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Abstract: In this paper, we consider the robust optimal investment-reinsurance strategies
with delay and default risk under risk dependent model. We assume that the ambiguity-averse
insurer’s wealth process have two dependent classes of insurance business and the surplus can invest
in a risk-free asset, a defaultable bond and a risky asset whose price process satisfies Heston model.
Using dynamic programming principle, we establish the robust Hamilton-Jacobi-Bellman(HJB)
equations for the post-default case and the pre-default case, respectively. Furthermore, we obtain
the robust optimal investment and reinsurance strategies and the corresponding value functions by
maximizing the expected exponential utility of the terminal wealth. Finally, we provide numerical
examples to illustrate the effects of some model parameters on the robust optimal strategies.
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1 Introduction

Reinsurance and investment are two important issues for insurers. Reinsurance is an
effective way to reduce risk, while investment is the most common way to increase wealth.
In recent years, based on different decision-making objectives, more attention have been
paid to the research on the optimal reinsurance-investment problem. For example, Liang
et al.[1] considered the objective function of minimizing the ruin probability; Guan and
Liang[2] studied the optimal problems aiming to maximize the expected utility of terminal
wealth; Wang et al.[3] investigated optimal reinsurance and investment problems under mean
variance criterion, and so on.

Besides the different decision-making objectives mentioned above, many scholars also
studied the optimal investment-reinsurance strategy in the following aspects. Firstly, the
model uncertainties do exist widely in finance and insurance, some scholars have investi-
gated the impact of ambiguity on optimal reinsurance and investment problems. For ex-

ample, Chen and Yang[4] considered the robust optimal reinsurance-investment strategy
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selection problem for an ambiguity-averse insurer (AAI). Wang et al.[5] investigated a class
of robust non-zero-sum reinsurance-investment stochastic differential games between two
competing insurers. More often, Zhang and Chen[6] and Sun et al.[7] also took the ambigu-
ity into account. Secondly, the default of one company usually has strong influence on other
companies, high yield bonds with default risk have become attractive to investors. Many
scholars have studied the reinsurance-investment problem with default risk, such as Zhang
and Chen[6], Yang[8], and so on. Thirdly, due to the insurer’s current wealth existing capital
inflow/outflow, it is necessary to take delay into account. Refer to Shen and Zeng[9], the
optimal investment-reinsurance strategy is obtained under delay risk. Moreover, based on
the different risk asset models, A and Li[10] and Zhang and Chen[11] studied an optimal
excess-of-loss reinsurance and investment strategies with delay. In addition, some insurance
businesses are usually correlated in practice. For example, a traffic accident may cause prop-
erty loss or medical claims or death claims, these insurance businesses will be correlated.
Therefore, it is necessary to take dependent risk into account. Bi et al.[12] studied the
optimal problems with two dependent classes of insurance business under the criterion of
mean-variance. Furthermore, with the multiple dependent risk, Yuen et al.[13] and Sun et
al.[7] derived the optimal strategies and value function under the different risk models.

Inspired by the above references, we consider the robust optimal investment and rein-
surance strategies with delay and default risk under risk dependent model. Comparing with
the existing literature, the main contributions of this paper include: (i) We consider delay,
default, dependent risk and ambiguity aversion simultaneously in an optimal reinsurance-
investment problem; (ii) We obtain the robust optimal strategies and corresponding value
function in the post-default and pre-default case under risk dependent model.

The remainder of this paper is organized as follows. In section 2, we describe the model
and the necessary assumptions. In Section 3, we state the robust optimal control problem
for an AAI Section 4 derives the robust optimal investment-reinsurance strategies under
the post-default case and the pre-default case respectively. In section 5, we present some

numerical illustrations to analyze our theoretical results.
2 Model Assumption

We consider a filtered complete probability space (€, F, {Ft}te[o,T] , P), where T repre-
sents the terminal time and is a positive finite constant and F}; stands for the information
of the market available up to time t. Assume that all processes introduced below are well-

defined and adapted processes in this space.

