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1 ���
Lüroth �������- �¡£¢�¤ T : [0, 1) → [0, 1) ¥§¦ ,

T (x) =

{

n (n+ 1) x− n, x ∈
[

1
n+1

, 1
n

)

,

0, x = 0.

¨�©«ª«¬
x ∈ (0, 1), ­�® d1(x) ≥ 2 ¯�°�±�¡���²�³ ¬r´�µ§¬)¶�·�¸

1

d1(x)
≤ x <

1

d1(x) − 1
.

¨
n ≥ 2,  �¹ Tn−1(x) 6= 0, º�­�® dn(x) = d1(T

n−1(x)). »�¼ ¨�©½ª½¬)¾�¿�¸ x ∈ [0, 1),��À:±�ÁÂ� T Ã�Ä�¥ ¬  �¡ ¾�Å�Æ�¸
x =

1

d1(x)
+

1

d1(x)(d1(x) − 1)d2(x)
+ · · · +

1

d1 (x) · · · dn−1 (x) (dn−1 (x) − 1) dn (x)
+ · · · .

Ç�È�É§Ê µ�Æ�¸ ¯ x
¬

Lüroth �§� , ËÌ� Lüroth[1]1883 Í§Î§Ï�ÐrÑ . ÒÔÓ dn(x)
É ¯ x¬

Lüroth �§� ¬rÕ n Ö§×�Ø .
¨½Ù�Ú§¿�¸
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�vu��ÂÓ ,
Ç�È/w ï«ð

Lüroth ��� ô/� ×�Ø/�v ¬&x�ê�éA¬)ê/� . y

Sn (x) =

n
∑

i=1

di(x)di+1(x).

Î�z/{/| ¨v}�~�¬���
/� á ϕ(n), Sn(x)/ϕ(n)
¬��5�����

. ���v� ,
Ç�È Ú ¡5� ¬T� ¹ .���

1.1 ��� Sn(x)
n log2 n �

ú½ûmü�ý á λ
�5� Á 1

2
, � ¨�©«ª«¬ ε > 0,

lim
n→∞

λ

{

x ∈ (0, 1) :

∣

∣

∣

∣

Sn(x)

n log2 n
−

1

2

∣

∣

∣

∣

> ε

}

= 0.

�/��� ¦ ¬ þ , ��� � [5] � ,
¨�úÂûrü�ì��"���Â¬

x ∈ (0, 1), dn(x)dn+1(x) ≥ n log2 n¨«Ù�¾«Å«ø§¬
n ²�³ . »�¼ Sn(x)/n log2 n ��ÿ�þ ì��"���"�/� Á 1/2. � µ Ö ÷��*��¬����� þ/{/| Sn(x)
¬Fô�õ ùv�/#

G (ψ) :=

{

x ∈ (0, 1) : lim
n→∞

Sn (x)

ψ (n)
= 1

}

¬
Hausdorff

��¸
, ÒÂÓ5  ¸ ψ : N → (1,∞)

	/¡�¢���£
lim
n→∞

ψ(n) = ∞.���
1.2 ¤ ψ : N → (1,∞)

	/¡�¢���£�¥v¦

lim
n→∞

ψ(n)

n
= ∞, lim

n→∞

ψ(n+ 1)

ψ(n)
= 1, lim sup

n→∞

log logψ(n)

log n
<

1

2
,

º Ú dimHG(ψ) = 1. §�¨�� ,
¨�©«ª«¬

α > 0, dimH

{

x ∈ (0, 1) : lim
n→∞

Sn(x)
nlog2n

= α
}

= 1.

2 ©«ª�¬�­¨�©«ª«¬
n ≥ 1
é�¶�·�¸

d1, d2, . . . , dn( ÒÂÓ di ≥ 2, 1 ≤ i ≤ n), #�$
I(d1, d2, . . . , dn) = {x ∈ [0, 1) : di(x) = di, 1 ≤ i ≤ n}

É ¯ µ Ö n ®5¯�# . I(d1, d2, . . . , dn) þ µ Ö�°�± ,

 á�¯ |I(d1, d2, . . . , dn)| =

n
∏

i=1

1
di(di−1)

.

