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1 ���
�������������������+�

:

min
x∈Rn

f(x), (1.1)

���
f : Rn → R ���������¡ I¢ . £�¤¦¥x§S¨�© � , ª�«�¬�­�©¯®+°�±¦²I³�´�µx¶�·¦¸º¹�»

­�¼ , ½S¾�¿�À�Á�Â�Ã�Ä�Å�Æ�Ç�È �����������3� .

ª�«�¬�­�©.§3É ��Ê�Ë�Ì�Í�ÎxÏ :

xk+1 = xk + αkdk, (1.2)

���
αk �¯® Wolfe Ð�ÑxÒ�ÓxÔÕ§×Ö k Ø�Ø � ; dk ��Ö k Ø.§×ÑxÒ�Ù�Ú ,

� Ö k + 1 Ø Ê�ËÌ�Í�Î�Ï
:

dk+1 =

{

−gk+1, k = 0,

−gk+1 + βkdk, k ≥ 1,
(1.3)

���
gk+1 = ∇f(xk+1), βk ��ª�«�Û�¢ .

ª�«�¬�­�©�Ü�ÝÕ§ Wolfe Ð�Ñ�Ò�Þ : ß�à Wolfe Ð�Ñ�Ò.áãâ Wolfe Ð�Ñ�Ò.áåä�À�§ Wolfe

Ð�Ñ�Ò�æ!ç�è�é Wolfe Ð�Ñ�Ò .
����ê Â�â Wolfe Ð�Ñ�Ò�æ!ç�è�é Wolfe Ð�Ñ�Ò :

(1) â Wolfe Ð�Ñ�ÒÕ§SØ � αk ë�ì
f(xk + αkdk) ≤ f(xk) + δαkg

T
k dk, (1.4)

∣

∣g(xk + αkdk)
T dk

∣

∣ ≤ −σgT
k dk, (1.5)

���
0 < δ < σ < 1.
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(2) è�é Wolfe Ð�Ñ�Ò [1] §SØ � αk ë�ì
g(xk + αkdk)

T dk ≥ σgT
k dk, (1.6)

g(xk + αkdk)
T dk ≤ (2δ − 1)gT

k dk, (1.7)���
0 < δ < σ < 1.

ª « Û ¢ βk 2436587 Þ Hestenes-Stiefel(HS) [2], Fletcher-Reeves(FR) [3], Polak-

Ribière-Rolyak(PRP) [4, 5], Conjugate Descent(CD) [6], Liu-Storey(LS) [7] 9 Dai-Yuan

(DY) [8] :<; ,
�>=@?<A<BxÍ�Î�Ï

:

βHS
k =

gT
k+1yk

dT
k yk

; βFR
k =

‖gk+1‖
2

‖gk‖
2 ; βPRP

k =
gT

k+1yk

‖gk‖
2 ;

βCD
k = −

‖gk+1‖
2

gT
k dk

; βLS
k = −

gT
k+1yk

gT
k dk

; βDY
k =

‖gk+1‖
2

dT
k yk

.

���
‖ · ‖

A>C>D
Euclidean E�¢ , yk = gk+1 − gk. F f �>GIH��������¡ I¢>JLK<M�ÂONLP>Q

Ð�Ñ�ÒSR , HS á PRP á LS T<;�Ù�©�¢<U<VLWSXLYLZL[ , \��<]<^<_L`<Z<a ; FR á CD á DY T<;
Ù�©S]O^O_>`OZ>[ , \¦��¢OUOV>WbX>YOcO]Od .

Dfehg ÓS]O^¦¸�¹S_>9�¢OU>i¦¨SX>YOjOk>l
§Sª�«�¬�­�Ù�© , Touati-Ahmed 9 Storey [9] mOnporqOs>t�ª�«�¬�­�© , u�¢>U AOv Z<[�§
PRP Ùx©bwO]S^¡¸�¹x_OZO[ § FR Ùx©SsSt ,

� Ûx¢ Î : βTS
k = max{0,min{βPRP

k , βFR
k }}.

s<t�ª�«�¬�­�©.§ry{z , |�Ó�ª�«�¬�­�Ù�©�§}]>^>_<`<9�¢>U>V<WOj AOv §}k<l . ~�� , �¦¥� KL�>s<t�ª�«�¬�­�©L�SG�ØL�O�<�x� , Ý �>� [10] á [11] á [12] á [13] � .