2.1 Surplus Process

Assume that the insurer’s surplus process is described by the following Cramer-Lundberg

model
N1(t)+N(t) N2(t)+N(t)

dX(t)=cdt—d( Y X)-d( Y Y, (2.1)
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where X is the ith claim size from the first class; {X;,7 > 1} are assumed to be independent
and identically distributed positive random variables with common distribution function
Fx(+), finite first moment E (X;) = 1 > 0, and second moment E (X?) = vy; Similarly, Y;
is the ith claim size from the second class, F (Y;) = ps > 0, and E (Y;?) = vo; {Ny(t),t > 0},
{Ns(t),t > 0} and {N(t),t >0} are three independent Poisson processes with positive inten-
sity parameters A1, Ay and A, respectively. {X;,i > 1}, {Y;, i > 1}, {N.(¢),t > 0}, {N2(t),t >
0} and {N(¢),t > 0} are mutually independent. Further, the insurer’s premium rate is calcu-
lated according to the expected value principle, i.e., ¢ = (1 +n) [(A1 + A) p1 + (A2 + ) pa],
where n > 0 is the insurer’s safety loading. From Grandell[14], we know that the compound

Poisson processes can be approximated by the following diffusion process :

Ni(t)+N(t) Na(t)+N(t)
dC Y X)=adt-01dBi(t),d( YY) =adt-ocdB(t), (22)
i=1 =1

where a1 = p1 (A +X),07 = 1 (A +X),a0 = pa(Aa+N),05 = 1o (A2 + ). Here By(t)
and Bs(t) are standard Brownian motions with correlation coefficient pg € (—1,1). To be
protected from potential large claims, the insurer is allowed to purchase proportional rein-
surance to disperse risk, let ¢;(t), g2(t) € [0, 1] be the reinsurance retention levels for the 1th
and 2th line of business at time t , respectively. Then by Liang and Yuen[15], the dynamics
of X4(t) can be described by

Ni(H)+N () N2 (H)+N (1)
dX(t) = (c—c1)dt — qi(t)d( Z Xi) — q2(t)d( Z Y:)
i=1 i=1
=le— 1~ an(t) — axqe(t)] At + V/o7ad (1) + 033 (2) + 201 () ga () M pr2 AW (2),

(2.3)
where ¢; = (146) [pn (M + ) (1 —q1(2)) + p2 (A2 + A) (1 — go2(t))] is the reinsurance pre-
mium rate, Wy(t) is a standard Brownian motion.

2.2 Financial Market

The insurer is assumed to invest in a risk-free asset whose price process is governed by

dB(t) = rB(t)dt, B(0) = by and a risky asset whose price process follows Heston model:

dS(t) = S(t) | (r + aL(t))dt + ,/L(t)dwl(t)} ,S(0) = so; (2.4)
dL(t) = k(m — L(t))dt + o~/ L(t)dWs(t), L(0) = lo, (2.5)

where positive constant r is the risk-free interest rate, a, k, m, and o are all positive constants,
and Wy(t) and Wy(t) are two standard Brownian motions with F [Wl(t)Wg(t)] = pt,p €

[—1,1]. By standard Gaussian linear regression, Wy (t) can be rewritten as

dWQ(t) = del (t) + v 1-— p2 de(t), (26)
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where W5 (t) is another standard Brownian motion. We assume that Wy (t), Wi (¢) and Ws(¢)
are mutually independent. Moreover, we require 2km > o2 to ensure that L(t) is almost
surely nonnegative. Similar to Bi et al.[12], we assume that there exists a defaultable bond
with a maturity date 77 and that the default time is 7. The dynamics of the defaultable

bond price under P is given by
dp (t,Ty) = p (t—,T1) [rdt + (1 — Z(£))8(1 — A)dt — (1 — Z(t—))sdM " (1)] , (2.7)

where § = h% is the risk neutral credit spread, 1/A > 1 is the default risk premium, ¢ € [0, 1]
is the loss rate of the bond when a default occurs, M (t) = Z(t) — fol(l — Z(s))hPds is a
martingale and Z(t) = 1{,<¢} is a default process.

2.3 Wealth Process with Delay

Let Y™ (t),Y™(t) and G™(t) be the delayed wealth and average and pointwise perfor-
mance of the wealth in the past horizon [t — h, t] respectively, i.e.

