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Abstract: In this paper, through the Li-Yau gradient estimate and Jun Sun’ s research on
the gradient estimate of heat equation under general geometric flow, we will derive local gradient
estimates for positive solutions of a nonlinear parabolic equation on Riemannian manifold under
general geometric flow. These results can be regarded as a generlization of Wang’s results. At the
same time, we give a corresponding Harnack inequality.
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1 Introduction

Starting with the classical work of Li and Yau [1], Li and Yau proved the celebrated
Li-Yau gradient bound for positive solutions of the heat equation and obtained the classical
Harnack inequlity.

Let (M", g;;) be an n-dimensional complete Riemannian manifold. For positive solutions

of the heat equation
ou
—=A 1.1
ot~ " (1.1)

we suppose Ric> — K, where K > 0 and Ric is the Ricci curvature of M. Then any positive
solution of (1.1) satisfies
|Vul? uy nalK  na?

— < —+4—, Va>1
u? au_Q(a—l)+2t “

In the special case where Ric >0, one has the optimal Li-Yau bound

V 2 2
A N
u? u 2t
The gradient estimate is an important tool in the study of elliptic and parabolic type

equations. Generalization of Li-Yau gradient bounds have been studied by many researchers.
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Hamilton [2] discovered a matrix Li-Yau type bound for the heat equation. A certain matrix
Li-Yau bound under weaker conditions was subsequently established by Cao-Ni [3] on K&hler
manifolds. In 2009, S. Liu [4] proved a gradient estimate for positive solutions of the heat
equation along the Ricci flow. Sun [5] generalized Liu’s results to a general geometric flow.
In recent years, there are more and more researches on the gradient estimates for positive
solutions to some nonlinear parabolic equations.
For exemple, in 2009, Lu, Ni, Vazquez and Villani studied the porous medium equation
(PME for short)
Owu = Au™ (1.2)

on manifolds [6]. They got a local Aronson-Bénilan estimate for PME. Huang, Huang and
Li in [7] generalized the results of Lu, Ni, Vdzquez and Villani [6] on the PME and obtained
Li-Yau type, Hamilton type and Li-Xu type gradient estimates. Wang, Xie and Zhou [§]
had uniformly promoted these results to the Ricci flow.

In this paper, we focus on the gradient estimates of positive solutions to an extremely
important nonlinear parabolic equation. This eqution was originated from Ma in [9], who

considered a local gradient estimate of positive solutions for the following parabolic equation
Au+aulogu+bu=0 in M"

where a, b € R are constants for complete noncompact manifolds with a fixed metric and
curvature locally bounded below.
In [10], Yang generalized Ma’s result [9] and derived a local gradient estimates for
positive solutions to the equation
ou

i Au + aulogu + bu,

where a, b € R are constants for complete noncompact manifolds with a fixed metric and
curvature locally bounded below.

b/a

Replacing u by e/ *u, the equation becomes

uy = Au + aulog u. (1.3)

In 2020, Wen Wang and P. Zhang in [11] investigated gradient estimates for positive
solutions to (1.2) along Ricci flow. His results can be regarded as generalizations of the results
of Li-Yau, J. Y. Li, Hamilton and Li-Xu to a more general nonlinear parabolic equation along
the Ricci flow.

In this paper, we will follow closely [11] and derive local gradient estimates for positive
solutions of (1.3) on Riemannian manifolds under general geometric flow. This can be
regarded as a generlization of Wang’ results. The general geometric flow equation is given

as follows:
0gi j
ot

= 2h;j, (1.4)
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where h;; is a second-order symmetric tensor. The special case is the Ricci flow
892’;’
ot

which was introduced by Hamilton [12] in 1982.
To state our main rsult, we introduce three C' functions a(t), ¢(t) and ¥(t) : (0, +00) —

= —2Ry;,

(0, 4+00). Suppose that three C' functions satisfy the following conditions:
(C1) aft) > 1.
(C2) a(t) and ¢(t) satisfy the following system
— 20K, > (%‘P —a’) 1

o’

22 _ o >0,

n

%2—1—0490'20.

