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�
(X, d)

é�����¤���� ®o¯ , f
�

X ° ¤��J²Kï8ð . ����� f
���

x ∈ X
�e�

, á É ����S¤
ε > 0 , � � À�� δ > 0 ,

���R �¤
d(x, y) < δ ��  f(x)− ε < f(y) < f(x)+ ε. ¡ ° �*¢£  eÖJ×�¤:�I�w�����,¤ � f

��¥��¦�e�J�e�N¤
. � f

�
x
��!I�J�e�

, á É ���,�S¤ ε > 0

, � � À�� δ > 0 § ���R �¤ d(x, y) < δ ��  f(x) − ε < f(y).
ñ�¨�©

, � f
�

x
� ° �J�e� ,

á É ���,�S¤ ε > 0 , � � À�� δ > 0 ,
���R �¤

d(x, y) < δ ��  f(y) < f(x) + ε. ª f
�

X¢i« À �B�e�J�e� , ¬�� f
�

X ° �J�e� . f
� ° �J�e�N¤ ¡�­�®*¡ ±�¯ {x ∈ X : f(x) < a}é

X
¢e¤�°w±

.
ïBð

f
�,!e�R�o��¤ ¡¦­�®�¡ ±�¯ {x ∈ X : f(x) > a}

é
X
¢e¤�°w±

, 6¢
a
é��,���Jð

.

: !Ië , ±�² ÖI×oâwÿRØRÙeÑwÖI×oâeãeØRÙ�¤fÐ�5 . ³ Q(x, h) = {(y1, y2, · · · , yn) | xi ≤

yi ≤ xi + h, 1 ≤ i ≤ n}.
�

f
é

R
n(n ≥ 1) ° ¤�´�µ »�¶ ï8ð , f

¤:ÖJ×wâeÿIØIÙwÐ�5Ré

m+f(x) = inf
h>0

1

| Q(x, h) |

∫

Q(x,h)

|f(y)|dy,

ñ�¨�©
, f
¤:ÖJ×wâRãRØIÙwÐ�5Ré

M+f(x) = sup
h>0

1

| Q(x, h) |

∫

Q(x,h)

|f(y)|dy.

·
Lebesgue ¸ �oÐeÝ » ¿e�Søwùoúwú�¤ x ∈ R

n
 

m+f(x) ≤ |f(x)| ≤ M+f(x).
� /wÅ ¢

��� ÓSÔBÖJ×wâeÿIØIÙRÑeÖJ×oâRãeØIÙ�¤8�I�e�e¶ . ¹ £ ÈIÉ 8�9eá ! .º�»
2.1

ÖJ×wâeÿIØIÙ
m+f(x)

�
R

n °R° �J�e� .º�»
2.2

ÖJ×wâRãRØIÙ
M+f(x)

�
R

n ° !I�J�e� .é «(©�ª /RÅ ¤ ¹ £ ÈIÉ ,
!B� ����±.² < ��¼ / ¤ ý Ý .½ »

2.1 ( ¶ �N¤�¾J�e�e�e¶ )
�

E ⊂ R
n
é »�¿ ± ­ f ∈ L(E), ¬ � ∀ε > 0, ∃ δ > 0,�wÍ��,�S¤ »�¿ ± A ⊆ E,

£ £
| A |< δ, À   |

∫

A

f(x)dx |≤

∫

A

| f(x) | dx < ε.

ý Ý 2.1
" ��Á ��Â�Ã , 6 ©�ªU»�� ÄIÅeÆ [11]

ÐIÝ
4.12 .

� ±.² ! À�� ý Ý�' , ����1ý5þ ÀIÁ�Ä�Å .
�

x = (x1, · · · , xn), y = (y1, · · · yn) ∈ R
n, h > 0, 0 ≤ a ≤ h.

³ Ai = [xi, xi + h], Bi = [xi − a, xi + a + h]; Ci = [xi − a, xi)
⋃

(xi + h, xi + h + a],

Di = [xi, xi + a)
⋃

(xi + h − a, xi + h]; Gi = B1 × · · · × Bi−1 × Ci × Bi+1 × · · · × Bn,

Ki = Ai × · · · × Ai−1 × Di × Ai+1 × · · · × An.½ »
2.2 ª Ix =

n
∏

i=1

Ai, Iy =
n
∏

i=1

[yi, yi + h], ¬�¡ | yi − xi |≤ a(i = 1, 2, · · · , n)
¤ ç

! È ����� .