0

_ yw

Y™ (t) = / X (t+ s)ds, Y™ (t) = Oi G™(t) = X™(t — h), (2.8)
—h J_, €% ds

for vt € [0,T], where 5 > 0 is an average parameter and h > 0 is the delay parameter. De-

note by the function f (t, X™(t) = Y™(t),X™(t) — G™ (t)) the capital inflow/outflow amount,

which is proportional to the past performance of the insurer’s wealth, i.e.

F(EXT@) =Y (), X7(t) — G™(t) = ki (X7(t) = Y7™(t)) + k2 (X" (t) — G" (1))

_ (2.9)
= (k1 + ko) X™(t) — ki Y™ (t) — k2 G™ (1),

where k; and ks, are two nonnegative constants, X™(t) — G™(t) represents the absolute per-
formance of wealth, X™(t) — Y™ (¢) stands for the average performance of the wealth. Let
m(t) == { qi(t), q2(t), m1(t), m2(t) },c 0, be the reinsurance-investment strategy. Following
Shen et al.[9] and A et al.[10], when we consider the capital inflow/outflow function, the

stochastic diferential delay equation (SDDE) can be given as follows:
x ds(#) dp (t,T1)
dX™(t) =dX(t) + wl(t)m + Wg(t)m
—f (X)) =Y (t),X"(t) — G™(t)) dt

X0~ m(t) - ma() G

)

=[AX"(t) +c—c1 —a1qi(t) — asqa(t) + admi(t) +6(1 — 2)(1 — A)ma(t) (2.10)
FE Y™ (t) + ko GT ()] dt + w1 () VIAW, (t) — ma(8) (1 — Z(t—))sd M P (2)
+ 1V 02g3(t) + 0263 (t) + 2\ piaqs (£)ga (£) AWy (8),
where
_ Ky

A:’I"—k'l—k'g, ]{?1:07 (211)

S, €% ds
xg(lfefgh)

Furthermore, the initial value of the average performance wealth is Y™ (0) = 3



304 Journal of Mathematics Vol. 42

Definition 1 (admissible strategy) For any fixed ¢t € [0, 7], the strategy = is said to
be admissible if it is Fj-progressively measurable and satisfies

<'> a(t) € [0,1],i = 1,2

(i) E (Jy lIn(s H%zs) < oo, where [l (8)[)* = g2(¢) + g3(t) + 73 (1) + 3 (1);

(iii) V(t,z,y,1) € [0, T] X Rx Rx R*, the SDDE (2.10) has a pathwise unique solution
{X™(t),t €[0,T)} with EZ. . U[(X™(T),Y™(T))] < oo, where Q* is the chosen model to

describe the worst case, Ey,, [ is the condition expectation given X™(t) = z,Y7(t) =

y, L(t) = 1.

3 Robust Optimal Control Problem for an AAI

t,z,y,l

We assume that the insurer is concerned with X™(T") and Y™ (T) in the time interval
[T — h, T]. Therefore, the insurer has the following exponential utility function:

T g 1 —n(X7™ eYy’™
U(X™(T),Y™(T)) = ——e (XT(D)+eYT(D)), (3.1)

For simplicity, we call the combination X7 (T') + Y™ (T) the terminal wealth. Traditionally,
the insurer is assumed to be an ambiguity-neutral investor (ANI) with objective function as

sup B[U (X™(T),Y™(T)) | X7(t) = =, Y7(t) =y, L(t) = I, (3.2)
where II is the set of all admissible strategies. Actually, the insurer would like to consider
the alternative probability measure rather than reference probability measure P because of
uncertainty on the parameters. The alternative models are defined by Q := {Q | @ ~ P}.
Next, define a process {0(t) = (00(t),01(t),02(t)) | t € [0,T]} satisfying that (i) 6(¢) is F; -
measurable, Vi € [0,T]; (i) E [exp{u/z) IOLE dt}] < 0o, where [|[0(t)]2 = 2, 62(t).
We denote O for the space of all such processes 6. For VO € O, we define a real-valued process
{A°(t) | t € [0,T]} on (2, F, P) by

A(t) = {/0 O(u)dW (u) — %/0 10 (u)|? du} , (3.3)
where W (t) = (Wy(t), Wyi(t), Wa(t))". By it’s differentiation rule,
dA’(t) = A°(1)[-0(t)dW (¢)]. (3.4)