¡5� wv² Á Borel-Cantelli Ð ¿½¬��5�vx�ê . ³ {An, n ≥ 1} þ µ �/´/µ , P þ µ Ö�¶v·ý á . ¤ ∑

n≥1

P (An) <∞, º P{An
¾�Å�ø Ï/¸�¹ } = 0, ÒÂÓ

{An
¾�Å�ø Ï/¸�¹ } =

∞
⋂

k=1

∞
⋃

n=k

An.

º�»
2.1

[6] ³ E ⊂ R
n, ¤�¼T½ f : E → R

m
¥v¦

α ® -Hölder ¾/µ , �
|f (x) − f (y)| ≤ c|x− y|α (x, y ∈ E) ,

º Ú dimH f(E) ≤ 1
α
dimHE.

3 ¿ÁÀ 1.1 Â�ÃÅÄ
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Ê µ�É Ç�È z�Ê�Ë/Ì�ÖAÐ ¿ , Í�ÎA¦)­ ¿ 1.1
¬�Ï�Ð

.Ñ �
3.1 ³ φ : N → (1,∞) þ µ Ö ¶ ��  ¸�£ lim

n→∞
φ(n) = ∞.

¨�©«ª«¬
n ≥ 1, y

An = {x ∈ (0, 1) : d1(x)d2(x) ≥ φ(n)},

ÒÂÓ d1(x), d2(x)
ê ¨�þ x

¬
Lüroth ��� ¬HÕ�µ�é�Õ�Ò Ö�×�Ø . º Ç�È Ú

λ(An) =
logφ (n) +O(1)

φ (n)
.

ÓÕÔ ¯ ¨�©«ª«¬ x ∈ (0, 1)
é
i ≥ 1, Ö Ú di(x) ≥ 2, ÃÞÀ-ÿ�×�³ φ (n) ≥ 4.

Ô ¯
An = {x ∈ (0, 1) : d1(x)d2 (x) ≥ φ (n)} = B1 ∪B2,

ÒÂÓ
B1 = {x ∈ (0, 1) : d1 (x) ≥

φ(n)

2
}, B2 = {x ∈ (0, 1) : d1 (x) <

φ(n)

2
, d1(x)d2 (x) ≥ φ (n)},

ÃÞÀ λ (An) = λ (B1) + λ (B2). Øv� ,

λ (B1) =

+∞
∑

k=dφ(n)/2e

λ {x ∈ (0, 1) : d1 (x) = k} =

+∞
∑

k=dφ(n)/2e

1

k (k − 1)
=
O(1)

φ(n)
. (3.1)

λ (B2) =

dφ(n)/2e−1
∑

k=2

λ {x ∈ (0, 1) : d1 (x) = k}λ

{

x ∈ (0, 1) : d2 (x) ≥
φ (n)

k

}

=

dφ(n)/2e−1
∑

k=2

1

k (k − 1)

1
⌈

φ(n)
k

⌉

− 1
,

ÊvÙ/Ú�Û
dξe ÜvÝ�ÿvÞ Ù ξ

¬�ß Þ ·�¸ . à«¡�á�â�ã/ä/å λ (B2).
µ�æ � ,

λ (B2) ≥

dφ(n)/2e−1
∑

k=2

1

k (k − 1)

1
φ(n)
k

≥
log φ (n) +O(1)

φ (n)
.

� µ�æ � ,

λ (B2) ≤
1

φ (n) − 1

dφ(n)/2e−1
∑

k=2

(

1

k − 1
+

1

φ (n) − k

)

≤
log φ (n) +O(1)

φ (n)
.