(C3) ()satisﬁes%/—( o) L <o.

(C4) ( ) is non—decreasmg, and «(t) is also non-decreasing and bounded uniformly.
= ¢ =G and ' = G

Detailed calculation of some specific functions «(t), ¢(t) and y(t) can be found in [11].

Here o/

We state our results as follows.

Main Theorem 1  Let (M",g(t)),c(or be a smooth one parameter family of com-
plete Riemannian manifolds evolving by (1.4) for t in some time interval [0, T]. Let M be
complete under the initial metric g(0). Suppose that there exist three functions a(t), ¢(t)
and (¢) which satisfy the above conditions (C1),(C2)(C3) and (C4). Given zy € M and
R > 0, let u be a positive solution to the equation (1.3) dyu = Au + aulogwu in the cube
Borr = {(x,t) | d(x,z0,t) < 2R,0 <t < T}, where a is a constant. Suppose that there
exist constants K7, Ko, K3, K, > 0 such that

Ric > —K,g, —Kyg<h<Ksg, |Vh|<K, (1.5)

on Qar 1 . Then for (z,t) € Qr 1, we have if % < C for some constant C, then

|Vul|? Uy , (1 VK n2C
2 —a;—i—aaloguéCa - 1 7 +R27
N 3%na2K4§ V3(K, + Ka)na
4%(04 — 1)% a—1

+an? (Ky + Ks) +a?n?¢? + agp,

where C' = C (n, (1) is a constant. If 25 < O, for some constant Cs, then

|Vul? uy (1 VK n?Ca*
2 —a;—f—aaloguéC’a 7 7 +R727
3%na2K4‘% N V3(K, + Ky)na
45 (a—1)3 a—1

+an? (Ky + K3) +ainip? + ap,
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where C' = C' (n, Cs) is a constant.

Corollary 1.1 Let (M™,g(t)) tefo,r) Pe a smooth oneparameter family of complete
Riemannian manifolds evolving by (1.4) for t in some time interval [0, T] . Let M be complete
under the initial metric g(0). Suppose that there exist constants K1, K5, K3, Ky > 0 such that
Ric > —Kig9,—K>g < h < Kzg,|Vh| < Ky, Given g € M and R > 0, let u be a positive
solution to the equation (1.3) in the cube Bopr = {(z,t) | d(z,z¢,t) < 2R,0< t < T'}.
Then the following special estimates are valid.

1. Li-Yau type

an  nKja?

a(t) = constant, (1) = —= + 1,ﬂw:ﬁ with 0<6<2
P

[Vul?

u?

R? R + —1R?
3§n042K4% \/§(K1 + Ky)na?
43 (a—1)3 a—1

+an? (Ks + K3) + ain?e? + ap.

VKL | o 1 >

1
ozutJraalogugCaQ( + — 4+ a+ Ky
n

2. Hamilton type

\V4 2 /
| uZ| fa%JraalogugC’aQ <R2+ 0 +a+K2>
N Ca? 3%71042[(4% N V3(K, + Ky)na
Rte?fat 43 (a0 —1)3 a—1
+an? (Ky + K3) +a?n?¢? + ap.
3. Li-Xu type

a(t) =1+ sinh(Kt) cosh(K;t) — Kt

, o(t) =2nK;[1 + coth(Kit)], ~(t) = tanh(K;t).

sinhQ(Klt)
2 1 v K
|qu;| — a% + aalogu <Ca? <R2 R )
N C N 3§na2K4% N V3(K, + Ky)na?
R?tanh(Kit) 43 (a—1)3 a—1
+ an? (Ky + Ks) + a®n?p? + ap

4. Linear Li-Xu type

1
alt) =1+ 2Kt, o(t) = % (142Kt 4+ k), 7 (8) = Kot with >
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Vul? 1 vK
| ulé' —a%-f—aaloguéC’aQ <R2—|— R1+G+K2)
N Cat N B%noﬂKf V3(K; + Ks)na?
R2K\t  43i(a—1)3 a—1

+an? (Ky + K3) +a*n?¢? + ap.