Thus A%(t) is a P-martingale. Hence, E [Ae( )} = 1. For V@ € O, a new real-word probability
measure Q absolutely continuous to P on Fy is defined by < e, = = A%(t). So far, we have
constructed a family of real-world probability measures @) parameterized by 8 € ©. Applying
Girsanov’s theorem, we can see that

AWR2(t) = dWi(t) + 0:(t)dt, i = 0,1,2. (3.5)

Thus, the stochastic process (2.5) under Q is
dL(t) = [r(m ~L(t)) — opby () \/I(t) — 00 (t)/L(E) /1 — ]
+ op\/L(E)AWR(t) + ov/L(t)\/1 — p? AW (t)

(3.6)
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And the wealth process (2.10) under @ is rewritten as

dX7™(t) =[AX™(t) + (n — 0)(a1 + a2) + 0lar1qi(t) + a2q2(t)] + admy (t) + 6(1 — 2)(1 — A)ma(t)
FRY™ (1) + kG (t) — Oo(t) IR0 + AR + s D)
00 (0w (VI dt 4+ /oFgF0) + o3a30) + 2V o (AW (1)
+ m (OVIAWE () — ma(t) (1 — Z(t—))ed M (¢).

(3.7)
Inspired by Zhang and Chen[6], we formulate the following robust control problem to modify
problem (3.2), i.e.

V(t,x,y,1,z) = sup inf B9 [U (X™(T),Y™(T)) —1—/ U (s, X7(s),Y™(s),0(s))ds|, (3.8)

eIl €0
where
03(t) 03 (t) 05(t) O5(t) Inb5(t) — O5(t) + 1
U(t) = 2 L 2 AP - Z(t , 3.9
D= 20 20 T2 T ) Ual) (39
Wi (t) = —W,i =0,1,...,3, and 8; > 0,7 = 0,1,...,3 are the ambiguity-aversion

coefficients representing the ambiguity-averse level of the insurer to the model uncertainty.
In order to solve the optimization problem (3.8) and derive the optimal strategy 7*(t). By

dynamic programming principle, the HJB equation for (3.8) can be derived as

02 92 02 O51n6; — O3 + 1
sup inf L“=9V+—O+—1+—2+hpl—zL}:0, 3.10
ﬁeﬁee@{ 200 20y gy T s (3.10)

with the boundary condition V (¢, z,y,1,2) = U (X™(T),Y™(T)) ,where L™ is the variational
operator and is defined by

L™V =V, +V, [A:v +(n—0)(ay + a) +0larqy + axqa] + admy +6(1 — 2)(1 — A)my + kry

+haog — 00/ 032G + 0363 + 2\ paqr gz — 917r1\/q +V, (z— By —eg)
1
+V [k(m — l) - op@lx/z - 0'02\/2\/ 1-— p2:| + §me [’N%l + O’qu + qug + 2)\,&1,&2Q1Q2]

+ %Vuazl + Vyoplmy 4+ 0sh? (1 = 2) [V (t,x — mas,y,1,1) — V(t,2,9,1,0)],
(3.11)
here V;,V,, V,, Vi, Vo, Vit and V,, represent the partial derivatives of value function with
respect to the corresponding variables.

4 Robust Optimal Investment and Reinsurance Strategies

In the following, we set out to derive the explicit solutions to the HIB equation (3.10)

for the post-default case and the pre-default case, respectively.

4.1 Post-Default Case
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In the post-default case, i.e. z =1, we have that p (¢,71) = 0,7 <t <T. Thus m3(¢) = 0
for 7 <t <T. Then the HIB equation (3.10) can be rewritten as the following form:

sup ;gf {V} +V, {A:v +(n—0)(ay + az) + 0larqy + axqa] + admy + kyy + kog — 0, V1
mell

—00\/03q} + 0343 + 2)\M1N2Q1Q2} +V, (z =By —eg) +V, [k:(m — 1) —optyV1

1 1
—0,V1/1 — ,02} + —Vm [Wfl +07q; +05q5 + 2)\M1M2Q1CJ2] + 5‘/11021 + Vaoplm
nV92 nVe2 nVe} 0,

