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Ê������ ©
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b8c´ÇsÉ H Ý)Ã�ª�ä�æ�68
�Þ�Ä Ë�Ì ¼�½¿¾:ÀÃ·
[13−−16] ,

y�6�ß�ä�Å�Æ§ç�æ Û 
�Þ ÁÇ ¼�½Ü¾QÀ
, î`ï ,

������?�=�¼�½Ü¾QÀ
[17] ôÈ��É Ë�Ì ¼�½Ü¾QÀ [18,19] ô ������T���Ê �

[20] . ^8_)� b8c´ÇsÉ@·Qå�æ)���)Å�Æ ,
æ�68
éÞ§¥�¦�¨�©¤¾*À

.

^8_8Ë °´·�Ì�Í � ÷ D ï °<Î8(�> ÷ : Ï�Ð > ÷ ,
¥�¦�¨�©¤¾*À@· Y ½ ,

��æ�°ì¦¤¾*À@·
KKT

Í�Î v ¥§¦§¨§© Y ½�D�4§¦ Ë�Ì ¨�©¿¾QÀ ; Ï�Ñ > ÷ ,
µ)Ò Q ÇXÉ H ,

¶8* ! «)a�ÓÃ·b�cÒÇXÉ
, Ô<Õ�Öf!-× ·��8Ø ; Ï,Ù > ÷ ,

r Û ¶8*Ã·-ÓÃ·�b�cÒÇXÉ , `� �! «)a�
�Þ�¥§¦§¨©¤¾*À@·-b8c´ÇsÉ H
; Ï�Ú > ÷ , � ±)(8Û8Ü)��� ! É8Z���Ý ;

Ý8y�«)> ÷ ª�Þ�µ .

2 ßáà&âäãæåqçéèqêäë
^8_8ì)í ¯ ô °é±�¦ ]�î ® ��É Ê�Ï ��É Ë�Ì ·`¥�¦§¨§©¤¾:À , Á É i�ï�ð)�)ñ ��D :

min
x

F (x, y) s.t.

Gi(x, y) ≤ 0, i = 1, 2, · · · , m, Hj(x, y) = 0, j = 1, 2, · · · , n, x ∈ X,

min
y

f(x, y) s.t.

ga(x, y) ≤ 0, a = 1, 2, · · · , s, hb(x, y) = 0, b = 1, 2, · · · , t, y ∈ Y.

(2.1)

ÁÃÂ x ∈ R
n
ª�¯�¦¤¾*À@·sºé»�Ó�Ô

, y ∈ R
n
ª�°ì¦¤¾*À@·sºé»�Ó�Ô

, F (x, y) , Gi(x, y) , Hj(x, y)÷)ò ª�¯�¦@·¤ÄoÅÒÇsÉ Ê�ËéÌ ÇsÉ , f(x, y) , ga(x, y) , hb(x, y) ÷)ò ª�°ì¦@·¤ÄoÅÒÇsÉ Ê�Ë�ÌÇsÉ
. � ¾*À (2.1), ^8_8ó§ï °�ô�õ .ö�÷

2.1
ô�õ

f(x, y) , ga(x, y), a = 1, 2, · · · , s.
Ê

hb(x, y), b = 1, 2, · · · , t.
ª�ø�ù@ÇìÉ

,

f
Ê

ga(x, y), a = 1, 2, · · · , s.
ª01éÇsÉ

, hb(x, y), b = 1, 2, · · · , t.
ª�Õ Û y

·-�8�´ÇsÉ
.e­ô�õ

2.1 �8ú ,
��æ�°ì¦¤¾*À@·

KKT
Ý�¼�� Í�Î

, � v ¥�¦�¨�©¤¾*À �§ù�Y ½�D8û�ü·-4�¦ ËéÌ ¼§½¤¾*À
.ö8÷

2.2
ô�õÃ¾*À

(2.1)
·-=8> J�w�K�ý z × (�É�®0þ .