The local estimates above imply global estimates.

Corollary 1.2 Let (M™, g(0)) be a complete noncompact Riemannian manifold with-
out boundary and ¢(¢) evolving by (1.4). Suppose that there exist constants K, Ka, K3, K4 >
0 such that Ric > — K9, —Ksg < h < Kzg,|Vh| < K4. Let u(z,t) be a positive solution to
the equation (1.3) . For (z,t) € M™ x (0,T], then

3%71042[(4'% N V3(K, + Ky)na?
43(a —1)3 a—1

+ an? (K2 + K3) + ain?p? + agp.

[Vul*

2

a4 aalogu <Co?(K; + a) +
u u

As a consequence of the gradient estimate, we can obtain the following Harnack inequlity.

Corollary 1.3 Let (M", g(0)) be a complete noncompact Riemannian manifold with-
out boundary or a closed Riemannian manifold. Assume g(¢) evolves by (1.4). Suppose that
there exist constants K, Ko, K3, K4 > 0 such that Ric > —K;9, —Kyg < h < K3g,|Vh| <
K. Let u(z,t) be a positive solution to the equation (1.3) . Then for all (z1,¢;) € M"x(0,T)
and (x2,t2) € M™ x (0,T) such that t; < ty, we have

u (1’2, t2>

1 TANE: t2 t2 1.6
Su(x1,t1) X exp (/ 27(8)|ds +/ aQ(t)dt—i—/ Q + |alogNHdt) , (1)
0 t1

(ts — t1)? 32 t

where N = maxsn 0,7 U, and

Q
3%71042](4'% N V3(K, + Ky)na?

Co*(Ky +a) + — - +an? (Ky+ K3) +a?n?¢? + a
(K ) Hla—1)3 a—1 (K 3) ¥ ¥

a(t)

2 Proof of Main Theorems

To prove Theorem 1, the following lemma is needed. Let f =logu . Then
(A=) f=~|VfI*—af. (2.1)

Let F = |Vf]? — af; + aaf — ap, where a = «(t) and ¢ = (t) . Then

Af=fimaf -1V =2 - (2 osp - (2:2)
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Lemma 2.1 ([5], Lemma 3) Suppose the metric evolves by (2.1) . Then, for any smooth
function f, we have 2|V f|? = —2h(Vf,Vf)+2(Vf,Vf),and Z2Af = A2 f—2(h, V*f)—
2(divh — 3V (try h), Vf). Here, div h is the divergence of h .

Lemma 2.2 Suppose (M, g(t)) satisfies the hypotheses of Main Theorem 1. We have

2 2 1
(A—9,)F > + (Tf — a'> —F —o®n (Ky + K3)? — 3vnakK,|V/]|

! (2.3)
—2(Ky + Ky)|Vf|? = 2VfVF + 2a(a — 1)|Vf]* + aaAf.

fij + %%‘

Proof We calculate directly by using the Lemma 2.1.

AF
=A[Vf[? — oA (f,) + aaAf

=2 |fij|2 + 2fjfn] + QRMfo] — &(Af)t — 2« <h, V2f> — 20é<d1Vh — %V (tI'g h) 5 Vf> + OéCLAf
=2 |fij|2 +2f; fiij + 2R fif; — a(fr —af — |V f]?) — 2 <h, V2f>
—2a({divh — %V (trgh),Vf) +aaAf,

(2.4)
and
WF =(IVfP?), —afu—ofi+daf +aafi—ap' —d'e 25)
=2V IV (fi) — 2hij fif; — afi — o fr + d’af + aafi — ag’ — /.
We follow that from (2.4) and (2.5)
(A = 0y) F =2fi;I” + 2f; fusj + 2Rij fif; — a(fe — af — |V f*)s — 22 (h, V*[)
— 2a <divh - %v (try h), Vf> + aaAf + 2h; fif;
—2VIV(f)) + afu + o' fi —d'af —aafi + ap’ +d'p
=2|fi;* + 2f; fiij + 2Rij fi f; — (V) — 20 (h, V2 f)
— 2 <divh - %v (try h), Vf> + aaAf +2hi; fi f;
—2VIV (fi)+ o' fi —d'af + ap’ +d'p (26)