2008 � , Neculai Andrei [14]
D�e<� R���Â HS Ù�©�¢<U<VLWSXLY@[ , DY Ù�©>]<^<_L`

[>�L��§ �b� , y�z e G@;L�S�¡§rs>t�ª�«�¬�­x¨�© ,
� Û�¢ βHSDY

k � βHS
k 9 βDY

k §<�}�
t , � :

βHSDY
k = (1 − ϑk)β

HS
k + ϑkβ

DY
k , (1.8)�¯�

ϑk ∈ [0, 1]. �p��ÔbF ϑk = 0 R , HSDY Ù�©O�O�x° HS Ù�© ; F ϑk = 1 R , HSDY Ù
©<�<��° DY Ù�© . ® (1.3)

Í ��Ó :

dk+1 = −gk+1 + (1−ϑk)
gT

k+1yk

dT
k yk

dk + ϑk

‖gk+1‖
2

dT
k yk

dk, (1.9)

uO� Í dk+1 � D dHD
k+1. ϑk §�i�¨�Ù Í � ê ÂO�@��Ù�Úr�L��è dHD

k+1,  L¡
g Ó

ϑk = −
sT

k gk+1

gT
k gk+1

. (1.10)

Neculai Andrei ¢f£ e HSDY Ù�©.§>¸º¹>_ ,
� ¢<U<VLW�§h¤LY{¥ HS Ù�©<9 DY Ù�©>j<k

ÞOX .

2015 � Zhifeng Dai [15] �{� �6� [14]
�S¦ ] 2 9 ¦ ] 4 �§���¨� , ©�yªzO«{¬

0 < c1 ≤ θk < 1 ��æ!¿<­p® .

2020 � Xiuyun Zheng [16] �>� �S� [14]
��¦ ] 2 9 ¦ ] 4 9 �S� [15]

��¦ ] 2.1 9¦ ] 3.1 �O� e �SG�Ø@�S� , ©L¯pzr«L¬ 0 < c1 ≤ θk < 1 cO°>¿<­p® .
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1977 � perry [17] 9 1978 � shanno [18] y�z�µ�¶f¥ � �<· BFGS Ù�© :

dk+1 = −Hk+1gk+1, (1.11)

Hk+1 =
1

τk

(

I −
sky

T
k + yks

T
k

sT
k yk

)

+

(

1 +
1

τk

‖yk‖
2

sT
k yk

)

sks
T
k

sT
k yk

, (1.12)

�
dk+1 = −gk+1 +

[

gT
k+1yk

sT
k yk

−

(

τk +
‖yk‖

2

sT
k yk

)

gT
k+1dk

dT
k yk

]

sk +
gT

k+1dk

dT
k yk

yk. (1.13)

¸ ­p® (1.13) ¹<�OGLº , » 7 τk =
‖yk‖

2

sT
k yk

, ¼<�L½�Ù�©<¾<¿ � Ô 2005 � Hager 9 Zhang

[1] y�z�§×ª�«�¬�­�© ,
� ª�«�Û�¢ D :

βN
k =

gT
k+1yk

dT
k yk

−
2‖yk‖

2gT
k+1dk

(dT
k yk)2

. (1.14)

2 À¨Á4ÂÄÃªÅ HSDY Æ¨Ç
HSDY Ù�© � R = Þ HS Ù�©<9 DY Ù�©>È4µ×§ �b� , É<¡ HSDY Ù�©��L��ÂO�@��Ù�Ú

�L��è dk+1

g Ó ϑk, £O�>;>Ê>Ë ÏLÌ ÄªÍkß. º¢��OÎSn����x©�·<�SÏ�§ Hesse ÐpÑ��O� ¦
§ , \x� , �<�xG�Ã<|�Ó<ix¨OÒ<Ó.áÕÔ$Â§Ö)´OZ�Æ . ½I¾ , × Perry [17] 9 shanno [18] ØLd.§Ù<Ú

,
��� y�z Î�ÏIÛSÜ i�¨ ϑk:

Â8µ�¶f¥ � �<· BFGS �@��è�Ñ�Ò�Ù�Ú dk+1, �

dk+1 = −gk+1 +

[

gT
k+1yk

sT
k yk

−

(

τk +
‖yk‖

2

sT
k yk

)

gT
k+1dk

dT
k yk

]

sk +
gT

k+1dk

dT
k yk

yk. (2.1)

i�¨ �>Ý Ó
ϑN

k = −τkαk

dT
k gk+1

gT
k gk+1

= −τk

sT
k gk+1

gT
k gk+1

. (2.2)

���
, τk w Dai 9 Kou [19]

� G@Þ , �

τ 1
k = min

{

1,
‖yk‖

2

sT
k yk

}

, τ 2
k = min

{

1,
sT

k yk

‖sk‖
2

}

. (2.3)

��� u�Û�¢ τ 1
k 9 τ 2

k �>Ï.§×Ù�©>ßLà �<á HSDY1 Ù�©<9 HSDY2 Ù�© , �

βHSDY 1
k = (1+τ 1

k

sT
k yk

gT
k gk+1

)βHS
k −τ 1

k

sT
k yk

gT
k gk+1

βDY
k , (2.4)

βHSDY 2
k = (1+τ 2

k

sT
k yk

gT
k gk+1

)βHS
k −τ 2

k

sT
k yk

gT
k gk+1

βDY
k . (2.5)

