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( ÉAÊ ° )
�CËÀÌ

.
ÇiÍ

, ÎEÏ � � �"��Ð Ä½ÑAÒ}Ó �i¾ª¿ , Ô"Õ Ö � × Ø��CÙ}¹}Ú"Û . ÜÝ   ,
¬}Þ ÎYÏ �}�}���ß�iàß�=á}��·À�"âr¼}Ð Ä�Ñiã�ä ¾�¿ , Walsh[1] åræ çªè éêÉiÊ °ë ��� Î=Ï �}� � �Àì ä}í�î �Cï}ð , Millet[2]

² í ñ}ò óßô�Ñ ì õ�ö�÷Àø�ù}ú ù½� Î=Ï �� �"�}û�à��Aü � ÷ ýÀþ � ÷ , ÿ Þ�ì�����ù�� Î=Ï � ��� � , Bo[3]
² í"ó7ô ì"õ ö ÷����ù½� Î=Ï ����� ����Æ"à7���
	r÷ , Jiang

ý
Wei[4] óßô�Ñ �"�rì���
}÷½� Î=Ï ����������}àß��þ��"ü � ÷ , Wang[5] ó ô}ÑC��� ¸����
����� ,

ì����rù�� ÎYÏ �}�}���ß�ià�����
��� §
���
. � � ���"�"��§
����  �
! � , " ��!�# å}��� �C�
!�«�� ,

· � ¾À¿ Ö � Ò
Ó [6-8], $�%�&�'�" �½¯)(�ú " �½¯+* " �½¯-,�."�0/ " � ² . ��1�27� , ÿ Þ Î=Ï ����� ��3�� 

, 4"î6587��
" ��!   ¹�Ù .

��1
2��94"î
: Ø�;�<�=��"ì����}ù�� ÎEÏ � ���"� [9]
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∂2u (t, x)

∂t2
= ∆u (t, x) − α

∂u (t, x)

∂t
+ V (u (t, x)) +

�

W (t, x) , x ∈ (0, 1) , 0 ≤ t ≤ T

u (0, x) = u0 (x) ,
∂u

∂t
(0, x) = v0 (x) , x ∈ [0, 1]

u (t, 0) = u (t, 1) = 0

(1.1)

> � α > 0, ?�' ���ª­r§ , ∆u (t, x) ?�' u (t, x)
�A@�B�@ é�C�D , W (t, x)

#�E�F�G
Q-

Wiener H � , V (u (t, x))
� õ ö ÷ ù

, I}� ��J�K�LE§½�E¦�§ , u0 (x) ∈ H0=L2 ([0, 1])
¯
v0 (x) ∈

H−1 (sobolev).
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m
v (t, x) = ut (t, x), n�o (1.1)
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



du (t, x) = v (t, x) dt

dv (t, x) = ∆u (t, x) dt + V (u (t, x)) dt − αv (t, x) dt +
�

W (t, x) dt, 0 ≤ t ≤ T

u (0, x) = u0 (x) , v (0, x) = v0 (x) , x ∈ [0, 1]

u (t, 0) = u (t, 1) = 0.

(1.2)

ç x s ¥�tAu�v�� {xi = i
n

}n

i=0
, n ∈ N, w tAu�x�ú��"�}�

du

(

t,
k

n

)

=v

(

t,
k

n

)

dt

dv

(

t,
k

n

)

=

{

n
2

[

u

(

t,
k + 1

n

)

+ u

(

t,
k − 1

n

)

− 2u

(

t,
k

n

)]

+ V

(

u

(

t,
k

n

))

− αv

(

t,
k

n

)}

dt +
√

ndW

(

t,
k

n

)

.

(1.3)

m
A
���Ay
z ÿ�{A|�} , ?�' �

A =



















−1 1 0 · · · 0

1 −2 1 0 · · ·
...