ÃÞÀ
λ (B2) =

log φ (n) +O(1)

φ (n)
. (3.2)

� õ�ç � (3.1), (3.2) �vç§Ð ¿ ²�³ .
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¨«©Âª�¾§¿�¸
x ∈ (0, 1) � i ≥ 1, y bi (x) = di (x) di+1 (x).

¨«© Î ε > 0
é½¶�·«¸

N ≥ 1, y ϕ (N) = bεN log2Nc + 1.
¨�©«ª

1 ≤ i ≤ N , y

b∗i (x) =

{

bi (x) , bi (x) ≤ ϕ (N) ,

0, è�é ,
ÒÞÓ Ú�Û bηc Ü"Ý�ÿ�ê Ù η

¬Tß ê ·�¸ . y S∗
N (x) =

N
∑

i=1

b∗i (x). ¡/� ê ¨�Î�¦ ¨ S∗
N (x)
¬

ëvì é�æ�íA¬ ä/å .Ñ �
3.2 lim

N→∞

E(S∗
N (x))

N log2N
= 1

2
, ÒÂÓ E ÜvÝ ¸�î ëvì .Ó z�å�ï S∗

N (x)
¬F¸�î ëvì

.
Ô ¯ E (S∗

N (x)) = NE (b∗1 (x)), ¼
E (b∗1 (x)) =

∑

4≤k≤ϕ(N)

k · λ {x : b1 (x) = k}

=
∑

4≤k≤ϕ(N)

k · (λ {x : b1 (x) ≥ k} − λ {x : b1 (x) ≥ k + 1})

=3λ {x : b1 (x) ≥ 4} +
∑

4≤k≤ϕ(N)

λ {x : b1 (x) ≥ k} − ϕ (N) · λ {x : b1 (x) ≥ ϕ (N) + 1} .

�AÐ ¿ 3.1
Ú

E (b1
∗ (x)) = 1

2
log2ϕ (N) (1 + o (1)). ð Ô ¯ E (S∗

N (x)) = NE (b∗1 (x))
é

ϕ (N) =
⌊

εN log2N
⌋

, ÃÞÀ lim
N→∞

E(SN
∗(x))

N log2N
= 1

2
. ç§Ð ¿ ± Ï .Ñ �

3.3 Var (S∗
N (x)) � Nϕ (N) logϕ (N), Ò�Ó Var(·) Ü�Ý æví ,

Ú"Û
a � b Ü�Ý�ñ

�"ò ¸ c °�± a < cb.Ó Ç�È z/ä/å S∗
N

2 (x)
¬ ëvì

.

E

(

S∗2

N (x)
)

=
∑

1≤i,j≤N

E
(

b∗i (x) b∗j (x)
)

=
∑

1≤i=j≤N

E
(

b∗i (x) b∗j (x)
)

+
∑

1≤i,j≤N
|i−j|=1

E
(

b∗i (x) b∗j (x)
)

+
∑

1≤i,j≤N
|i−j|≥2

E
(

b∗i (x) b∗j (x)
)

.

~
i = j ó ,

Ú
E

(

b∗i (x) b∗j (x)
)

= E
(

b∗i
2 (x)

)

= E
(

b∗1
2 (x)

)

=
∑

4≤k≤ϕ(N)

k2 · λ {x : bi (x) = k} � ϕ (N) logϕ (N) .

~
|i− j| = 1 ó , ÿ�×�³ j = i+ 1, º Ú

E
(

b∗i (x) b∗j (x)
)

= E
(

b∗i (x) b∗i+1 (x)
)

=
∑

4≤s,t≤ϕ(N)

stλ {x : bi (x) = s, bi+1 (x) = t}

=
∑

4≤s,t≤ϕ(N)

stλ {x : d1 (x) d2 (x) = s, d2 (x) d3 (x) = t}

=
∑

2≤k≤ϕ(N)
2

∑

2≤m≤ϕ(N)
k

∑

2≤n≤ϕ(N)
k

k2mnλ {x : d2 (x) = k, d1 (x) = m, d3 (x) = n}

�
∑

2≤k≤ϕ(N)
2

(1 + logϕ (N) − log k)
2
� ϕ (N) .
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~
|i− j| ≥ 2 ó ,

Ú
E

(

b∗i (x) b∗j (x)
)

=
∑

4≤m,n≤ϕ(N)

mnλ {x : bi (x) = m, bj (x) = n}

=
∑

4≤m,n≤ϕ(N)

mnλ {x : b1 (x) = m} · λ {x : b1 (x) = n} = E
2 (b∗1 (x)) .