3 âÄãfä4åÄæ8ç¨âÄãfä
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D Ù<è<���Lé>^ , £�¾>ê@ëOì@�SGLíÄÍ ß¡ I¢.§×É �>î>ï .ð>ñ
(A) ò��>ó L = {x ∈ Rn | f(x) ≤ f(x1)} ��ÞSôÕ§ ,

���
x1 ∈ Rn

D ¨�©<õOö � ,

�×´�£xÜ�¢ B > 0, |�Ó
‖x‖ ≤ B, ∀x ∈ L. (3.1)

ðOñ
(B) Í(ß. º¢ f(x) £xò��Oó L §}÷xí<øSù N Ö×���x������§ , ·�¬�­� º¢ g(x)

� Lipschitz ���Õ§ , �×´�£xÜ�¢ L > 0, |�Ó
‖g(x) − g(y)‖ ≤ L‖x − y‖, ∀x, y ∈ N . (3.2)

® î>ï (A)-(B) �<ú , ´�£xÜ�¢ γ̄ ≥ 0, |�Ó
‖g(x)‖ ≤ γ̄, ∀x ∈ L. (3.3)

û�ü
3.1

¸
f(x) ��° ë�ì î>ï (A)-(B).

���O= Þ (1.2)-(1.3) ý Í §×ª�«�¬�­�© ,
���

dk �>G@þ ÏSÿ Ù�Ú@� ë�ì gT
k+1dk+1 ≤ 0, αk ë�ì â Wolfe «L¬ (1.4) 9 (1.5), ¼�Þ

∑

k≥1

(gT
k dk)

2

‖dk‖2
< ∞. (3.4)

o}] 3.1 ® Zoutendijk [20] 9 Wolfe [21, 22] ª � ¢f£ , � (3.4)
ÍLD

Zoutendijk «L¬ .Ï�� § ¦ ] 3.1 9 ¦ ] 3.2 ¢f£ e HSDY1 Ù�©<9 HSDY2 Ù�©.§ ÏSÿ _ .� ü
3.1

îOï
(A)-(B) ��� .

���
HSDY1 ª�«�¬�­�© , ���b�¡§ k ≥ 0,

¸
dT

k yk 6= 0,

¼�Þ
gT

k+1dk+1 ≤ 0. (3.5)
� ® (1.3) �<ú , F k = 0 R , Þ gT

1 d1 = −‖g1‖
2. F k ≥ 1 R , 	�
���æ)Ó�Ô

gT
k+1dk+1 = −‖gk+1‖

2
+ βHSDY 1

k gT
k+1dk (3.6)

= −‖gk+1‖
2
+

(

1 + τ 1
k

gT
k+1sk

gT
k gk+1

)

gT
k+1dkg

T
k+1yk

yT
k dk

− τ 1
k

gT
k+1sk

gT
k gk+1

gT
k+1dk‖gk+1‖

2

yT
k dk

.

�¦Ï Ã@� τ 1 �O�<ß�
<é>^ :

F τ 1 = min
{

1,
‖yk‖

2

sT

k
yk

}

= 1 R , ¾xR@w HSDY Ù�©.§�¢f£����SG@Þ , ��Ý [14] á [15] á [16].

F τ 1 = min
{

1,
‖yk‖

2

sT

k
yk

}

= ‖yk‖
2

sT

k
yk

R , ¼�Þ
gT

k+1dk+1 = − ‖gk+1‖
2
+

(

1 +
‖yk‖

2

sT
k yk

gT
k+1sk

gT
k gk+1

)

gT
k+1dkg

T
k+1yk

yT
k dk

−
‖yk‖

2

sT
k yk

gT
k+1skg

T
k+1dk

gT
k gk+1

‖gk+1‖
2

yT
k dk

= − ‖gk+1‖
2

(

1 +
‖yk‖

2

sT
k yk

gT
k+1sk

gT
k gk+1

gT
k+1dk

yT
k dk

)

+

(

1 +
‖yk‖

2

sT
k yk

gT
k+1sk

gT
k gk+1

)

‖gk+1‖
2

= − ‖gk+1‖
2

(

‖yk‖
2

sT
k yk

gT
k+1sk

gT
k gk+1

gT
k+1dk

yT
k dk

−
‖yk‖

2

sT
k yk

gT
k+1sk

gT
k gk+1

)

= − ‖gk+1‖
2 ‖yk‖

2

sT
k yk

gT
k+1sk

gT
k gk+1

(

gT
k+1dk

yT
k dk

− 1

)

. (3.7)
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£ (1.4)-(1.5)
Í�Ï Þ sT

k yk > 0 ��� , ±¯æ
‖yk‖

2

sT
k yk

> 0. (3.8)

® [14]
� ¢f£×��Ó

gT
k+1sk

gT
k gk+1

< 0 (3.9)

æ!ç
gT

k+1dk

yT
k dk

− 1 < 0. (3.10)

»¯® (3.8) á (3.9) 9 (3.10) �<ú
−
‖yk‖

2

sT
k yk

gT
k+1sk

gT
k gk+1

(

gT
k+1dk

yT
k dk

− 1

)

≤ 0.