0 · · · 1 −2 1

0 · · · 0 1 −1



















. (1.4)

�
V
(

u(N)
)

= u(N)T Au(N) +
N
∑

k=0

P
(

u
(N)
k

)

,
> � P (u) Ir�A?�'�~�D ������÷�J�K"Å½�

J�K�LE§
, � ·�� u(N) =

(

u
(N)
0 , u

(N)
1 , . . . , u

(N)
N

)T

.

w ­��ª�����
��LE§��
H (u, v) =

1

2
|v|2 + V (u) . (1.5)

���
[10], 4"î p0q/Ð Ä tAu�x�úª���
���
���

πN (dudv) =
1

ZN

exp

{

−2α

N
H (u, v)

} N
∏

k=0

dukdvk. (1.6)

� ¢ ��� � E���G}©r¥ � ������x}ú"�

π (dudv) =
1

Z
exp

{

−2c

∫ 1

0

|v (x)|2dx

}

dv × exp

{

−2c

∫ 1

0

[

∣

∣

∣

�

u (x)
∣

∣

∣

2

+ P (u (x))

]

dx

}

du. (1.7)

2 �����������������
m

H0=L2 ([0, 1])
� $�����Õ [0, 1]

��  �¡p�¢�L�§ �
Hilbert

©7¥
, £ ¢½� 〈··〉0, ¤§½�

|·|0. ¥
{

ei (x) = 1√
2
sin ix, i = 1, 2, · · ·

} �
H0

©7¥½����¦¡§�,�¨
,
�¡©��½�

{λi =
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i2, i = 1, 2, · · · }. ç C∞
0 ([0, 1]) ÁÂ��Õ7Ô½Õ *�Ã¡Ä ��E�F0Å¡p���Lr§6ÆÇ�ß� Hs, ¤ §7�

|u|s =
∣

∣

∣
(-∆)

s

2 u
∣

∣

∣

0
, s ∈ R. È s > r, É8Ê�ä � � p"Ð , Hs ⊂ Hr.�
Ë ÿ ¤}© ÉEÊ °�Ìªá � � , Í�Î ©�¥�� (Ω,F , P )

¯
σ {Ft, t ≥ 0} Ï�Ð �
Ñª÷���� , w

R
+ × [0, 1]

� ��¤ © ÉCÊ ° �

W (t, x) ?�' Ω+ × Bf (R+ × [0, 1])
� � è"éªÎ=Ï�Ò
Ó W

�E�
�}¦�§

, Ô �

W (t, x)= ∂2W (t,x)
∂t∂x

, �
Ï�Ð
E (W (t, x)W (s, y)) = sx, 0 ≤ s ≤ t < ∞, 0 ≤ x ≤ y < 1. (2.1)

�
�
Walsh Õ�Ò
Ór��Ö [11], ÿ Þ f ∈ L2 ([0, t] × [0, 1]), 4 î p�q I�HªÎ=Ï ¢r����Ûr�y}¹A�
×�Ø è�é
H � {Wt (f)}t≥0, W (t, f) =

∫ t

0

∫ 1

0
f (s, x) W (dsdx).��Ù�Ú

, È f = ϕ ∈ H0, W (t, ϕ) =
∫ t

0

∫ 1

0
ϕ (x)W (dsdx),

·�#}��yr�
G
�6Û�Ü��
,
� "� ∫ 1

0
|ϕ (x)|

2
dx = 〈ϕ, ϕ〉0.ÇiÍ 4"î p0q/Ð Ä �Ay H0

� �9Ý
�¡Û9Ü �
(cylindrical Brown motion)

W (t) =
∞
∑

i=1

βi (t) ei. (2.2)

·��
β =

{

βi (t) =
∫ t

0

∫ 1

0
ei (x)W (dsdx), t > 0

} #}�AÞ�ß�à 5 �
����á�â��6Û�Ü�� . Ô¤"© ÉAÊ °
p0q9r��
�

W (t, x) =

∞
∑

i=1

�

β i (t) ei (x), for (t, x) ∈ R
+ × [0, 1] , (2.3)