��ô��
Ì
õ
ö
÷ ¬ ä�å , E

(

S∗2

N (x)
)

� Nϕ (N) logϕ (N) + Nϕ (N) + E
2 (S∗

N (x)) . Ã À
Var (S∗

N (x)) � Nϕ (N) logϕ (N). ç§Ð ¿ ± Ï .���
1.1 ø Ó�ù �£Ð ¿ 3.2

é Ð ¿ 3.3 ��� ,
~
N ú ê ê"ó ,

Ú
λ

{

x ∈ (0, 1) :

∣

∣

∣

∣

S∗
N (x) −

1

2
N log2N

∣

∣

∣

∣

> εN log2N

}

≤λ
{

x ∈ (0, 1) : |S∗
N (x) − E (S∗

N (x))| >
ε

2
N log2N

}

≤
Var (S∗

N (x))
(

ε
2
N log2N

)2 �
Nϕ (N) logϕ (N)
(

ε
2

)2
N 2 log4N

�
1

ε logN
.

� S∗
N(x) ­«®�� ,

¨§©�ª�¬
x ∈ (0, 1),  §¹ ¨ Ã ÚÔ¬ 1 ≤ i ≤ N Ö Ú bi(x) ≤ ϕ(N), º

SN (x) = S∗
N (x).

Ô Ø
{

x ∈ (0, 1) :

∣

∣

∣

∣

SN (x)

N log2N
−

1

2

∣

∣

∣

∣

> ε

}

⊂

{

x ∈ (0, 1) :

∣

∣

∣

∣

S∗
N (x) −

1

2
N log2N

∣

∣

∣

∣

>
ε

2
N log2N

}

∪

N
⋃

i=1

{x ∈ (0, 1) : bi (x) ≥ ϕ(N) + 1} .

»�¼
λ

{

x ∈ (0, 1) :

∣

∣

∣

∣

SN (x)

N log2N
−

1

2

∣

∣

∣

∣

> ε

}

�
1

ε logN
+

∑

1≤i≤N

λ {x ∈ (0, 1) : bi(x) ≥ ϕ(N) + 1} .

�£Ð ¿ 3.1 ��� ,

∑

1≤i≤N

λ {x ∈ (0, 1) : bi(x) ≥ ϕ(N) + 1} �
1

ε logN
.

�ûØ λ{x ∈ (0, 1) :
∣

∣

∣

SN (x)
N log2 N

− 1
2

∣

∣

∣
> ε} � 1

ε logN
→ 0 (N → ∞) . ­ ¿ ± Ï .

4 ¿ÁÀ 1.2 Â�ÃÅÄ
u É w z�Ê�Ë
üHÖAÐ ¿ , ý/þ�Í�ÎA¦)­ ¿ 1.2

¬�Ï�Ð
, ÒÂÓ�#�$

G (ψ) =

{

x ∈ (0, 1) : lim
n→∞

Sn (x)

ψ (n)
= 1

}

.
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Ñ �
4.1
¨�©«ª�¶�·�¸

M ≥ 3, y
F (M) := {x ∈ (0, 1) : di (x) ≤M, i ≥ 1} .

º
(1) dimHF (M) = sM , ÒÂÓ sM þ æ % M

∑

j=2

1
js(j−1)s = 1

¬r´�µ5%
.

(2) lim
M→∞

sM = 1.Ó
(1)
¨�©«ª

2 ≤ j ≤M , y
fj−1 (x) =

1

j
+

1

j (j − 1)
x, x ∈ (0, 1) .