� gT
k+1dk+1 ≤ 0 ��� , � HSDY1 Ù�©�� = Þ ÏSÿ _Õ§ . ¢�� .� ü

3.2
îOï

(A)-(B) ��� .
���

HSDY2 ª�«�¬�­�© , ���b�¡§ k ≥ 0,
¸

dT
k yk 6= 0,

¼�Þ
gT

k+1dk+1 ≤ 0. (3.11)

�
3.1

� ¢4£>Ù¦©pw ¦ ] 3.1 GOÞ , ² Ì �{��§���£ (1.4)-(1.5)
Í¡Ï

, �xÉ¡� æSÓÕÔ
sT

k
yk

‖sk‖
2 > 0.  L¡ HSDY2 Ù�©�� = Þ ÏSÿ _Õ§ .Ï��O¦ ] 3.3 9 ¦ ] 3.4 ¢f£ e HSDY1 Ù�©<9 HSDY2 Ù�©.§��<ß ÏSÿ _ .� ü

3.3
î>ï

(A)-(B) ��� .
���

HSDY1 ª�«�¬�­�© ,
¸

dT
k yk 6= 0 ��� , ¼�´�£SG¨µ

M<Ï�Û�¢ c1 > 0 |
gT

k+1dk+1 ≤ −c1‖gk+1‖
2
, (3.12)

���

c1 =















1, k = 1,
‖yk‖

2

sT

k
yk

gT

k+1sk

gT

k
gk+1

(

gT

k+1dk

yT

k
dk

)

− 1, k > 1 · τ 1=‖yk‖
2

sT

k
yk

,

gT

k+1sk

gT

k
gk+1

(

gT

k+1dk

yT

k
dk

)

− 1, k > 1 · τ 1= 1.

� ® (1.3) �<ú , F k = 0 R , Þ gT
1 d1 = −‖g1‖

2. ¾xR c1 = 1.

F k ≥ 1 R , ® (3.9)
Í �<ú

gT
k+1dk+1 = −‖gk+1‖

2 ‖yk‖
2

sT
k yk

gT
k+1sk

gT
k gk+1

(

gT
k+1dk

yT
k dk

− 1

)

. (3.13)

® (3.5),(3.10) 9 (3.12)
Í �<ú , ´�£SG¨µ�M<Ï�Û�¢ c1 > 0 |�Ó

c1 =
‖yk‖

2

sT
k yk

gT
k+1sk

gT
k gk+1

(

gT
k+1dk

yT
k dk

− 1

)

. (3.14)
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� JLKbF τ 1 = min
{

1,
‖yk‖

2

sT

k
yk

}

= 1 R , Þ

gT
k+1dk+1 = −‖gk+1‖

2 gT
k+1sk

gT
k gk+1

(

gT
k+1dk

yT
k dk

− 1

)

. (3.15)

® (3.5),(3.10) 9 (3.12)
Í �<ú , ´�£SG¨µ�M<Ï�Û�¢ c1 > 0 |�Ó

c1 =
gT

k+1sk

gT
k gk+1

(

gT
k+1dk

yT
k dk

− 1

)

. (3.16)

±¯æ HSDY1 Ù�©�� = Þ��<ß ÏSÿ _ . ¢�� .� ü
3.4

î>ï
(A)-(B) ��� .

���
HSDY2 ª�«�¬�­�© ,

¸
dT

k yk 6= 0 ��� , ¼�´�£SG¨µ
M<Ï�Û�¢ c2 > 0 |

gT
k+1dk+1 ≤ −c2‖gk+1‖

2
, (3.17)���

c2 =















1, k = 1,
sT

k
yk

‖sk‖
2

gT

k+1sk

gT

k
gk+1

(

gT

k+1dk

yT

k
dk

− 1
)

, k > 1 · τ 2=
sT

k
yk

‖sk‖
2 ,

gT

k+1sk

gT

k
gk+1

(

gT

k+1dk

yT

k
dk

)

− 1, k > 1 · τ 2= 1.

� ® (1.3)
Í

, F k = 0 R , Þ gT
1 d1 = −‖g1‖2, ¾xR c2 = 1.