(1) Iy − Ix ⊂
n
⋃

i=1

Gi ;

(2) Ix − Iy ⊂
n
⋃

i=1

Ki ;

(3) | Iy − Ix |=| Ix − Iy |≤ 2nahn−1 .ÆÇ· È � (1)
�

(2) » Ã È � (3) È�É ��� . ��� £ ß ©�ª:È � (1)
Ñ

(2).Ê � º ¡ a = 0
¤

, Iy − Ix = Iy − Ix = ∅. Ë ¤ È � (1)
Ñ

(2) È�É ��� .
� ç ��� ��ÌÍ Ð

0 < a ≤ h.

0�1���� ©�ª:È � (1).



No.3 ÎÐÏÐÑ : ÒÐÓÕÔZÖÐ×ÕØWÙÛÚZÜÕÝÐÞZßáà 269

�
z = (z1, · · · , zn) ∈ Iy − Ix, â z ã Í Iy $ z

� ã Í Ix.
�*�K �¤

i ∈ {1, 2· · · , n}, 
zi ∈ [yi, yi + h].

Õ À �o� ,
·

|yi − xi| ≤ a
¿ º xi − a ≤ yi < yi + h ≤ xi + a + h. ä

zi ∈ [xi − a, xi + a + h] = Bi.Í � �,�o 2¤
i ∈ {1, 2, · · · , n},

 
zi

� ã Í [xi − a, xi) ∪ (xi + h, xi + h + a]. ¬ zi ∈

[xi, xi + h],
� ç z ∈ Ix. Ç�å "4Ã�æ�ç z ∈ Iy − Ix è�é . ê�Ë�ë Ð � ��ì � i ∈ {1, 2, · · · , n},;

zi ∈ [xi − a, xi) ∪ (xi + h, xi + h + a] = Ci.
Í��w 

z ∈ Gi,
ÂNÀ�í   z ∈

n
⋃

i=1

Gi. ê¦Ë ,

Iy − Ix ⊂
n
⋃

i=1

Gi.

: !Ië ©2ª8È � (2)
���

.
�

z = (z1, · · · , zn) ∈ Ix − Iy, â z ã Í Ix ­ z
� ã Í Iy.

·
ó ���R �¤ i ∈ {1, 2· · · , n}

 
zi ∈ [xi, xi + h]. ä zi ∈ Ai.Í � ���R �¤

i ∈ {1, 2, · · · , n},
 

zi

� ã Í [xi, xi + a) ∪ (xi + h − a, xi + h].
!B�e��<

=�î�ïeë ��ð .

¡ 2a > h
¤

, » ¿ zi

� ã Í [xi, xi + h]. Ç�å zi ∈ Ai è�é .

¡ 2a ≤ h
¤

,
Ê � º | yi−xi |≤ a, ¬   zi ∈ [xi+a, xi+h−a] ­ yi ≤ xi+a ≤ xi+h−a ≤

yi + h,
· ó zi ∈ [yi, yi + h], Ç,å z ∈ Ix − Iy è�é . ê	Ë�ë Ð � ��ì � i ∈ {1, 2, · · · , n},

;
zi ∈ [xi, xi + a) ∪ (xi + h − a, xi + h] = Di.

Í��
z ∈

n
⋃

i=1

Ki, ä Ix − Iy ⊂
n
⋃

i=1

Ki.

3 ñ#òôó�õôö
· ÍwÐRÝ

2.1
ÑoÐRÝ

2.2
¤ ©2ª ��@eñ�¨ ,

� ç ®�±�² ÐRÝ 2.1
¤ ©2ª .

!J�w� À�÷ î�øÑ�ù ÷ î�øR��ú ±.² ÖJ×wâeÿRØIÙ ° �I�e�e¶N¤ ©�ª .û�üþý ÿ �������	��
�� �þ� � ¤
x ∈ R ,

Ö�×�â�ÿ2Ø2Ù�ÐG5¥é
m+f(x) =

inf
h>0

1

h

∫ x+h

x

| f(t) | dt.
!w�K§*<,=K��@Në ©�ª ÖS×�â�ÿSØKÙ m+f(x)

�
R
°K° �o�N� .���,�S¤

λ ∈ R, 

Eλ = {x ∈ R : m+f(x) < λ}, E

′

λ = {x ∈ R : m+f(x) ≥ λ}.