º F (M) þ�ÿ��   ¸Þç {fj−1}2≤j≤M

¬�� Ð�� . »Â¼ F (M) þ����Å��¯ rj = 1
j(j−1)

(2 ≤ j ≤M)
¬
�/ô
	 # , ÃÞÀ dimHF (M) þ æ % M

∑

j=2

1
rj

s = 1
¬r´�µ5%

.

(2) � sM ¬ ­�®���� , sM
õ�Ù

M þ 	/¡�¢��A¬ .
µ�æ � ,

¨�©«ª«¬
M ≥ 3,

Ú
sM < 1.

� µ�æ � ,
¨�©«ª«¬

s < 1,
Ú +∞

∑

j=2

1
js(j−1)s >

+∞
∑

j=2

1
j(j−1)

= 1, »�¼/ñ�� ·�¸ M0 = M0 (s), °�±
M0
∑

j=2

1
js(j−1)s ≥ 1,

Ô Ø sM0
≥ s. »�¼ ¨�©§ª M ≥ M0,

Ú
sM ≥ sM0

≥ s. ÃñÀ lim
M→∞

sM = 1,

�&ØAÐ ¿ ± Ï .

� ­"ò ¸ 0 < τ < 1
2
, °"¾�µ lim sup

n→∞

log logψ(n)
log n

< 1
2
− τ ²�³ . � � 0 < δ < 1 °�±«ÿ

� � (

1 + 1
1−δ

) (

1
2
− τ

)

< 1 ²�³ .
¨�©½ª

k ≥ 1, y εk = k−δ. ¡/��
���­�® �*��¸�¬ ���
� {nk}. ³ n1 ≥ 3 þ�°�± logψ (n) < n

1
2−τ
¨ Ã Ú n ≥ n1 Ö�²�³ ¬�ß Þ ¶�·�¸ .

¨�©Aª
k ≥ 2, y nk þ ¥v¦ ¾/µ nk ≥ nk−1 + 4

é
ψ (nk) ≥ (1 + εk−1)ψ (nk−1)

¬�ß Þ ¶�·�¸ .­�®

G (ψ,M) :=



















x ∈ (0, 1) : dn1
(x) =

⌊

1
4
(1 + ε1)ψ (n1)

⌋

+ 1,

dnk+1
(x) =

⌊

1
4
((1 + εk+1)ψ (nk+1) − (1 + εk)ψ (nk))

⌋

+ 1 (k ≥ 1) ,

dnk−1 (x) = dnk+1 (x) = 2 (k ≥ 1) ,

2 ≤ di (x) ≤M, i 6∈
⋃

k≥1{nk, nk − 1, nk + 1}.



















¡ Ï #�$ G (ψ,M) þ/#�$ G (ψ)
¬ ��# .Ñ �

4.2 G (ψ,M) ⊂ G (ψ) .Ó ©��
x ∈ G (ψ,M).

¨ ú ê ê ¬ n, ñ�� k ≥ 1 °�± nk ≤ n < nk+1.
µ�æ � ,

Sn (x) ≥ Sn
k

(x) ≥ (1 + εk)ψ (nk) .

� µ�æ � ,

Sn (x) ≤Sn
k+1

(x) ≤ (nk+1 − 2k)M 2 +

k+1
∑

i=1

(dni−1(x)dni
(x) + dni

(x)dni+1(x))

≤ (nk+1 − 2k)M 2 + (1 + εk+1)ψ (nk+1) + 4 (k + 1) .
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ÃÞÀ
(1 + εk)ψ (nk) ≤ Sn (x) ≤ (nk+1 − 2k)M 2 + (1 + εk+1)ψ (nk+1) + 4 (k + 1) . (4.1)

� nk(k ≥ 2) ­�® , ÿ � � ψ (nk − 1) < (1 + εk−1)ψ (nk−1), ψ (nk − 4) < (1 + εk−1)ψ (nk−1)Ó�� Ú�µ Ö�þ�²�³ ¬ . ð Ô ¯ lim
n→∞

