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Abstract: In this paper, we study the two-parameter B-valued strong martingale on weak
Orlicz space, with emphasis on the strong atomic decomposition theorem of two-parameter B-valued
strong martingale space wﬁg, by using atomic decomposition theorem, the sufficient conditions for
boundedness of sublinear operator |1 f|lwry < CHwaFIg is given. The results as above generalize
the conclusion of weak L, martingale space.
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1 Introduction

With the continuous improvement of martingale theory, the applications of harmonic
analysis in weak function space and martingale space have become more and more exten-
sive. Herz [1] gave the atomic decomposition method from the modulation analysis into the
study of the theory. The atomic decomposition method has been widely used in the martin-
gale theory study, especially the two-parameter atomic decomposition became particularly
important to prove inequality theory. Weisz [2] established real-valued single-parameter mar-
tingale, the atomic decomposition theory of two-parameter martingale space and the strong
atomic decomposition theory of two-parameter strong martingale space in the literature.
In the meantime, Weisz used atomic decomposition methods to prove important inequality
and duality theory in martingale space. The literature [3-4] studied the situation of single-
parameter B-valued martingale space and weak martingale space. They gave the atomic
decomposition theories in B-valued martingale space and weak martingale space when the
value with certain geometric properties. Chen [5] obtained the atomic decomposition in the
two-parameter B-valued martingale space. Ye [6] defined the strong atom and established
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a strong atomic decomposition theorem in the two-parameter B-valued strong martingale
space of siz. Liu [7] introduced a class of important function space-weak Orlicz space.
And in the article [8] they studied some basic properties of weak Orlicz space and some
applications in harmonic analysis.

In the paper, we will discuss the atomic decomposition for two-parameter B-valued weak

Orlicz strong martingale space.

2 Preliminaries and Notations

Let (92, F, P) be a complete probability space, (B, ||-||) be a Banach space with dimension
not less than 2. {F,,n € N?} is a non-decreasing partial order sub o algebraic sequence
of F in N? and which satisfies the condition Fy. For Vn = (ny,ny) € N2, we define F,, =
0(Fry—1ms UFnyma—1)y Fif = 0(Fuyt1me UFnynor1) and F* = o( | Fu). We denote E,

neN
E,, E;, Ef and E respectively represent the expectation operator conditional expectation

operator, and with respect to F,,, F,, F, and F*.

For two sets G, H C N? consisting of incomparable pairs of numbers, we write H %« G (or
H % G) if Vm € G there exists v, € H such that v, & m(or v; » m). Denote by inf H: the
set v; € H : there does not exist m € H such that v, < m.

We define d,, f as follows:

O,n1n2 =0
dnf =
fn17n2 - fn1717n2 - fnl,ngfl + fnlfl,ngflvnan 7£ O

Let ® be convex and non-decreasing in [0, c0) which satisfies ®(0) = 0 and tlim O(t) =
00, (t) is a right continuous derivative function for ®. There are two major parameters for

the function @,

_ e te(®) _ o te(t)
qo = glgm, P = SUp (2.1)

It is called that ® satisfies the condition of A, if for any a > 1, there exists a constant

C, > 0 such that ®(at) < C,®(t), ¥t > 0. This condition is equivalent to ps < oo. P
@(t)

s 1S

is strictly convex, if gg > 1. In particular, if 0 < g < pe < o0, the function
3(t)
tPe

monotonically increasing on (0, 00), and is monotonically decreasing on (0, 00).

As well known, the space wLg is the collection of all measurable functions f for which
. t
[z = int{e > 02 sup )P > ) < 1.
>

Definition 2.1 The B-valued martingale f = (f,,,n € N?) is a strong martingale,
when E* ,d,f =0,Vn € N2
This article uses || f||,, f*, S®(f), P (f) to indicate its L,—modulus, maximum func-

tion, p-mean square function and conditional p-mean square function related to F, _1:

[fllp = sup [[fallp,  fo=sup|fil, f*= sup [fall;
neN? i<n neN?2
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SO =D ldifIP)r,  SP(f) = sup SP(f),1<p < oo;
0<i<n neN?2
oW(f) = (> Ealdif|"),  o®(f) = sup o (f),1<p < 0.
0<i<n neN?

Moreover, for the two-parameter B-valued strong martingale f = (f,,n € N?), we

introduce a conditional p-mean square function about F,, :

FP(f) = (D Byl duf )7,

neN?

We define the weak Orlicz spaces as follows:

who = {f = (fun €N s flute = sup [fulluss < oo},
wHy = {f=(fan € N?) | flume = IIF* wre < 00},

wHE = {f=(fnn € Nt | fluns = 1SP(F)lwrs < o0},
wHY = {f=(fan € N?) || fllwmg = 0P (F)llwra < o0},
wHY = {f=(fan € N?) || fllwmg = 6P (F)llwra < o0}

Definition 2.2 A strong martingale g € L, is said to be a strong (c,p) atom (0 <
a <p,1<p<o0),if there is a stopping time v € T'(F,F) such that:

(1) if {v K n}, gn == E,g=0;

(2) gl < P(v # 00)7~=.