ã
�

W (t, x) =
∞
∑

i=1

�

β i (t) ei. (2.4)

ÇiÍ
(1.1)

p0q9ä
r��

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
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













∂2uε (t)

∂t2
= ∆u

ε (t) − α
∂uε (t)

∂t
+ V (u (t, x)) +

√
ε

�

W (t) , 0 ≤ t ≤ T

u
ε (0) = u0,

∂uε

∂t
(0) = v0

u
ε (t, 0) = u

ε (t, 1) = 0.

(2.5)

ã














u
ε (t) = u0 +

∫ t

0

v
ε (s) ds

v
ε (t) = v0 +

∫ t

0

(∆u
ε (s) + V (s, uε (s))) ds +

√
ε

∫ t

0

dW (t).

(2.6)

m
H = H0 × H−1, w H

#
Hilbert

©r¥
, £ ¢��

〈(

u1

v1

)

,

(

u2

v2

)〉

= 〈u1, u2〉0 + 〈v1, v2〉
−1. (2.7)
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�
A =

(

0 I

∆ 0

)

, B = (−∆)
1
2 ,
���

[12] � � Ó L�å C , 4"î Ð Ä

e
At =

(

cos (tB) B−1 sin (tB)

−B sin (tB) cos (tB)

)

. (2.8)

wrÎEÏ � � �"���iû�à�x�ú"�

u
ε (t) =

�

k (t) u0 + k (t) v0 +

∫ t

0

k (t − s) V (s, uε (s)) ds +
√

ε

∫ t

0

k (t − s) dW (s), (2.9)

·��
k (t) = B−1 sin (tB) ,

�

k (t) = cos (tB).

3 æèç�é�êè�6ë�ì
� �}�}���r§����� }��! � , Õ � " ����!�# åÀ� � �E��!r«r� , Õ � " ����!�# ç ×Ø"���"�"����í�à s�î ��� ¤ ©AG Ó�ï � � Õ ��y�ð�ñ , òYÿ ð�ñ
ó�ôr�9�
õ�Å�Ì}á
í�à .��� 2�ö [13, 14], ÷}æ ÿ í à s�î Ìªá6ð�ñ ï � , ø�ù y�§
ú}§ mn, û �r©ª¥�ü�ýr�

h = 1
m

,
¤}¥�ü�ý

τ = T
n
, Ωh = {xi|xi = ih, 0 ≤ i ≤ m}, Ωt = {tk|tk = kτ, 0 ≤ k ≤ n}, w íà s�î � Ωhτ = Ωh × Ωτ ,
ñ�ô � ���

u =
{

uk
i |0 ≤ i ≤ m, 0 ≤ k ≤ n

}

.

(1) & ú " �
4"î"ç�þ �"��¦ û�v�� �
ÿ ð�ñ�ô ��� à½� ÎEÏ � �}�"� � , Ô Ð Ä (1.1)

��tAu�x�ú






























∂2u

∂t2

∣

∣

∣

∣

(tk,xi)

− ∂2u

∂x2

∣

∣

∣

∣

(tk,xi)

= −α
∂u

∂t

∣

∣

∣

∣

(tk,xi)

− V (u (t, x)) +
�

W (t, x) , 0 < i < m, 0 < k ≤ n

u (0, xi) = u0 (xi) ,
∂u

∂t

∣

∣

∣

∣

(0,xi)

= u1 (xi) , 0 ≤ i ≤ m

u (x0, tk) = u (xm, tk) = 0.