ψ(n+1)
ψ(n)

= 1, ÃÞÀ
lim
n→∞

ψ (nk)

ψ (nk−1)
= 1. (4.2)

Í � $ (4.1), (4.2), lim
n→∞

n
ψ(n)

= 0 À?�
Sn (x)

ψ (nk+1)
≤
Sn (x)

ψ (n)
≤
Sn (x)

ψ (nk)
,

��� lim
n→∞

Sn(x)
ψ(n)

= 1. � x ∈ G (ψ).
Ô Ø G (ψ,M) ⊂ G (ψ) . ç§Ð ¿ ± Ï .¨

n ≥ 1, y r (n) = ] {k : nk ≤ n} . �û#�$ G (ψ,M)
¬ ­�®���� , Î�­ k ≥ 1,

¨�©«ª«¬
x ∈ G (ψ,M), dnk

(x)
¬ �vÖ�þ ô � ¬ . ¯ ���
� Ú�Û ,

Ú
dnk

(x) ¯ dnk
.Ñ �

4.3
¸ � {nk} à {dk}

¬ ­�®� ���Ã�� . º
lim
n→∞

r (n)

n
= lim

n→∞

log
(

dn1
dn

2
· · · dnr(n)

)

n
= 0.

Ó � [7] Ó õ«ç ��� 10 ��� 12 �U��� ,  «¹ ψ (nk) ≥ (1 + εk−1)ψ (nk−1), ��� r(n) �

n
1
2
−τ

1−δ . »�¼Þ� 1
2−τ

1−δ
< 1 ��� lim

n→∞

r(n)
n

= 0. Øv� ,

log
(

dn1
dn2

· · · dnr(n)

)

�

r(n)
∑

i=1

log ((1 + εi)ψ(ni))

� r (n) logψ (n) +
(

ε1 + · · · + εr(n)

)

� r (n) · n
1
2−τ + r(n)

1−δ
.

ÃÞÀ lim
n→∞

log
(

dn1dn2 ···dnr(n)

)

n
= 0. Ð ¿ ± Ï .

y Λ =
⋃

k≥1

{nk − 1, nk, nk + 1}. ­�®"¼T½ f : G (ψ,M) → F (M)  �¡ ,

f(x) =
∑

i≥1
i/∈Λ

1

di(x)

∏

1≤k<i
k /∈Λ

1

dk(x)(dk(x) − 1)
,

� f(x)
¬

Lüroth �½� ¬ ×«Ø � Ï«¯ d1(x), · · · ,dn1−2(x), dn1+2(x), · · · ,dn2−2(x), dn2+2(x),

· · · .
Ô Ø f(G(ψ,M)) = F (M).Ñ �

4.4
¨�©«ª

ε > 0, ¼T½ f
¥v¦

1
1+ε
® -Hölder ¾/µ .Ó © �

x, y ∈ G (ψ,M)
£"!$# ú ê Þ , º�ñ�� n ≥ 0, °Þ± ~ 1 ≤ i ≤ n ó ,

di (x) = di (y); % dn+1 (x) 6= dn+1 (y). »�¼ n+ 1 /∈ Λ � £ 2 ≤ dn+1 (x) , dn+1 (y) ≤M .
µ
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æ � , I (d1 (x) , · · · , dn (x) , dn+1 (x) ,M + 1) & I (d1 (y) , · · · , dn (y) , dn+1 (y) ,M + 1)
µ ­' � x à y ý�± ¬)(�* Ù . »�¼

|x− y| ≥ min {|I (d1 (x) , · · · , dn+1 (x) ,M + 1)| , |I (d1 (y) , · · · , dn+1 (y) ,M + 1)| } .