=2|fy;[* + 22 (h, V*f) - 2a <divh — %v (try h), Vf> + aaAf

+ 2R fifj + 2hij fif — 2ahi; fif + 2V fV(Af) +2aV fV (f;)
—2VIV(f)+ ' fi —daf +ap +d'p

:2‘fij|2 + _2a<h,V2f> — 2a <divh— ;V(trgh),Vf> + aaAf

o fy —daf +ap +dp.
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Our assumption implies that
[h* < (Ka + K3)* g = n (Ka + K3)*.
Applying those bounds and Young’s inequality yields
o (h, V2f)] < % V2 £+ %oz2|h|2 < % V2 £+ %aQn (Ko + Ka)”.
On the other hand,

) 1, 3 3
99V ihy1 = 597V | < Sgl[Vh| < SvnKy.

) 1
dlthV(trgh)‘: =5

Therefore, we arrive at
(A= 8) F>|fi;|" — a®n (Ky + Ks)® — 3vnaK,Vf + aaAf
+ 2R fif; + 2hij fif; — 2ahi; fif; = 2V fVF + 2a(a = 1) |V f? (2.7)
o fi —adaf +ap +dp.

Further, by utilizing the unit matrix (d;;), ., and (2.7), we obtain

2+ <2SD 2@K2) IV~ <2¢ al) fe— (2@ 0/> af
n n n

— o?n (K, + Ks3)® — 3vnaK, |V f| + 2Ry, fif; + 2hi; fif; — 2V fVF
2
+2a(a — 1)|Vf]? + aaAf + %

e () ()
n n n

— o?n (K, + Ks3)® — 3vnaK, |V f| + 2Ry, fif; + 2hi; fif; — 2V fVF
+2a(a — 1)|Vf]? + aaAf

(A-0)F =

¥
fij + E(Sij

4
fij + E(Sij

1

2 2
. ; <: - a/) CF — o0 (Ky + Ky)* — 3Ynal, |V ]

¥
Jij + E(Sij

«
—2(K, + Ky)|Vf]? = 2VFVF + 2a(a — 1)|Vf]* + aaAf.

This finishes the proof of the lemma.
Proof of the Main Theorem 1 Let G = «(¢)F and v(t) > 0 be non-decreasing.
Then

(A=0)G=y(A=0) F—+F

L L AN 2 2
> fij"’ggij +{——a aG—’ya n(Ky + K3)” — 3yv/naK,|Vf|
—2v(K; + K»)|Vf]? =2V fVG + 2avy(a — 1)|[Vf]* + ayaAf —y'F
2 2 1 /
= |fi; + %gij + [(7;0 — a') o % } G —vo®n (Ky + K3)* — 3yv/naKy| V|

—2v(Ky + K2)|Vf|? = 2V fVG + 2ay(a — 1)V f|* + ayaAf.
(2.8)
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By our assumption of the bounds of h and the evolution of the metric, we know that g(¢) is

uniformly equivalent to the initial metric ¢g(0), that is,
e 12T g(0) < g(t) < e"Tg(0).

Thus we know that (M, g(t)) is also complete for t € [0,T]. Now let 1 (r) be a C* function
on [0,+00) such that

1 oifrefon],
P(r) = { 0 ifre[2 4o0),
0<Pp(r) <1, ¢'(r) <0, ¢'(r)>=C, Wz;((:))' <c,

where C is an absolute constant. Define
d €Z,x 7t fl?,t
o(,t) = ¢ (d (@, 00,8) = ¥ <<R>> —y <w> |

where p(z,t) = d(z,x,t) . For the purpose of applying the maximum principle, the argu-
ment of [Calabi 1958 | allows us to assume that the function ¢(z,t), with support in Qar 7,
is C? at the maximum point.