��@ À : ©�ª Eλ

é�°R±
.Æ Ê � º m+f(x) ≥ 0.
� ç ¡ λ < 0

¤
, È�É Eλ = ∅,

· ó Eλ

é�°R±
. ��� ��Ì Í Ð

λ ≥ 0.
���,�S¤

x ∈ Eλ,
 

m+f(x) = inf
r>0

1

r

∫ x+r

x

| f(t) | dt < λ.

· !��wæRÐ�5 § � � h > 0,
;R¿

a , 1
h

∫ x+h

x
| f(t) | dt < λ. â

∫ x+h

x

| f(t) | dt = ah < λh.

³ I ′ = [x− h, x + 2h], ¬ f(x)
�

I ′ °R»�¶ .
¾

ε = λh−ah
2

, ¬ · ý Ý 2.1
Ã

∃ δ′ > 0 § ;¿I�wÍ��,�S¤ »�¿ ± A ⊆ I ′,
£ £

| A |< δ′ À  
∫

A

| f(t) | dt <
λh − ah

2
.
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· Í
Ix = [x, x+h], Iy = [y, y+h],

� ç Ix ⊂ I ′, Iy ⊂ I ′. ê�Ë , Ix−Iy ⊂ I ′, Iy −Ix ⊂ I ′.

ª ¾ δ = min{ δ′

4
, h}, ¬,¡ |y − x| < δ

¤
,
· ý Ý 2.2

¿
,

|Iy − Ix| = |Ix − Iy| ≤ 2 × 1 × δ × h0 = 2δ < 2 ×
δ′

4
=

δ′

2
< δ′.

¬
∫

Iy−Ix

|f(t)|dt <
λh − ah

2
,

∫

Ix−Iy

|f(t)|dt <
λh − ah

2
.

· ç(° ���e¿ º ,

∣

∣

∣

∣

∫

Iy

| f(t) | dt −

∫

Ix

| f(t) | dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ y+h

y

| f(t) | dt−

∫ x+h

x

| f(t) | dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ x+h

y

| f(t) | dt +

∫ y+h

x+h

| f(t) | dt −

∫ y

x

| f(t) | dt −

∫ x+h

y

| f(t) | dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ y+h

x+h

| f(t) | dt −

∫ y

x

| f(t) | dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Iy−Ix

| f(t) | dt−

∫

Ix−Iy

| f(t) | dt

∣

∣

∣

∣

≤

∫

Iy−Ix

| f(t) | dt +

∫

Ix−Iy

| f(t) | dt <
λh − ah

2
+

λh − ah

2

=λh − ah.

· Ë » ¿ ,

∫ y+h

y

| f(t) | dt =

∫

Iy

| f(t) | dt <

∫

Ix

| f(t) | dt + (λh − ah)

=

∫ x+h

x

| f(t) | dt + (λh − ah)

= ah + λh − ah

= λh.

â
1

h

∫ y+h

y

| f(t) | dt < λ.

� ç ,

m+f(y) = inf
r>0

1

r

∫ y+r

y

| f(t) | dt ≤ λ.

Ë�� ��� ª y ∈ Eλ,
) ­ (x − δ, x + δ) ⊂ Eλ.

·
x
¤i�,�J¶ » Ã Eλ

¢I¤�« À�� �B�I 
À��2ç ¥��Bé.¢��S¤��������wÍ Eλ,

· ó Eλ

¢I¤¦�B���
Eλ

¤����
, â Eλ

é�°R±
.��@��

: ©�ª E
′

λ

é �5±
.Æ · Í ¡ λ < 0

¤ È � È�É ��� . ä���� ��Ì Í Ð λ ≥ 0 .
¾

E
′

λ

¢R¤�� À ûJü��J÷
{xk},

�
xk → x(k → ∞), È�É   , m+f(xk) ≥ λ, k = 1, 2, · · · .
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���,�S¤
h > 0,

 
,

1

h

∫ xk+h

xk

f(y)dy ≥ inf
r>0

1

r

∫ xk+r

xk

| f(t) | dt = m+f(xk) ≥ λ.