20, 0 2800 26,7
(4.1)

with the boundary condition V (T, z,y,1,1) = —= e~™@+ey) According to A and Li[10], we
assume the parameters satisfy the following condltlons.

ky =ce P k= (B+ A+e)e. (4.2)

According to (4.1) and the boundary condition of V (T, z,y,l,1), we conjecture that the

optimal value function has the following form:
V(T,2,y,1,1) = — Le—n(E+en HO+MEHN() (4.3)
n

The boundary condition implies that H(T) = 1,M(T) = 0,N(T) = 0. We get partial
derivative

Vi=[-n(@+ey) H({t)+ M )+ N 1)V, V. = —nH)V, V, = —neH(t)V

Vi = M(t)V, Vyp = n2H2(t)V, Vy = (t)V le = —nH()M(t)V. 4

Inserting (4.4) into (4.1), fix 7 and maximize over 6, by the first-order conditions we get

05 (t) = BoH(t) \/01Q1 + 02‘12 + 2 1 p2G1G2
0;(t) = S H(t)m V1 — 2 M (t)opV1, (4.5)

03(t) = —%M(t)aﬂ\/l —p*.

Inserting (4.4) and (4.5) into (4.1), by the first-order conditions we get

) = gy [+ ZM©)], 0 =0. (4.6)
Taking the above conditions into (4.1), we get
—n(z+ey)H (t)+M )+ N (t) — nH(t) [Az + (1 — 0) (a1 + az) + kry + kog] — neH(t)
(z—By—ePg) +r(m—1)M(t) + % [1 + %} I(1—p*)o*M?*(t) — -

+ qlnzf {f(q17q27t)} = 07

nlo

Nt h) alopM (t)

(4.7)
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where f(q1,q2,t) = —nb(a1q: + azq2) H(t) + M(U%CJ% + 0545 + 2\ poqig2) H2(t).
For any t €0, T |, we get the derivative of f(q1, ¢, t) with respect to (w.r.t.) ¢; and go

2

g—(i = —nfa1H(t) + n(n+ Bo)[o?q + Au1paqe] H2(1), g—qg =n(n+ Bo)ot H(t),
5L = —nfay H(t) + n(n + Bo)03qz + A praqn| H2(t), g—qg =n(n+fo)oyH*(t),  (4.8)
aqalafqz = aqiafql =n(n+ o)\ H?(t).
So we have following Hessian matrix
e s 2
G %wde | —p(nt G)HA(1)B, B=| 1 MR (4.9)
992001 942 Ay 03

By the Lemma 1 of Yuen et al.[13], B is a positive definite matrix, which means that the
Hessian matrix is also a positive definite matrix. Now substituting ¢*(¢) = (¢ (¢), ¢} (t)) into
(4.7) and separating the variables, we derive the following equations:

(x+ey)H () + [Av+ ky + kag + e (z — By — e Phg)| H(t) =0, (4.10)
M'(t) = (k+ aop) M(t) + "52202(1 — p?) M2(t) — 522 =0, (4.11)
N'(t) + kmM(t) — n(n — 0)(ay + a2)H(t) + f(qt, ¢, t) = 0, (4.12)

with the boundary conditions H(T) = 1, M(T) = 0, N(T') = 0. Solving (4.10) and (4.11),
we get

H(t) = eAHa=0 0 <t < T, (4.13)

b3 [1—eb1(T7t):|
2b1+(b1+bs)[el1 (T—D —1]

M(t) = (4.14)

where by = \/(k + aop)’ + "122 o2a?(1—p?), bo =k + aop,bs = n+;

The Hessian matrix (4.9) is a positive definite matrix, thus f(q1, ¢2,t) is a convex func-

tion w.r.t. ¢; and g». Therefore, using the first-order optimization conditions, we obtain

N 0D, 0D,
G(t) = (1 Bo)eATaIT—D Dy G2(t) = (1 Bo)e(ATaIT—D Dy » (4.15)

where Dy = a103—ag A\ iz, Dy = ago?—ay My fia, D3 = 0205 —N2p2 3. Note that Dy, Dy, D3 >
07 thus qu(t) > 0,(}2(15) > 0.
Furthermore, let

T, 0Dy < (n + Bo) Ds,
tl = T— A-l—a In (nfﬁ%’ (n + ﬂo) .D3 < 9D1 < (n + ﬂo) D3€(A+E)T, (416)
0, 0Dy > (n+ o) DselA+)T,

9D2 S (n+50) -D37

=z I G 5sny, (4 Bo) Dy < 0Dz < (n+ fo) Dye )7, (4.17)

0, 0Dy > (n + By) DzeA+e)T,

T,
t2 - T
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We now discuss the optimal reinsurance strategy and N(t) in different cases.
Case 1 D; < Ds, then ty > ts.