For any 0 < Ty < T, let (z1,t;) be the point in Qg 1,, at which ¢G achieves its
maximum value. We can assume that this value is positive, because in the other case the
proof is trivial. As G(z,0) = 0, we know that ¢; > 0 . Then at the point (z1,t;), we have

V(¢G) = FVp+ VG =0, A(¢pG) <0, %(qﬁG) > 0. (2.9)
Therefore,
0> (A-0)(¢G) = (AP)G — p;G + ¢ (A —0,) G+2V¢ - VG. (2.10)

Using the Laplacian comparison theorem, we have

Vpl|? c C
" R2| > - - VKL (2.11)

A
Ap=v' =L +y

Furthermore, we have

Vel* () |Vp? _ C
Ijl :(ww) IRp2| << (2.12)

By our assumption, G (z1,%;) > 0 . By the evolution formula of the geodesic length under

geometric flow [Hamilton 1995a], we calculate at the point (z1,t;)

.G =~/ (%) %%G ==y (%) ;2/7 hS, B)deC (2.13)

>t (£) £EKapG > —VOEG,
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where 4, is the geodesic connecting z and xg under the metric g (1), S is the unite tangent
vector to v, and ds is the element of arc length.

All the following computations are at the point (z1,%;). We have

21 2 1 1] 1 1 2
fo+ Lo >~ (or|fu+Lou]) = ~(ar+ 97 =~ [aFa(al)IVfIQ
(2.14)
—HG @ iwsr]
a‘n |y
and
) F
Af=fi=|VfIF—af = —p<0. (2.15)

Substituting the above inequality (2.15) into (2.8), we obtain

2 2 /
[z
n a
—v0®n (Ks + K3)* = 3yv/nakK |V f| — 2v(K, + K)|Vf]* + 2ay(a — 1)|V f]?
—2VfVG — aG — ay(a — 1|V f]> - aye

2 /
ol {2 -)s-2]e
n o Y

(A=0,)G >y

fij + %513‘

—’7 f’L] n zg
2 2 2 2
—va’n (Ky + K3)™ = 3yWnaKy|V f| = 2y(Ky + EK)|Vf° + ay(a = 1|V f]
—2VfVG — aG — aye.
Using (2.10),(2.13) and (2.14), we infer
0= (A-0)(¢G)

-G <A¢—2|V$2> +¢(A—9,)G — G,

2 /
<A¢ 2'Vj’2> + 2L [7 t(a- 1)|Vf|2] - K%ﬁf - a’) - - H e
—ypa’n (K + KS) — 3ypV/naKy|V f| — 2v¢(K1 + K2>|Vf|2 - 20V fVG
— a¢G + ayd(a — 1)|Vf* = ay¢e — GVCK,.
Multiplying with ¢, we have
2
o[- o (2-) -] Z2 € o]
— 0’ ’n (Ky + K3)* = 370> VnaKy|V f| — 29¢*(Ky + K,)|V | = 2¢°V VG
— ad’G + ay®(a — )|V f|* — av¢*p — GoVCK,

>¢G I:Agf) — 2|V¢|2 + ¢ (2(‘0 _ O/> l _ ¢ :| ¢2G2 ¢2( ) |vf|4
¢ n a Y a? n’y nao?
2gz52(
T

DOV P - vdan (K + Ka)? — 3yd? VoKV | — 296* (K, + K2V f1?
— 20’V VG — ad?G + avd*(a — 1) |V > — avd®p — GV O K.
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Young’s inequality yields
W(O‘a)mvﬂ? +20GVOV f > 2(;‘0121) 'Vq‘f'zw, (2.16)
WO D9+ ayg(a -~ DIV > -2 (2.17)
W?(mia)lvﬂ“ 376* VoK |V f| > —347:”_&3{4 (2.18)
R S