Lemma 2.1([6]) Let B be a Banach space, 1 < p < 2, then the following statements
are equivalent :

(1) B is p smooth;

(2) For any two-parameter B-valued strong martingale f = (f,,n € N?), the f, con-

verges in probability when Y E||d,f]|P < .
neN?
Lemma 2.2([6]) Let B be a Banach space, 1 <p <2, 0 < o < p, then the following

statements are equivalent :
(1) B is p smooth;
(2) There is a constant C' such that for any two-parameter B-valued strong martingale

FASP (Dl < ClE® (a3
(3) There is a constant C' such that for any two-parameter B-valued strong martingale

Fo e < CIEP(f)la

3 Atomic Decomposition

Theorem 3.1 Let B be a Banach space, 1 < p < 2, ® satisfies the condition of
A,. If B is p smooth, 0 < a < p, then for any two-parameter B-valued strong martingale
f = (fu,n € N?) € wHY, there is a strong (a,p) atom (¢*)k € Z) and a column of
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non-negative real number p = uy, k € Z € l,, so that for all n € N?:

fn: Z ﬂkEng(k)aa'ew (31)
k=—o0
O ) < Cllfllysg (3.2)

keZ

where C' is only related to p and a.

Proof Let f ¢ wﬁg, for every k € Z, we denote Fy, = {7")(f) > 2*} and stopping
time vy = inf{n € N?: E¥x(r,) > 3}. Obviously, v} is non-decreasing stopping time, and
v, — 00 when k — o0o.

Let f\) = > x(vg B m)dnf, so ( (%) n € N2) is stopping martingale and

m<n
Fee) = f0 =" X (op < m B v )l f- (3.3)
m<n
For VYn € N2, we have
fu= D {fee) = flooy, (3.4)
keZ

The detail of (3.4) proving process can be seen in Reference [6].

Suppose uy, = (ﬁ)2(20)%2k+1P(vk # o00)s, gt = (M—lk)( () p ) where C s
the smooth coefficient of p. It is easy to verify for all k € Z, ¢g(®) = (g,(lk),n € N?) which is a
strong martingale. When v, 3% n, f,(f"“) = f,(fk) then gr(Lk) = 0. Since B is p smooth, there

is C' > 0 such that

E||f{ ) = [P < CECY lldaf [7x(0r < m % vit))

m<n
< C x 2 x 2P Py, +£ 00). (3.5)

Since the v, < m is F,, measurable, obtained by (3.5) and Lemma 2.1:

E(g(k)*)p < <(p f 1)

)?? sup [lg™|2
neN?2

p(k+1)
< sup ( D )2p0x2><2
nenz (p—1) P
= P(vp # 00)' ™7,

P(vy # 00)

Qs

thus
19" [l < Pux # 00)» ™% < 0.

Because B has RN property, there exists g € L, such that E,g® = ¢\, From the
definition of strong atom we know that g(¥) is a strong («,p) atom, which proved (3.1).
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For any k € Z, we have

QD m)e < C<Z2’”P<wf 7 O‘”)
kezZ kez
1\=
<c QkQPSUPEnXk >_>
<gz: <n€N2 ( " )) 2)

< c<22’mE( sup En(X(Fk)>p)>

7 neN?2
<o Srn)

k17
< c<zzkap(a<p><f> > 2’“))

keZ

2" g

< C<Z/ ya—lp(U(P)(f) > y)dy)

keZ 2k—1
< c</ y'P(cP(f) > y)dy>

0
S C<1 +/ ya—lP(E(P)<f) > y)dy) . (36)
1
Since the function %’;) is monotonically increasing in (0, c0), and sug@(t)P (g(p)(f ) >
- t>

t) < ||f||wgg =1, then

o

o0 y%ﬁya*q@*l

Cut<e(ie [T w0 ) > )

keZ
< c(l + —1 /OO yo‘_q"’_ldy> ’
(1) J,

:c<1+ q¢1a<1>(1)>é. (3.7)

Denote by C the last item, then

ay L _
S u)E < Cllfllyig-
kez
where C' is a constant independent of f. Thus Theorem 3.1 is proved.
Theorem 3.2 Let B be a Banach space, 1 < p < min{gs, 2}, ® satisfies the condition
of A, the statements are equivalent:

(1) B is p-uniform smooth;
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(2) f 0 < « < 1, then for any two-parameter B-valued strong martingale f = (f,,n €
N?) € wHY, there is a strong (a,p) atom (¢®,k € Z) and a non-negative real number
sequence pt = (g, k € Z) € Lo, for alln € N2, f, = > upE,g®, ace..

k=—o0

Proof (1)=-(2) from Theorem 3.1.