(3.1)

ç�� ó�ô � �C�}¦�§ ������"��"Ü���	 .YÐ Ä ,

∂2u

∂t2

∣

∣

∣

∣

(tk,xi)

≈ u (tk+1, xi) − 2u (tk, xi) + u (tk−1, xi)

τ 2
(3.2)

∂2u

∂x2

∣

∣

∣

∣

(tk,xi)

≈ u (tk, xi+1) − 2u (tk, xi) + u (tk, xi−1)

h2
(3.3)

∂u

∂t

∣

∣

∣

∣

(tk,xi)

≈ u (tk+1, xi) − u (tk−1, xi)

2τ
. (3.4)

ç q � z}ú 	 ä (3.1),
Ð Ä q9� " ��ñ}ú







































uk+1
i − 2uk

i + uk−1
i

τ 2
− uk

i+1 − 2uk
i + uk

i−1

h2
= −α

uk+1
i − uk−1

i

2τ
− V

(

u
k
i

)

+
�

W (tk, xi)

0 < i < m, 0 < k ≤ n-1

u
0
i = u0 (xi) ,

u1
i − u−1

i

2τ
= u1 (xi) , 0 ≤ i ≤ m

u (x0, tk) = u (xm, tk) = 0.

(3.5)
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� ¢ ñrú�
 äßÑ
�  �����ô u−1
i , 4 î���¥�� ��ú ÿ k = 0 � � à , I�H�	��
n�o u−1

i Ô p���
.
��ð��

r = τ/h,
ú � (3.5)

ú�� Ð Ä q9��z�� & ñ}ú��






























































uk+1
i =

(

1

1+ατ/2

)

(

r2
(

uk
i−1 + uk

i+1

)

+ 2
(

1 − r2
)

uk
i −

(

1 −
ατ

2

)

uk−1
i − τ 2V

(

uk
i

)

τ 2

+
�

W (tk, xi)
)

, 1 ≤ i ≤ m − 1, 1 ≤ k ≤ n − 1,

u0
i =u0 (xi) , 0 ≤ i ≤ m

u1
i =

1

2

(

r2
(

u0
i−1 + u0

i+1

)

+ 2τ
(

1 −
ατ

2

)

u1 (xi) + 2
(

1 − r2
)

u0
i − τ 2V

(

u0
i

)

+τ 2∂tW (0, xi)
)

, 1 ≤ i ≤ m − 1

uk
0 =uk

m = 0, 1 ≤ k ≤ n.

(3.6)

� ����÷���� r ≤ 1
� à�¤

, ÿ ��� ÎYÏ ù��E�}�}��� ,
· 7 � " ��ñÀú½�ià�þ��"ü �

� #� "! Ä�#�$ à�� [13].

(2)
(Yú " �

� (Yú " ��! � , 4"î"ÿ ©r¥�%�&Y�}¦�§ ø ��(�ñ}ú , Ô

∂2u

∂x2

∣

∣

∣

∣

(tk,xi)

=
1

2

(

∂2u

∂x2

∣

∣

∣

∣

(tk−1,xi)
+

∂2u

∂x2

∣

∣

∣

∣

(tk+1,xi)

)

. (3.7)

' � %�& ����"���	 .��

∂2u

∂x2

∣

∣

∣

∣

(tk,xi)

≈ 1

2

(

u (tk−1, xi+1) − 2u (tk−1, xi) + u (tk−1, xi−1)

h2

+
u (tk+1, xi+1) − 2u (tk+1, xi) + u (tk+1, xi−1)

h2

)

.

(3.8)

( H6587 ��ð�� ¥ �6q*) ÿ��  �����ôÀ� � � ,
(Yú " �"�"��¦ �



















































































− r2

2
u

k+1
i−1 +

(

1 + r
2 +

ατ

2

)

u
k+1
i − r2

2
u

k+1
i+1

= 2u
k
i +

r2

2

(

u
k−1
i−1 + u

k−1
i+1

)

−
(

1 + r
2 − ατ

2

)

u
k−1
i − τ

2
V
(

u
k
i

)

+ τ
2 �

W (tk, xi)

1 ≤ i ≤ m − 1, 1 ≤ k ≤ n − 1,

u
0
i = u0 (xi) , 0 ≤ i ≤ m,

u
1
i =

1

2

(

r
2 (

u
0
i−1 + u

0
i+1

)

+ 2τ
(

1 − ατ

2

)

u1 (xi) + 2
(

1 − r
2)

u
0
i − τ

2
V
(

u
0
i

)

+ τ
2 �

W (0, xi)

)

,

1 ≤ i ≤ m − 1,

u
k
0 = u

k
m = 0, 1 ≤ k ≤ n.