3na
Therefore, with the help of the inequalities (2.16)—(2.19) we arrive at

o/) 1—¢7/—a¢—\/6K2}
a Ty

2
026G [A¢—2|V¢| y <2¢ .
10} n
¢*°G*  na? |V¢|2¢G _ 3n¢PaPna® 3%'y¢>2no¢2K4% 3¢ (K1 + K»)’na
a’ny  2a—-1) ¢ 4 45 (a—1)3 (a—1)2
—y¢*a’n (K, + K3)2 —ayd’yp
2 / 2 2
>¢G A¢—2|V¢| + ¢ oy l_¢l_L|V¢\ —ap— VOK,
¢ n a Ty 2a-1) ¢
L PG 3ygtana?  3hygtna’Kl  3y6*(Ky + Ka)'na?
T ny 4 4i(a—1)3 (a—1)2
—y¢*a*n (Ky + K3)* — avd?y
C 2C 20 N\ 1 5 na? C
> | _ b el ~
/[ 7z (1+ VER) R2+¢<n a)a T e 1) \@Kg]qﬁG
P°G*  3y¢*aPna’ 3§Py¢2na2K4% _ 3y9°(Ky + K3)*na?
4 43 (e —1)3 (a—1)2

a?ny
—yp*aPn (Ky + K3)* — avd?y
For the inequality Az? — 2Bz < C, one has ¢ < 22 + (£)?, where 4, B,C >0

oG (z,T1) <(9G) (z1, 1)
< {n'ya2 [;(1 ++/KiR) + 2(20‘21); +ag+ \FCKZ}
o[- (-5) 1] et e
3 3 (z1,t1).

K, + K , )
| V310K + Kyjna +7<Z>om§ (K + K3) +aniypp

a—1
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If v is nondecreasing which satisfies the system

Recalling that «(t) and ~(t) are non-decreasing and t; < 77 we have

oG (2, T1) <(9G) (z1,11)
n?C 3y (T)) pana? (Th)
R? + 2
33y (Ty) ¢pna® (Ty) Kf n V3y (Th) ¢(K1 + Kz)na? (T)
43(a—1)3 a—1

1 1

+9(Th) g (Ty) n? (Ky + K3) + a®niy (T1) ¢p* (T1).

Hence, we have for ¢ =1 on B r

<ny (T1) o2 (T)) [52(1 +VKR) 4 ap + \FOKQ} +

+

C n*C
F (z,Ty) <na’ (T 14+ VKR CKs| + 5~
S;E (z,Th) <na” (Th) RQ( + 1 )—l—a—|—\ﬁ 2 +R27(T1)
V3ano2 (T1)  33ina? (1)) K. 4'% V3(K, + Ky)na? (Ty)
+ e
2 ( 1) a—1
+a () n* (Ky + K3) +atne? (Th).
If v is nondecreasing which satisfies the system
’ 2
T-(3-d)5<0
a1 S G
Recalling that «(t) and ~(t) are non-decreasing and t; < 77 we have
¢G (x,T1) <(¢G) (1, 11)
3y (T4 (T
<ny (Th) o (T7) [RQHV R+ S0 a4 VK | + YR D) denal (1)

34y (Th) ¢na? (1) K N V37 (Th) §( Ky + Ko)na? (Th)
45 (a0 —1)3 a—1

1 1

+7(T1)¢)a(T1)n% (Ky + K3) +a2n? (Tl)dw (1) .

Hence, we have for ¢ =1 on Brr
7(1 + + M
R? R?v (Ty)
N V3ana? (Ty) N 33 na? (Tl)Kf \@(Kl—ﬁ—Kg)non (Ty)
2 4%(04 -1
a(T)n? (Ky + K3) +a*n

F (z,Ty) <na® (T}) KiR) +a+ VCK,

)3 a—1
1
2

(T1).

m\»—A
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Because T is arbitrary in 0 < T} < T, the conclusion is valid. This proof is complete.
Proof of the Corollary 1.1 The Main Theorem 1 implies this result obviously.
Proof of the Corollary 1.2 By the uniform equivalence of g(¢), we know that

(M, g(t)) is complete noncompact for ¢ € [0,7] . Letting R — 400 in the inquallities of

Main Theorem 1 completes the proof.