F k ≥ 1 R , ® (3.9)
Í �<ú :

gT
k+1dk+1 = −gT

k+1dk+1 = −‖gk+1‖
2 sT

k yk

‖sk‖
2

gT
k+1sk

gT
k gk+1

(

gT
k+1dk

yT
k dk

− 1

)

. (3.18)

® (3.10), (3.11) 9 (3.17)
Í �<ú , ´�£SG¨µ�M<Ï�Û�¢ c2 > 0 |�Ó
c2 =

sT
k yk

‖sk‖
2

gT
k+1sk

gT
k gk+1

(

gT
k+1dk

yT
k dk

− 1

)

. (3.19)

� JLKbF τ 2 = min
{

1,
sT

k
yk

‖sk‖
2

}

= 1 R , ¼�Þ

gT
k+1dk+1 = −‖gk+1‖

2 gT
k+1sk

gT
k gk+1

(

gT
k+1dk

yT
k dk

− 1

)

. (3.20)

® (3.10), (3.11) 9 (3.17)
Í �<ú , ´�£SG¨µ�M<Ï�Û�¢ c2 > 0 |�Ó

c2 =
gT

k+1sk

gT
k gk+1

(

gT
k+1dk

yT
k dk

− 1

)

. (3.21)

±¯æ HSDY2 Ù�©�� = Þ��<ß ÏSÿ _ . ¢�� .

4 ������ 8ä
¦ ] 3.1–

¦ ] 3.4 ¢§£ e HSDY1 9 HSDY2 Ù�©�§ Ïbÿ _>9��Oß Ïbÿ _ .
�ÕÏ Ã , 	


Lu<¢f£ HSDY1 9 HSDY2 Ù�©L�SG@Þ��� I¢ = Þ�â�¸�¹>_ , »L¢f£ HSDY1 9 HSDY2 Ù
©L�SGIHÕ I¢ = Þ�!�"�¸º¹>_ .
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	�
>ê�#�zhG@Þ��� I¢.§r�<� ¦�$ :
Î Y�´�£xÜ�¢ µ > 0, |�Ó

(∇f(x) −∇f(y))T (x − y) ≥ µ‖x − y‖2, ∀x, y ∈ L. (4.1)

� ü
4.1

îOï
(A)-(B) ��� .

���
HSDY1 ª�«�¬�­�© ,

��� Ø � αk ë�ì â Wolfe Ð
Ñ�Ò (1.4) 9 (1.5).

¸
f
D G@Þ��� I¢ , ¼�Þ

lim
k→∞

gk = 0. (4.2)

� ® Lipschitze «L¬ (3.2)
Í æ!ç f

D G@Þ��� I¢ , Þ
‖yk‖ ≤ L‖sk‖, (4.3)

dT
k yk ≥ µ‖dk‖‖sk‖. (4.4)

F τ 1 = min
{

1,
‖yk‖

2

sT

k
yk

}

= 1 R , ® (1.3),(4.3) 9 (4.4), ��Â<T�%<cL� Í ç�&�'LcL� Í Þ
∣

∣βHSDY 1
k

∣

∣ =
∣

∣

(

1 − ϑN
k

)

βHS + ϑN
k βDY

∣

∣

=

∣

∣

∣

∣

(

1 +
gT

k+1sk

gT
k gk+1

)

gT
k+1yk

yT
k dk

−
gT

k+1sk

gT
k gk+1

‖gk+1‖
2

yT
k dk

∣

∣

∣

∣

=

∣

∣

∣

∣

gT
k+1yk

yT
k dk

+
gT

k+1sk

gT
k gk+1

(

gT
k+1yk

yT
k dk

−
‖gk+1‖

2

yT
k dk

)∣

∣

∣

∣

=

∣

∣

∣

∣

gT
k+1yk

yT
k dk

−
gT

k+1sk

gT
k gk+1

gT
k+1gk

yT
k dk

∣

∣

∣

∣

≤

∣

∣

∣

∣

gT
k+1yk

yT
k dk

+
gT

k+1sk

yT
k dk

∣

∣

∣

∣

≤

∣

∣

∣

∣

(L + 1) ‖gk+1‖ ‖sk‖

µ ‖dk‖ ‖sk‖

∣

∣

∣

∣

≤
(L + 1) ‖gk+1‖

µ ‖dk‖
, (4.5)

¼
‖dk+1‖ ≤ ‖gk+1‖ + |βk| ‖dk‖ ≤ ‖gk+1‖ +

(L + 1) ‖gk+1‖

µ ‖dk‖
‖dk‖ ≤

(

1 +
(L + 1)

µ

)

‖gk+1‖ .(4.6)

F τ 1 = min
{

1,
‖yk‖

2

sT

k
yk

}

= ‖yk‖
2

sT

k
yk

R , ® (1.3),(4.3) 9 (4.4), ��Â<T�%<cL� Í ç�&�'LcL� Í Þ
∣

∣βHSDY 1
k

∣

∣ =
∣

∣

(

1 − ϑN
k

)

βHS + ϑN
k βDY

∣

∣

=

∣

∣

∣

∣

(

1 +
‖yk‖

2

sT
k yk

gT
k+1sk

gT
k gk+1

)

gT
k+1yk

yT
k dk

−
‖yk‖

2

sT
k yk

gT
k+1sk

gT
k gk+1

‖gk+1‖
2

yT
k dk

∣

∣

∣

∣

=

∣

∣

∣

∣

gT
k+1yk

yT
k dk

−
‖yk‖

2

sT
k yk

gT
k+1sk

yT
k dk

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

gT
k+1yk

yT
k dk

+
‖yk‖

2
gT

k+1dk

(yT
k dk)