A~

(1) When 0 <t < ty, the optimal reinsurance proportion is ¢*(¢) = (¢ (t), G=(t)) , where

G1(t) and ¢»(t) are given by (4.15). So we can obtain

Nu(t) = [, [=n(n = 0)(ar + az) H(s) + kmM(s) + f (da(s), da(s))] ds + e1,

(4.18)

(2) When t > to, we have ¢2(t) > 1, so ¢5(t) = 1. Substituting ¢3(t) = 1 into

inf {f(q1,q2,t)} and by the first-order conditions we get
q1,92

— (t) _ Bai—Apips(ntBo)eAt (T -t
D) = = 2t o) ATIT—D

Let
0(11

In (n+Bo) (U%JrAlLl #2) ’

_ 1
tll =T- (A+e)

then for to <t < ¢}, the optimal reinsurance strategy is ¢*(t) = (g:(¢),1) . So,
No(t) = [ [=n(n — 0)(ar + az)H(s) + kmM(s) + f (@ (s), 1)) ds + es,

(3) For t| <t <T,itis easy to see that ¢*(t) = (1,1). so we can obtain

Ns(t) = [ [=n(n — 6)(a1 + az)H(s) + kmM(s) + f (1,1)] ds.

Case 2 D; > D, then ty < ts.

A~

(4.19)

(4.20)

(4.21)

(4.22)

(1) When 0 < t < t, the optimal reinsurance proportion is ¢*(¢) = (¢ (t), G=(t)) , where

G1(t) and ¢2(t) are given by (4.15). So we can obtain

Nu(t) = [, [=n(n = 0)(ar + az) H(s) + kmM(s) + f (da(s), da(s))] ds + es,

(2) When t > t;, we have ¢1(t) > 1, so ¢i(t) = 1. Substituting ¢;(t)

inf {f(q1,q2,t)} and by the first-order conditions we get
q1,92

— (t) _ Bas—Apips(ntBo)eAt (T -t
2\ = Tt o) ATTD

Let
0(12
(n+0Bo) (0§+>\M1 Hz) ’

_ 1
ty=T— o

then for t; <t < t}, the optimal reinsurance strategy is ¢*(t) = (1, g2(t)) . So,
Ns(t) = [ [=n(n — 0)(ar + az)H(s) + kmM(s) + f (1,32(s))] ds + ea,

(3) For ty, <t <T, it is easy to see that ¢*(t) = (1,1), so we can obtain

Ns(t) = [ [=n(n — 6)(a1 + az)H(s) + kmM(s) + f (1,1)] ds.

(4.23)

1 into

(4.24)

(4.25)

(4.26)

(4.27)
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T [ T

where er = [ [ (@1(s),1) = £ (61(5), da(s))] ds + e, e2 = [f [F(1,1) = £ (@a(s), D] ds, e =
ST (L@(9) = F (@1(5), @o(s))] ds + es and s = [ [£(1,1) = f (1,qa(5))] ds.

Summarizing the above results, we can obtain the following theorem.

2

Theorem 4.1 In the post-default case, for problem (3.8) with the exponential utility
function (3.1), the robust optimal investment strategies are given by

) = gy |7 + 2M)],
t) = 0.