Proof of the Corollary 1.3 The gradient estimates in Corollary 1.2 can be written

as
|Vu(z,t)]? u(x,t)
- )1 t) <
where
1 35nalK; V3(K; + Kg)na !
=—— |Ca®(K\ +a) + = S an® (K3 + K,
=g S Er Ot T - (K + )

+a%n%<p% + och} .

Define I(s) = logu (7(s), (1 — s)ta + st1) . Obviously, we infer that I(0) = logu (x2,ts) and
I(1) =logu (x1,t1) . Direct calculation shows

al(s) _ (ts — 1) (v“ 7). ut)

s u tg—tl u

Vu 7 (s) 1 |Vul?
< _ e _ _
< (t2 —t1) [ -t al) 2 alogu(z,t) +Q
L a6
4 ty—1t

+ (t2 — 1) [Q + |alog N|],

where N = maxysn [0,7] U

Integrating the above inequality over v(s), we obtain
1’1, tl ! 3[(5
log
U (xg, ts) 85

/ [ ) [V () +(t2—t1)[Q+|alogN|@ ds

4 to—1

1 t t
' (s)]" /2 o’ (t) /2

< | ————ds+ —dt + [Q + |alog N|] dt
/o 2 (ty — t1)” no 92 t

which implies the corollary.

References

[1] Li P, Yau S T. On the parabolic kernel of the Schrédinger operator[J]. Acta Math., 1986, 156(1):
153-201.

[2] Hamilton R S. A matrix Harnack estimates for the heat equation[J]. Commun. Anal. Geom., 1993,
1: 113-126.



.4 Gradient estimate for a nonlinear parabolic equation under geometric flow 299

Cao Huai Dong, Ni Lei. Matrix Li-Yau-Hamilton estimates for the heat equation on Kéahler mani-
folds[J]. Math. Ann., 2005, 331(4): 795-807.

Liu S. Gradient estimates for solutions of the heat equation under Ricci flow[J]. Pacific J. Math.,
2009, 243(1): 165-180.

Sun J. Gradient estimates for positive solutions of the heat equation under geometric flow[J]. Pacific
J. Math., 2011, 253:489 - 510.

Lu P, Ni L, Vazquez J L, Villani C. Local Aronson-Bénilan estimates and entropy formulae for
porous medium and fast diffusion equations on manifolds[J]. J. Math. Pures Appl., 2009, 91: 1-19.

Huang G, Huang Z, Li H. Gradient estimates for the porous medium equations on Riemannian
manifolds[J]. J. Geom. Anal., 2013, 23: 1851-1875.

Wang W, Xie D P, Zhou H. Local Aronson-Benolan type gradient estimates for the porous medium
type equation under Ricci flow[J]. Commun. Pure Appl. Anal., 2018 17(5): 1957-1974.

Ma L. Gradient estimates for a simple elliptic equation on non-compact Riemannian manifolds[J].
J. Funct. Anal., 2006, 241: 374-382.

Yang Y Y. Gradient estimate for a nonlinear parabolic equation on Riemannian manifold[J]. Proc.
Am. Math. Soc., 2008, 136: 4095-4102.

Wang W, Zhang P. Some Gradient estimates and Harnack inequalities for nonlinear parabolic equa-
tions on Riemannian manifolds[J]. Journal of Mathematical Inequalities., 2020, 14(2): 337-376.

Hamilton R S. Three-manifolds with positive Ricci curvature[J]. J. Differential Geom., 1982, 17(2):
255-306.

—HAE L M G IR E —ARJLIAR TR bt

frdi &
(RBOR B 55t B, WL :IL430072)

TE: A B Li-Yaulbf B AT 1075 Jun SunXd #05 FELE — BT T RS BE G T BB 78, #ES

R E L AR LI T AR AE — LR AL N BB A T, IR R T iR e A S g ig, T
T Wang )45 5.

KHEIR: BREEAGTE JUTR, — MR T iR, A
MR(2010)F & 53 £ 5: 53C44; 53C21 FESES: 0186.1