³ fk(y) = f(y)χIkMI(y), 6 ¢ Ik = [xk, xk + h], I = [x, x + h], Ik M I = (Ik\I) ∪ (I\Ik).

¬�È�É fk(y)
�

R
°S»�¿ .

�NøSùKúSú�¤
y ∈ R,

 
, | fk(y) |≤| f(y) |, lim

k→∞
fk(y) = 0.

·
Lebesgue !�" ûBüwÐIÝI¿ ,

lim
k→∞

∫

I

| fk(y) | dy =

∫

I

lim
k→∞

| fk(y) | dy = 0.

ê�Ë ,

1

h

∫ x+h

x

|f(y)|dy ≥
1

h

∫

Ik

| f(y) | dy −
1

h

∫

Ik\I

| f(y) | dy

≥ λ −
1

h

∫

Ik\I

| fk(y) | dy

≥ λ −
1

h

∫

Ik

| fk(y) | dy.


 k → ∞
¤

, Ik → I, ¬   ,

lim
k→∞

1

h

∫

Ik

| fk(y) | dy =
1

h

∫

I

lim
k→∞

| fk(y) | dy = 0.

ê�Ë ,
1

h

∫ x+h

x

|f(y)|dy ≥ λ,

ä m+f(x) ≥ λ.
� ç x ∈ E′

λ, E′
λ

é �5±
, ©�# .é « Å�$ ò���%'&)( ,

!B� ����* ÖJ×wâeÿIØIÙw�J�w�R¶I� 1 ÷ î�øN¤ ©�ª�+IËoº n ÷ .û¦ü�ý,ÿ �����
n

��
�� ��� §�<�=R��@eë ©2ªeª ÖI×oâeÿRØRÙ m+f(x)
�

R
n °R°�J�e�

.
���,�S¤

λ ∈ R, 
 Eλ = {x ∈ R
n : m+f(x) < λ}, E

′

λ = {x ∈ R
n : m+f(x) ≥ λ}.��@ À :

!B� ©�ª Eλ

é�°R±
.Æ · Í ¡ λ < 0

¤
, È�É Eλ

é�°R±
. ��� ��Ì Í Ð λ ≥ 0.

���,�S¤
x ∈ Eλ

 

m+f(x) = inf
r>0

1

| Q(x, r) |

∫

Q(x,r)

|f(t)|dt < λ.

· !��wæRÐ�5 § � � h > 0,
;R¿

a ,
1

| Q(x, h) |

∫

Q(x,h)

|f(t)|dt =
1

hn

∫

Q(x,h)

| f(t) | dt < λ.

â
∫

Q(x,h)

| f(t) | dt = ahn < λhn.
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³ I ′ =
n
∏

i=1

[xi − h, xi + 2h], ¬ f(x)
�

I ′ °e»�¶ .
¾

ε = λhn−ahn

2
§ · ý Ý 2.1

Ã � �-,ð
δ′ > 0 § �wÍ��,�S¤ »�¿ ± A ⊆ I ′,

£ £
| A |< δ′ À  

∫

A

| f(t) | dt < ε =
λhn − ahn

2
.

³ Ix =
n
∏

i=1

[xi, xi + h], Iy =
n
∏

i=1

[yi, yi + h]. 
 δ = min{ δ′

4nhn−1 , h}.
�,����¤

y �� 
|y − x| < δn , È,É   |yi − xi| < δ, i = 1, 2, · · · , n.

Í*�
Ix ⊂ I ′, Iy ⊂ I ′. ä Ix − Iy ⊂

I ′, Iy − Ix ⊂ I ′.
· ý Ý 2.2

¿
,

|Iy − Ix| = |Ix − Iy| ≤ 2nδhn−1 ≤ 2n×
δ′

4nhn−1
× hn−1 =

δ′

2
< δ′.

.R§ ¶ �I�e�R¶ » ¿ ,
∫

Iy−Ix

|f(t)|dt <
λhn − ahn

2
,

∫

Ix−Iy

|f(t)|dt <
λhn − ahn

2
.