(2)=(1). Without loss of generality, we assume || f|| ()

wilg = 1. As the function Ty is

monotonically increasing in (0, 00), and sup @(t)P(E(p)(f) > t) < ”f”wflg = 1. We get from
t>0 i
the assumption that

152 ()] < p/ tP=LP([5P f|| > t)dt

0

< c<1 + /m M@(y)F(E<P>(f) > y)dy>

P(y)
1 ~ P—qe—1 -
gc(um [ czy>||f||ng
1
= (14 ) Ul < (35)

If g is a strong (a, p) atom, we can get

17112 = B(g"“Xrsz00) < E(g™)» P(1 # 00)'~

From the hypothesis, there is a strong (o, p) atom (¢, k € Z) and a non-negative real

IR

<1 (3.9)

number sequence j = (jug, k € Z) € l,, foralln € N2, f, = > upE.g®, ae..

k=—o0
Therefore, from 0 < a < 1, such that
Ellfm = fall® = > g Elg - gP|°
k=—o0
<O Y m(Bllg® - gl (3.10)
[E|>ko || > ko

Set m — oo,n — oo and kg — oo , therefore (f,,n € N?) is L, Cauchy convergence.
Thus f, converges according in probability. From Lemma 2.1, B is p-smooth.
Theorem 3.2 is proved.

4 Boundedness of Sublinear Operators

Suppose T' : X — Y is the mapping, where X is the weak Orlicz strong martingale
space on (2, F,,, P), and Y is the space of measurable function on (2, F, P). T is sub-linear,
if

T(f + 9l <ITf| +|Tgl, |T(af)| = |al|Tf] ae. (4.1)
If the Tf = 0 is on the set f = 0. T is called bounded, if

T[] = sup [Tf[ly <oo. (4.2)
Ifllx<1
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Theorem 4.1 Let T : L, — L, be a bounded sublinear operator, B be isomorphic to

p-smooth Banach space which satisfies for any (o, p) atom a,
P(|Tal > 0) < CyP(v # o), (4.3)

where v is the stopping time associated with a, and Cjy is a constant independent of a. If
0<p<qgep <pg <ooand p <2, then there is C' > 0 such that

Tz < Cllfllyig: V= (fa) € wHE(B). (4.4)

Proof Let f € wH(B) and 1l wirg () = 15 (f)||wre = 1. From Theorem 3.1, there
exists atomic decomposition of f such that satisfies (3.1) and (3.2). For any y > 0, let j € Z
such that 27 <y < 29+, we define

gn = Z ,Ukaf” hy, = Zukaﬁ, n > 0. (4.5)

k<j—1 k>j

Considering h = (h,,n € N?), we denote that each a; satisfies ®(2*)P(v}, # o00) <
c®(28)(P(a®(f) > 2¥)) < cst1>15<1>(t)(P(5<p>(f) > 1)) = cllflliig ) =
Condition (4.3) shows

®(2)P(|Th| > 27) < ®(2)P(ITh| > 0) < ®(2)P(D_ u|Ta*| > 0)

k>j
<) () P(|Ta*| > 0) < Co Y ®(27)P(vy, # o)
k>j k>j

(27 o (2+2~(F=J)
_COZ(ka))(I) (Vk7éoo)ﬁcozw
)

k>j k>j

(Qk 9—(k—j) > Ly
E>j k=

The basic thing is ®(at) < a®(t), V¢ > 0, 0 < a < 1, which derive from the convexity of

®. For g = (gn,n € N?), we know ||g*||, < C||a (g)|, (1 <p < 2) from Lemma 2.2. Since

T:L,— L, is a bounded sublinear operator, then

ITgllz, < Cllgllz, < Cllg*IILP < C'eP(g)le,

<N >0 ma™ ()|,

k<j—1

<C Y mlla® (@),

k<j—1

<C Y (BT (@)X, )

k<j—1

<cC” Z 28 P (v, # oo)%

k<j—1
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and »
1 1
P(ITg| > %) < |, <0’p(§ > 2’“P<vk¢oo>p> .
k<j—1
Since the function % is monotonically decreasing, therefore ig;; < gizz = 20—k)pe

if £ < j, such that

)P £ o0 ) )

(5
(2 ()
<

p
< Z ok—igli= k)%)

k<j—1

com(Sare)

k'>1

®(2)P(|Tg| > 27) < C"™ (
k<j—1

"pope—p
< Crgpe P,

which C" is a constant independent of f, so

sup ®(20) P(ITS] > 29) < sup (2 <P<|Tg| > y) + P(TH > y))

y>0

< C'sup ®(279) (P(Tg| > 27) + P(|Th| > 247')>

j€Z

< C(C///p2p¢*P +2C)) = C.

We assume C > 1 with loss of generality, then

2 1
sup ®(=2)P(|ITf| > 2y) < = sup d(2y) (P(ITf| > 2y) < 1.
y>0 C C y>0

Finally,

IT fllwze < C = Clf g

Thus, we prove (4.1).
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