2

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

L ‖gk+1‖ ‖sk‖

µ ‖dk‖ ‖sk‖
+

L2 ‖gk+1‖ ‖sk‖
2

µ2 ‖dk‖ ‖sk‖
2

∣

∣

∣

∣

=

(

L

µ
+

L2

µ2

)

‖gk+1‖

‖dk‖
, (4.7)
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¼

‖dk+1‖ ≤ ‖gk+1‖ +
∣

∣βHSDY 1
k

∣

∣ ‖dk‖

≤ ‖gk+1‖ +

(

L

µ
+

L2

µ2

)

‖gk+1‖

‖dk‖
‖dk‖

≤

(

1 +
L

µ
+

L2

µ2

)

‖gk+1‖ . (4.8)

(�)
Zoutentijk «L¬ (3.4) 9 ¦ ] 2.3 ��Ó :

∑

k≥1

‖gk‖
4

‖dk‖2
< ∞, (4.9)

® (4.6) 9 (4.9)
Í ��Ó :

∑

k≥1

‖gk‖
2 < ∞. (4.10)

±¯æ (4.2)
Í ��� . ¢�� .�¦Ï Ã , 	�
Lu<¢f£�T<þ�* Ì §<o}] .ûrü

4.1
îOï

(A)-(B) ��� .
���

HSDY1 ª�«�¬�­�© ,
��� Ø � αk ë�ì â Wolfe Ð

Ñ�Ò (1.4) 9 (1.5).
¸ ´�£SG@þ�Ü�¢ γ > 0, ¼�Þ

‖gk‖ ≥ γ, ∀k ≥ 1, (4.11)

¼ dk 6= 0 ·
∑

k≥1

‖uk − uk−1‖
2 < ∞, (4.12)

���
uk = dk

‖dk‖
.�,+ ½ D �>ß Ïxÿ _>«>¬ (3.12) ��� , ± æ dk 6= 0, �L�x° uk § ¦�$ ��Þx� $ § . u

(2.4)
ÍÕ� § βHSDY 1

k ß D�Î�Ï.-�/ ß :

β1
k =

(

1 − ϑN
k

)

βHS
k , β2

k = ϑN
k βDY

k . (4.13)

�
wk :=

−gk + β1
k−1dk−1

‖dk‖
, δk :=

β2
k−1‖dk−1‖

‖dk‖
. (4.14)

F k ≥ 2 R , dk = −gk + βk−1dk−1, Ó
uk = wk + δkuk−1. (4.15)

® ‖uk‖ = ‖uk−1‖ = 1 9 (4.15) Ó
‖wk‖ = ‖uk − δkuk−1‖ = ‖δkuk − uk−1‖. (4.16)
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� ½ D δk ≥ 0, » (�) (4.16) 	�
���æ)Ó�Ô
‖uk − uk−1‖ ≤ ‖(1 + δk)uk − (1 + δk)uk−1‖

≤ ‖uk − δkuk−1‖ + ‖δkuk − uk−1‖

= 2‖wk‖. (4.17)

´�£SG@þ8µ�M<Ï�Û�¢ c3 > 0, |�Ó c3 = ‖gk+1‖
2

|gT

k
gk+1|

. ® (4.13) Ó
∥

∥−gk + β2
k−1dk−1

∥

∥ ≤ ‖gk‖ +
∣

∣β2
k−1

∣

∣ ‖dk−1‖ ≤ (1 + c3)‖gk‖, (4.18)

0�1
, » (�) (4.14), (4.17) 9 (4.18) �<ú

‖uk − uk−1‖ ≤ 2‖wk‖ ≤ 2(1 + c3)
‖gk‖

‖dk‖
. (4.19)

¹<� , ¤@t (4.11), » (�) (3.4) 9 (3.12) ��æ)Ó�Ô
∑

k≥1

gk
2

dk
2
≤

1

γ2

∑

k≥1

gk
4

dk
2
≤

1

γ2c1
2

∑

k≥1

(gT
k dk)

2

dk
2

< +∞. (4.20)

® (4.19) 9 (4.20)
Í �<ú

∑

k≥1

‖uk − uk−1‖
2 ≤ 4(1 + c3)

2
∑

k≥1

‖gk‖
2

‖dk‖2
< ∞. (4.21)

¢�� .�>�
[24]