The robust optimal reinsurance strategy and the optimal value function are given as follows:

(1) When D; < D, , the robust optimal reinsurance strategies are

with ¢o and ¢} given in equations (4.17) and (4.20). The value function is given by

_L et HOAMWN O < ¢ < 4,
n

V(t7 z,y,1, 1) = fl exp—71(50-*-811)H(t)-i-lM(t)-‘er(15)7 to <t < tll’
n

_L praten @00y <y <,
n

(2) When Dy > Ds, the robust optimal reinsurance strategies are

(Gi(t),Ga2(1)), 0 <t <ty,
(61 (1), q3(1) = (1,q(t), ti <t <ty
(1,1), t/2 <t<T,

with ¢; and ¢}, given in equations (4.16) and (4.25). The value function is given by
_L et HOHMWN® (<t < 4,
n
Vit,a,y,l,1) = ! exp MV HOHMO+Ns(0) 4 < f < ¢!
n — )

_L praten @@ 0 <y o,
n

with H(T), M (t) and N,(t),i = 1,2,...,5 given in equations (4.13), (4.14), (4.18), (4.21) —
(4.23) and (4.26), respectively.

4.2 Pre-Default Case
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In the pre-default case, i.e. z = 0. Then we can rewrite the HIB equation (3.10) as

supgg(f) {Vt + Ve [A:v + (1 —0)(a1 + az) + Olarqy + azqe] + admy + kiy + kog — 91771\/Z
well =

—00\/ 03¢} + 033 + 2)\M1N2Q1Q2} +V, (z =By —eg) +V, [k:(m — 1) —optyV1

1 1
—06,V1\/1 - pz} t+ 5 Vew [T+ 07107 + 0363 + 2\ 201 g2] + SVio L+ Vo plmy
nV nV nV
+ 030" [V (t, 2 — mo5,y,1,1) = V(t,2,9,1,0)] — =03 — 2 p2
3 { ( 2 y ) ( Yy )] 250 251 1 252 2
1%
—”ﬂ—hp(ez,, In6s — 05 + 1)} —0.

3

(4.28)
We conjecture the value function
V(T,x,y,1,0) = —lefn(f”Jrsy)H(t)*M(t)”N(t). (4.29)
n
The boundary condition V(T,z,y,1,0) = —%e’”(g”sy) implies that H(T) = 1,M(T) =

0, N(T) = 0. Similarly to the former subsection, we obtain

98 (t) = ﬂofif(t)\/olch ‘|' (72Q2 + 2 12912

07 (t) = BLHt)m VI — ZM(t)opV1, (4.30)
03(t) = —2M(¢ a\f\/1— , ) ) '

03 () = e‘fi[e"“ﬂfm n(etey) (H(t)— H<t))+<M<t)—M(t>>z+(N(t>—N(t>>_1]7

and the optimal investment strategies

) = 7y | + LM,

H(t) | n+p
73(0) = by [In gy ( + <) (B (1) — H (1) — (M(1) ~ B~ (V1) ~ N(1)]
(4.31)
Combining 03 (¢) with 75 (t), we further have the following nonlinear equation for 65(¢):
. _
2A 05 () In 03 (1) + hP05(t) — S = 0. (4.32)

Lemma 1 Nonlinear equation "ﬁh—:% (t)In65(t) + h'03(t) — fggg = 0 exists a unique
positive root 63 (t).

Proof The proof of this lemma is similar to lemma 1 in zhang and chen[6], so we omit
it here.

Because the robust optimal reinsurance strategies are same as the post-default case,

substituting ¢*(t), 71 (t) and 73 (¢) into (4.28) and separating the variables, we obtain

(x+ey) H (t) + [Az + kyy + keg + e (x — By — e Phg)| H(t) =0, (4.33)

M (1) — (k + aop) NI(t) + 52202 (1 — p2)NI2(t) — gt — SHO (N7 (1) — M (1) = 0,
(4.34)
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N'() + kmM(t) = n(n — 0)(ar + a2) H(t) - "h — (03 605 — 05 +1)
— B I gl + (@ + ey) (H(t) — H(1))] - ‘358 (V) N @)+ Slai a0 =0,
(4.35)
with the boundary conditions H(T) = 1, M(T) = 0, N(T) = 0. Similar to (4.13), we can get

_|._
o=

H(t) = H(t) = eI 0 <t <T. (4.36)

Because the solution of nonlinear first order riccati differential equation is unique, we obtain

() = M(t) = —2le (4.37)
251+(b1+b2){ bi(T—t) 1] ’

’

Next, let G;(t) = N;(t) —N( ), then we have G;(t) = N, (t) — N, (t)

K2 K2

=2G,(t) — 2+ O5h" +
"ﬁh—:(% In 0} — 9*—1—1)—1— In 5 hP , with the boundary conditions G;(T) = N;(T) — N;(T) = 0,
we obtain

Gy(t) = Pe s (T=0) — P, (4.38)
Ni(t) = Ny(t) + Gi(t) = Ni(t) + Pe= (T~ — P, (4.39)
where P = —2 4 65h7 + 2= (63 In 05 — 63 + 1) + L In 5o
In the same way, summarizing the above results, we obtaln the following theorem.