� [8] Ó�Ð ¿ 4.1 � , ñ���+�Ö�ò ¸ cM °�±
|I (d1 (x) , · · · , dn+1 (x) ,M + 1)| ≥ cM |I (d1 (x) , · · · , dn (x))|

é
|I (d1 (y) , · · · , dn+1 (y) ,M + 1)| ≥ cM |I (d1 (y) , · · · , dn (y))|

= cM |I (d1 (x) , · · · , dn (x))| .

ÃÞÀ |x− y| ≥ cM |I (d1 (x) , · · · , dn (x))| . � f ¬ ­�®�� , f(I (d1 (x) , . . . , dn (x)) ¯ n−3r(n)

®5¯�# ,
Ú�,

I
(

b1, · · · , bn−3r(n)

)

. »�¼
|x− y| ≥ cM |I (d1 (x) , · · · , dn (x))|

=cM |I(b1, · · · , bn−3r(n))|

r(n)
∏

i=1

2
∏

k=0

(dni−1+k(x)(dni−1+k(x) − 1))
−1

=cM2−2r(n)|I(b1, · · · , bn−3r(n))|

r(n)
∏

i=1

(dni
(x)(dni

(x) − 1))
−1
.

�£Ð ¿ 4.3 ��� ,  �¹ n ≥ n0, º
|x− y| ≥ cM

∣

∣I(b1, · · · , bn−3r(n))
∣

∣

1+ε
≥ cM |f(x) − f(y)|

1+ε
,

ÒÂÓ n0 þ.- M
é
ε
Ú�õ½¬F·�¸

. »�¼AÐ ¿ ± Ï .���
1.2 ø Ó�ù �£Ð ¿ 4.1 � dimHF (M) = sM ,

£
lim
M→∞

sM = 1. �£Ð ¿ 4.2
é Ð ¿

4.3 � ,

dimHG(ψ) ≥ dimHG(ψ,M) ≥
1

1 + ε
dimHF (M).

ÃÞÀ dimHG(ψ) ≥ 1
1+ε

sM . y ε→ 0,M → ∞, º�­ ¿v��ã ± Ï .
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[1] Lüroth J. Ueber eine eindeutige entwichelung von zahlen in eine unendliche reihe[J]. Math. Ann.,

1883, 21(3): 411–423.

[2] Galambos J. Representations of real numbers by infinite series[M]. Berlin: Springer-Verlag, 1976.

[3] Shen Luming. Hausdorff dimension of the set concerning with Borel-Bernstein theory in Lüroth
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sions[J]. Int. J. Number Theory, 2021, 17(5): 1139–1154.



188 t Æ Ç È Vol. 42

[6] Falconer K J. Fractal geometry-mathematical foundations and applications[M]. Chichester: John

Wiley and Sons, 1990.

[7] Wu Jun, Xu Jian. On the distribution for sums of partial quotients in continued fraction expan-

sions[J]. Nonlinearity, 2011, 24(4): 1177–1187.

[8] Hu Hui, Yu Yueli. On Schmidt’s game and the set of points with non-dense orbits under a class of

expanding maps[J]. J. Math. Anal. Appl., 2014, 418(2): 906–920.

ON THE METRIC PROPERTIES OF THE SUM OF PRODUCTS

OF CONSECUTIVE DIGITS IN LÜROTH EXPANSIONS AND

RELATED DIMENSIONS

HU Hui, CHENG Cheng

(School of Mathematics and Information Science, Nanchang Hangkong University, Nanchang 330063,

China)

Abstract: In this paper, we consider the metric properties of Sn (x) =
n
∑

i=1

di(x)di+1(x)

and the Hausdroff dimension of related fractal sets, where di(x) is the i-th digit of the Lüroth

expansions of x ∈ [0, 1). By some modification of Sn(x) and the construction of suitable fractal

subsets, we prove that Sn(x)/n log2 n converges to 1/2 in Lebesgue measure λ, and we get the

Hausdorff dimensions of related exceptional sets. It extends related dimensional results about

expansions of numbers.

Keywords: Lüroth expansions; product of digits; partial sum; Hausdorff dimension
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