the equilibrium pre-default bond in-
vestment strategies m7,(0), 73,(0) and 73,(0), we refer to Fig. 6. From these subfigures,
we find that 77,(0), 73,(0) and 73,(0) are increasing functions of 7;(1 < i < 3) in all three
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cases. In other words, if an insurer is more concerned with his relative terminal wealth, he
would retain more risks, so more money would invest in the defaultable bond. In addition,
from Fig. 6 (a), for fixed 75 and 73, a greater 71 produces a larger 73,(0) and 73,(0), which
implies that the second and third insurer would invest more surplus in the corporate bond
when his competitor is aggressive. Fig. 6 (b) and (c) reveal a similar phenomenon.

Fig. 7 depicts the effects of loss rate (, credit spread ¢ and default intensity h? on the
equilibrium investment strategies 77,(0), 75,(0) and 73,(0). As is well illustrated in Fig. 7
(a) and (b), 77,(0), 75,(0) and 73,(0) decrease w.r.t. ¢ while increase w.r.t. §. So the insurer
will invest less in the defaultable bond when he has higher loss rate or lower credit spread.
From Fig. 7 (c), we find that 7},(0), 75,(0) and 73,(0) have a positive relationship with
hP. Indeed, a larger h? means a stronger default intensity, and therefore, the less money is
invested in the defaultable bond.
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Figure 9: Effects of the number of insurers on 77,(0)

4.3 Effects of the Number of Insurers on Equilibrium Investment Strategy
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In this subsection, we take the first insurer as an example to illustrate the influences
of the number of insurers on insurer’s investment strategies. Fig. 8 and Fig. 9 give the
sensitivity of 71, (0), 775(0), m13(0) and 77,(0) to the number of insurers. Here we respectively
assume that there are one insurer, two insurers and three insurers investing in the above
financial market. We can see from Fig. 8 and Fig. 9 that the investment strategies 77, (0),
m15(0), 773(0) and 77,(0) increase with the rising number of insurers. This is because,
with the increase of the number of insurers, the insurer will have access to more market
information. That would boost his confidence and make him invest more of his surplus in

risky assets and the defaultable bond.
5. Conclusion

In this paper, we investigate a non-zero-sum stochastic differential investment and rein-
surance game involving a defaultable security for n competitive insurers. The insurer’s
claim process is assumed to follow a drifted Brownian motion. We allow each insurer to
dynamically purchase proportional reinsurance and allocate his surplus to a risk-free asset,
a defaultable bond and n risky assets. Moreover, we adopt the CEV model to describe each
risky asset’s price process. By adopting a stochastic control approach, we derive the HJB
equations under both pre-default case and post-default case. Explicit expressions of equilib-
rium strategy that maximize the expected exponential utility of the terminal wealth relative
to that of his competitors and corresponding equilibrium value functions are obtained. At
last, numerical examples and sensitivity analyses are presented to illustrate the impacts of
parameters on the equilibrium strategy. Results indicate that the risk-aversion coefficient
of both the insurer and his competitors have an impact on the insurer’s investment strat-
egy. Furthermore, we find that competition will increase each insurer’s investment in risky
assets and defaultable bond, and the number of insurers will also influence each insurer’s

investment strategy.
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