� #�z�§}_L` (∗), ��°�¸º¹>_>¤LYÕ§�¢f£�9>ß�2�354 e * Ì § á Â .
Ï�� ¢f£

HSDY1 9 HSDY2 Ù�© ë�ì _L` (∗).û�ü
4.2

��� ® (1.2), (1.3) æ!ç (2.4) 3�4Õ§ HSDY1,
��� Ø � αk ë�ì â Wolfe Ð�Ñ

Ò (1.4) 9 (1.5), · (4.12) ��� , ¼ HSDY1 Ù�© ë�ì _L` (∗), � ¸ ´�£xÜ�¢ b > 1 9 λ > 0,

|�ÓL��±�Þ.§ k Þ |βk| ≤ b æ!ç ‖sk−1‖ ≤ λ ⇒ |βk| ≤
1
b
.�6+ ½ D ò��Oó L Þxô , �Oú ��7 {xk} Þxô , ®+¬�­� º¢ g §I�x�O_ , ¼�´�£ γ > 0,

|�Ó
‖xk‖ ≤ γ, ‖gk‖ ≤ γ, ∀k ≥ 1, (4.22)

(�)
(1.6), (3.5) 9 (4.11), 	�
���æ)Ó�Ô

dT
k yk ≥ −(1 − σ)gT

k dk ≥ c1(1 − σ)gk
2 ≥ c1(1 − σ)γ2 > 0. (4.23)

® (4.23) ¹�8�9.§}cL� Í Ó
σgT

k dk ≥
σ

σ − 1
dT

k yk. (4.24)

�SG�Ø , ® (4.23) 9 (4.24) Þ
gT

k+1dk

dT
k yk

≥
σ

σ − 1
, (4.25)
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» (�) (3.5) 9 (1.6) Ó
gT

k+1dk

dT
k yk

= 1 +
gT

k dk

dT
k yk

≤ 1, (4.26)

u (4.25) 9 (4.26) tO©�Ó
σ

σ − 1
≤

gT
k+1dk

dT
k yk

≤ 1, (4.27)

�>¡�Þ
∣

∣

∣

∣

gT
k+1dk

dT
k yk

∣

∣

∣

∣

≤ M, (4.28)

���
M = max

{

1,
σ

1 − σ

}

. ® (4.22)
Í ��æ)Ó�Ô ‖sk‖ = ‖xk+1 − xk‖ ≤ 2γ ��� .Ï�� (�)

(2.4), (4.22), (4.23), (4.28) ç ‖yk‖ ≤ L‖sk‖ � |βk| ß�
<é>^ .

� HSDY1 Ù�©�Þ
|βk| =

∣

∣

∣

∣

gT
k+1yk

yT
k dk

+
gT

k+1sk

gT
k gk+1

(

gT
k+1yk

yT
k dk

−
‖gk+1‖

2

yT
k dk

)∣

∣

∣

∣

=

∣

∣

∣

∣

gT
k+1yk

yT
k dk

−
gT

k+1sk

gT
k gk+1

gT
k+1gk

yT
k dk

∣

∣

∣

∣

≤

∣

∣

∣

∣

gT
k+1yk

yT
k dk

∣

∣

∣

∣

+

∣

∣

∣

∣

gT
k+1sk

yT
k dk

∣

∣

∣

∣

≤
(L + 1) ‖gk+1‖ ‖sk‖

c̄(1 − σ)γ2
. (4.29)

:
N =

(L+1)‖gk+1‖‖sk‖

c1(1−σ)γ2 , ¼�Þ |βk| ≤ N ‖sk‖,
¦�$

b = 2Nγ, λ = 1
2N2γ

, ¼@��±�Þ k ≥ 1, Þ
|βk| ≤ b, (4.30)

·
‖sk‖ ≤ λ =⇒ |βk| ≤

1

b
. (4.31)

® (4.30) 9 (4.31)
Í

, HSDY1 Ù�© ë�ì _L` (∗).�5;
4.1 �.<�¢<ó D N ∗, Ü�¢ λ > 0 9OG@þO�.<�¢ ∆, �

Kλ
k,∆ := {i ∈ N ∗ : k ≤ i ≤ k + ∆ − 1, ‖si−1‖ > λ}. (4.32)

:
|Kλ

k,∆|
D

Kλ
k,∆

� §>=�?Lþ�¢ .û�ü
4.3

î>ï
(A)-(B) ��� .

��� ý Î (1.2), (1.3) 9 (2.4) § HSDY1 Ù�© , Ø � αk @
�¦â Wolfe Ð�Ñ¦Ò (1.4) 9 (1.5) i¦¨�Ó¦Ô .

Î Y (4.11) �5� , ¼�´�£¡Ü�¢ λ > 0, |�Ó��p�
∆ ∈ N∗ 9��x�@¯�ß<ó k0, ´�£ k ≥ k0, |�Ó

|Kλ
k,∆| >

∆

2
. (4.33)

�
4.1 ®Õ_L` (*)

� ¢f£SÔ¡§ HSDY1 Ù�© ë�ì _L` (A) æ!ç ‖dk‖2 A ¥ºÐ<_�B � , 

é�° �>� [24]

� o}] 3.5 §�¢f£×��Ó�ÔL�L½�o}]Õ§�¢f£ .
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Ï�� � HSDY1 Ù�©�!�"�¸º¹>_ ¦ ] .� ü
4.2

î>ï
(A)-(B) ��� .