µ�/ ç(° ��� ���   ,
∣

∣

∣

∣

∫

Iy

| f(t) | dt −

∫

Ix

| f(t) | dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Iy−Ix

| f(t) | dt−

∫

Ix−Iy

| f(t) | dt

∣

∣

∣

∣

≤

∫

Iy−Ix

| f(t) | dt +

∫

Ix−Iy

| f(t) | dt

<
λhn − ahn

2
+

λhn − ahn

2

= λhn − ahn.

· Ë » ¿ ,
∫

Q(y,h)

| f(t) | dt =

∫

Iy

| f(t) | dt <

∫

Ix

| f(t) | dt + (λhn − ahn)

=

∫

Q(x,h)

| f(t) | dt + (λhn − ahn)

= ahn + λhn − ahn

= λ | Q(y, h) | .

â
1

| Q(y, h) |

∫

Q(y,h)

| f(t) | dt < λ.

� ç ,

m+f(y) = inf
r>0

1

| Q(y, r) |

∫

Q(y,r)

| f(t) | dt ≤
1

Q(y, h)

∫

Q(y,h)

| f(t) | dt < λ.
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â y ∈ Eλ.
·

y
�,�S¤ » ¿ {y ∈ R

n : | y − x |< δ} ⊂ Eλ, ê�Ë Eλ

é�°R±
.��@��'0 ©�ª E

′

λ

é �5±
.Æ · Í ¡ λ < 0

¤ È � È�É ��� . ä���� ��Ì Í Ð λ ≥ 0.
¾

E
′

λ

¢e¤�� À ûIü*�I÷
{xk},

�
xk → x(k → ∞). È�É   m+f(xk) ≥ λ, k = 1, 2, · · · .

���,�S¤
h > 0,

 
,

1

| Q(xk, h) |

∫

Q(xk,h)

f(y)dy ≥ inf
r>0

1

| Q(xk, r) |

∫

Q(xk ,r)

| f(y) | dy = m+f(xk) ≥ λ.

³ Qk = Q(xk, h), Q = Q(x, h). 
 fk(y) = f(y)χQkMQ(y), Qk M Q = (Qk\Q)∪ (Q\Qk).

È*É fk(y)
�

R
n °�».¿ .

�2ø�ù�ú�ú�¤
y ∈ R

n
 

| fk(y) |≤| f(y) |, k = 1, 2, · · · . ­
lim

k→∞
fk(y) = 0.

·
Lebesgue !�" ûBüwÐIÝ » ¿ ,

lim
k→∞

∫

Q

| fk(y) | dy =

∫

Q

lim
k→∞

| fk(y) | dy = 0.

ê�Ë ,

1

| Q(x, h) |

∫

Q(x,h)

|f(y)|dy =
1

hn

∫

Q

| f(y) | dy ≥
1

hn

∫

Qk

| f(y) | dy −
1

hn

∫

Qk\Q

| f(y) | dy

≥λ −
1

hn

∫

Qk\Q

| fk(y) | dy ≥ λ −
1

hn

∫

Qk

| fk(y) | dy.


 k → ∞
¤

, Qk → Q, ¬   ,

lim
k→∞

1

hn

∫

Qk

| fk(y) | dy =
1

hn

∫

Q

lim
k→∞

| fk(y) | dy = 0.

ê�Ë , 1
|Q(x,h)|

∫

Q(x,h)

|f(y)|dy ≥ λ, ä m+f(x) ≥ λ.
� ç x ∈ E′

λ,
· ó E′

λ

é �5±
, ©�# .
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THE SEMI-CONTINUITY FOR TWO KINDS OF ONE-SIDED

OPERATORS

WANG Ling

(School of Mathematics and Information Science, Henan Polytechnic University, Jiaozuo 454000,

China)

Abstract: In this paper, the upper and lower semi-continuities for one-sided Hardy-

Littlewood minimum operators and one-sided Hardy-Littlewood maximal operators are studied

respectively. By using the properties of semi-continuity and a new type measure estimates for

sets on R
n, the upper semi-continuity of the one-sided minimum function m+f(x) and the lower

semi-continuity of the one-sided maximal operators M+f(x) on R
n are obtained. These results

generalize the semi-continuity of Hardy-Littlewood maximal operators.

Keywords: one-sided minimum operator; one-sided maximal operator; upper semi-

continuity; lower semi-continuity
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