Theorem 4.2 In the pre-default case, the robust optimal investment strategies are

given by

) = 2y |5+ ﬂM(t)]
75(0) = ey [0 e + Gal0)]

The robust optimal reinsurance strategies are same as post-default case and the optimal
value function is given in different situations.
(1) When D; < D5, the value function is given by

_L et BOAII 0RO < ¢ < 4,
n

V(t,2,,1,0) = 4 — L exp-r@+en HOHNO+R0) 1 < 4 < 4t
n

fl exp—n(:v-%ay)l‘gf(t)-klf\?f(t)-i-Na(15)7 t’l <t<T,
n

(2) When D; > Ds, the value function is given by

fl exp—n(:v-%ay)l‘gf(t)-klf\?f(t)-i-ML(15)7 0<t<t,
n

1 _ _ _
V(t,2,y,1,0) = —Eexp*”@*ay)H(t)“M“”NS<t>, t <t <th,

1

- exp—n(:v-%ay)l‘gf(t)-klf\?f(t)-i-Na(15)7 t'2 <t<T,
n

where H(t), H(t), M(t), G;(t) and N;(t) are given by equations (4.13) and (4.36)-(4.39),
respectively.
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5. Numerical Analysis

In this section, we present some numerical examples to verify the theoretical results
on the optimal strategy. Assuming that the claim sizes random variables X; and Y; are
exponentially distributed with parameters a; and «q, respectively, then pu; = 1/aq, pe =
1/as, v1 = 1/af and vo = 1/a3. The basic parameters are given by A = 1, \; = 3, Ay =
4, =P =PB=1,0=03n=15 A=01,=01,r=004, c=1,a=2, p=
0.3, T =10, t =0, h? = 0.003 and A% = 0.02.

Based on the parameters we have set, it follows that U; < Us and 08Uy < (n+ (3)Us al-
ways hold, so we set to = T and the optimal reinsurance strategy (q; (t), ¢5(t)) = (¢1(t), G2(1)).
In Figure 1, the reinsurance proportion decreases with the increase of A. It means that the
higher degree of dependence of the two insurance businesses, the greater potential risks of
the insurance will face. From Figure 2, we can see that the reinsurance proportion decreases
with the ambiguity-averse level 3y increasing.

—— 1
0.1 F[——ae2
A=3

a0
°

(a) The effect of A on ¢ (t). (b) The effect of A on ¢5(t).

Figure 1 The effect of A on ¢*(¢).

a0
a0

A

(a) The effect of By on g7 (t). (b) The effect of By on g5 (¢).

Figure 2 The effect of By on ¢*(t).

Next, we analyze the effect of some parameters on the 7} (t) and 7;(¢). In Figure 3,
we know that 77 (t) decreases with the risk aversion coefficient n, which indicates that the
insurer will pay less money to invest in stock market when n becomes larger. In Figure 4,
with larger (3;, the insurer has less confidence in the reference model, and hence the less
risky asset the insurer wishes to invest. In fact, the parameter p is the correlation coefficient
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between W (t) and Wy(t). From Figure 5, with stronger positive correlation, the variance of
the volatility becomes greater, which leads to that the AAI reduces the risk exposure. On
the contrary, with stronger negative correlation, the AAT is willing to invest more wealth in
the risky asset. In Figure 6, the wealth invested in the defaultable bond increases when the
loss rate decreases. On the contrary, the insurer will invest more money in the defaultable
bond with higher credit spread 4.

——n-15
——n=25
n=35

Figure 3 The effect of n on 73 (). Figure 4 The effect of 8; on 7} (t).

Figure 5 The effect of p on 7 (t). Figure 6 The effect of ¢ and § on 73(¢).
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