��� ý Î (1.2), (1.3) 9 (2.5)
Í § HSDY1 Ù�© , Ø � αk

ë�ì â Wolfe Ð�Ñ�Ò (1.4) 9 (1.5), ¼�Þ
lim inf
k→∞

‖gk‖ = 0.

®Io}] 4.1-4.3, HSDY1 Ù�© ë�ì _L` (*) æ!ç {xk} ��ÞOô¡§ , Û5C �>� [24]
�}¦ ] 4.3

¢f£ , ��æ�¢�Ó>�L½ ¦ ] .

HSDY2 Ù�©.§>!�"�¸º¹>_@¢f£}w HSDY1 §×Ù�©�
�é .

5 D�EGFIH
®3° DK Ù�©��bF�J�ª�«�¬�­x¨�©>�b��K>ù �ML.N §S¢>U<ix¨OX<Y<¹<[�§SÙ�©5OOG , £

�OG�¶.P � ,
D�e W<¢ HSDY, HSDY1, HSDY2 Ù�©.§×ÞOXL_ , 	�
Lu>�<T<;�Ù�© � DK+ Ù

© á ¢>U6¥�Z ,
���

η = 0.5.
��� 5S7 �O� [23]

� § 62 þ�Q>V �3� , R�¢ 1000-100000. i
¨ � �ISrþ�Ù�©�§IØ � αk j @ ��è�é Wolfe Ð�ÑxÒ (1.6) 9 (1.7) ix¨ g Ó , Ð�ÑxÒ � § =? Û�¢ 7 δ = 0.1, σ = 0.9. ¨�©.§>Q<V�T�U D�V�W Windows 10 X á�Y�Z Intel(R) Core(TM)

i5-3337U CPU@1.80GHz 1.80GHz, 4GB Ö!´ .

� HSDY, HSDY1, HSDY2 9 DK Ù�© §�¢fU{�§��¢ )�[ ]§¤fY¯Ý A 1. 	\
�Ó
Ô Ï]� §f¥@U A ( Ý A 1) 9{_f°_^�Ð_` ( Ý_` 1–4). @ � A 1

� §f¥@Uf¤pY.� æ�a8z ,

HSDY á HSDY1 æ!ç HSDY2 Ù�©>j � ° DK Ù�© , · HSDY2 Ù�©.§�i�¨>XLYL¹L[ .

b
1: DK, HSDY, HSDY1 c HSDY2 dfe5gihfj.k�l

DK HSDY HSDY1 HSDY2

1.0000 0.8224 0.8642 0.8061

�¦�xê Â �b� [25] §.m�n¦ÓÕÔ æ Ï _p°o^IÐo`�p Ï ` 1–4 ßSàS�bÏ §�� DK, HSDY,

HSDY1 æSç HSDY2 SI;¡Ù¡© , £Õè¦é Wolfe ÐxÑ.Òx«x¬ Ï Å\q�QbV �>� ±ÕÂ §@i.¨fRr
,  �¢SiÕ¨bn�¢ , ¬¦­xiÕ¨bn�¢ æ×ç ÊxË n�¢ §@_p°o^IÐ�` .  o` �.s � æ�a§z HSDY,

HSDY1 æ!ç HSDY2 Ù�©>j � ° DK Ù�© , · HSDY1 Ù�©.§�i�¨>XLYL¹L[ .

6 t_u�v
�Õ� @ �,w §.x6yÕÙ Í , y4z - þÕÛÕ¢ µ�MpÏ 5f7 § HSDY ª¡«Õ¬Õ­.© ; @ � ê Â

BFGS Ù�©O¡Sc��S�<��©S�<�xè�Ñ¦Ò�Ù¯Ú , £x¾O«>¬ Ï , c5z Ì Ä Í(ß. º¢x�OÎSn�����§I©
·�{OÏ\| Hesse ÐpÑ.}5~��,| . �����\��|��5���������5�5� HSDY1, HSDY2 �5���i������

Wolfe ���]�����,�����5���]�� �¡ , � �]¢5£5¤ }�¥�¦�| ;
�5§]¨5¤�©�ª.«�¬�­ |M®¯�§5¨�° ¦\| DK ����������±�}��\².| .
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HSDY MIXED CONJUGATE GRADIENT WAS MODIFIED BASED

ON BFGS

ZHU Zi-chang, LIU Li-ping

(School of Mathematical Sciences, Chongqing Normal University, Chongqing 401331, China)

Abstract: In this paper, we are concerned with large-scale unconstrained optimization

problems. We use BFGS to approximate the search direction, and propose two adaptive conjugate

gradient algorithms(HSDY1 and HSDY2) for the HSDY method. We prove that the new algorithms

have sufficient descent and global convergence. Numerical experiments are reported to show the

computational performance of proposed algorithms are better than HSDY.

Keywords: conjugate gradient methods; BFGS algorithm; sufficient descensibility; global

convergence
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