(3.9)
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� Ñ �� �å C �C��+ , ç (3.9)
ú�r � |�} x�ú



















1 + r2 + ατ
2

− r2

2
0

− r2

2
1 + r2 + ατ

2
− r2

2

. . .

− r2

2
1 + r2 + ατ

2
− r2

2

0 1 + r2 + ατ
2





































uk+1
1

uk+1
2

...

uk+1
m−1

uk+1
m−1



















=





















2uk
1 + r2

2

(

uk−1
0 + uk−1

2

)

−
(

1 + r2 − ατ

2

)

uk−1
1 − τ 2V

(

uk
1

)

+ τ 2
�

W (tk, x1) + r2

2
uk+1

0

2uk
2 + r2

2

(

uk−1
1 + uk−1

3

)

−
(

1 + r2 − ατ
2

)

uk−1
2 − τ 2V

(

uk
2

)

+ τ 2
�

W (tk, x2)
...

2uk
m−2 + r2

2

(

uk−1
m−3 + uk−1

m−1

)

−
(

1 + r2 − ατ
2

)
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m−2 − τ 2V

(

uk
m−2

)

+ τ 2
�

W (tk, xm−2)

2uk
m−1 + r2

2

(

uk−1
m−2 + uk−1

m

)

−
(

1 + r2 − ατ

2

)

uk−1
m−1 − τ 2V

(

uk
m−1

)

+ τ 2
�

W (tk, xm−1) + r2

2
uk+1

m





















(3.10)

ò���,�- !
õ�Å�í�à�.�yª¤}¥�� � �
ð�ñ�/�0 . ÿ Þ�(Yú " �"�
!�1�2 ,
E Ö ð�� r

��3��
,

ÿ ��� ÎEÏ ù��C� � �"� ,
(Yú " ��ñ}úª�AàÀþ"�Yü ��� #� �! Ä�#�$ à�� [13].

4 46567989:
� §
���� � , 4"î�ø ©r¥�ü�ý τ=0.01,

¤}¥�ü�ý
h = 0.01, ; ¤�ý T = 20,

��<
a = 1,

Ï�Ð ���"÷���� ,
����­"§

α = 0.5, u0 (x) = sinπx, u1 (x) = sinπx.
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B
3: C?D�E"F�_H`�aPb�ced�f"g�h�cei?j B

( k�lHm"n?o�pHq?r�s�t 10 p 50, k�uHm"n?o�pHq?r�s�t 60 p 100)

B
4: M
D�E"F�_H`�aPb�ced�f"g�h�cei?j B

( k�lHm"n?o�pHq?r�s�t 10 p 50, k�uHm"n?o�pHq?r�s�t 60 p 100)

p�q]OvQ � Ë ù @Hw Ü ��> ù�x � ´ ô U�yß� Þ 0
ô�z Ü ,
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STOCHASTIC WAVE EQUATION WITH DAMPING AND ITS

FINITE DIFFERENCE SIMULATION

LI Qiu-ci

(School of Mathematics and Statistics, Wuhan University, Wuhan 430072)

Abstract: In this paper, the stochastic wave equation driven by Gaussian time white noise

is introduced, and the weak solution of the equation is discussed, and the numerical simulation of

the solution is carried out based on two different methods.

Keywords: stochastic wave equation; time space white noise; difference simulation
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