õ�°ì¦¤¾*À@·-ÿ û���� ÇsÉ�D :

L(x, y, λ, µ) = f(x, y) +

s
∑

a=1

λaga(x, y) +

t
∑

b=1

µbhb(x, y). (2.2)

� °ì¦¤¾*À@·
KKT

Ý�¼�� Í�Î D
:

∂f

∂y
+

s
∑

a=1

λa

∂ga

∂y
+

t
∑

b=1

µb

∂hb

∂y
= 0,

ga(x, y) ≤ 0, a = 1, 2, · · · , s,

λa ≥ 0, a = 1, 2, · · · , s,

λaga(x, y) = 0, a = 1, 2, · · · , s,

hb(x, y) = 0, b = 1, 2, · · · , t,

µb 6= 0, b = 1, 2, · · · , t,

y ∈ Y.

(2.3)
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��� ¥�¦�¨�©¤¾*À
(2.1) � Y ½�D ï °´·-4�¦ ËéÌ ¨�©¿¾*À :

min
x,y

F (x, y) s.t.

Gi(x, y) ≤ 0, i = 1, 2, · · · , m, Hj(x, y) = 0, j = 1, 2, · · · , n,

∂f

∂y
+

s
∑

a=1

λa

∂ga

∂y
+

t
∑

b=1

µb

∂hb

∂y
= 0,

ga(x, y) ≤ 0, a = 1, 2, · · · , s,

λa ≥ 0, a = 1, 2, · · · , s,

λaga(x, y) = 0, a = 1, 2, · · · , s,

hb(x, y) = 0, b = 1, 2, · · · , t,

µb 6= 0, b = 1, 2, · · · , t,

x ∈ X, y ∈ Y.

(2.4)

 
z := (x, y, λ, µ) , Z :=

{

z = (x, y, λ, µ) | x ∈ X, y ∈ Y, λa ≥ 0, µb 6= 0
}

, L(z) = λaga(x, y)

, ℘(z) =
∂f

∂y
+

s
∑

a=1

λa

∂ga

∂y
+

t
∑

b=1

µb

∂hb

∂y
.
� 4�¦ ËéÌ ¨�©¤¾*À

(2.4) � ½�D

min F (z) s.t.

Gi(z) ≤ 0, i = 1, 2, · · · , m, Hj(z) = 0, j = 1, 2, · · · , n,

℘(z) = 0,

ga(z) ≤ 0, a = 1, 2, · · · , s, hb(z) = 0, b = 1, 2, · · · , t,

L(z) = 0,

z ∈ Z.

(2.5)

� �Ò¾*À (2.5) ��ù Û ¾*À (2.1), ñ ��
éÞ¿¾*À (2.5)
·QÝ�¼�Þ"! � ��
éÞ�.)x¿¾*À (2.1)

·
Ý�¼�Þ

.

3 #%$'&�( è�)+*
,�-

3.1
[20]

ÇsÉ
P (z, z∗) : Z → R

ä/.�D
F (z)

z�=8> J�w�K z∗
|Ò·-b8c´ÇsÉ

, ï/0
×21"3�ï °<�)Ø :

(1) z∗
ª

P (z, z∗)
z

Z
¯È·s«<(/4 û =8> J8\�K ;

(2) �/576 · z ∈ S1 ,
®

∇P (z, z∗) 6= 0, ÁÃÂ S1 =
{

z|F (z) ≥ F (z∗), z ∈ Z|{z∗}
}

;

(3) 8 z∗
Ï ª8?�= J�w�K , � F (z) ý z ' «)(�=�> J�w�K z∗∗ ∈ int(Z), 1�3 F (z∗∗) <

F (z∗),
�

P (z, z∗) ý z�«<( J�w�K z′ ∈ N(z∗∗, δ) ⊂ Z. ÁÃÂ N(z∗∗, δ)
ª K z∗∗

|Ò·
δ 9 í .z´° _ÃÂ , :�;21"3 O2< 3.1

·-b8c´ÇsÉ
Ff (z, z∗, q, u) . o u , ^8_ õ � ! ±)( Ï�= ·#ûüÈÇìÉ

φr(t)
Ê

ϕr(t) .
ÇìÉ

φr(t)
­§® ï °È·2��Ø : > t ≥ 0

�
, φr(t) = 1 ; > t ≤ −r

�
,

φr(t) = 0 ; '2?8× ª842@�²/A@· . ϕr(t)
­�® ï °´·-�)Ø : > t ≥ r

�
, ϕr(t) = t + r ; > t ≤ 0�

, ϕr(t) = 0 ; '2?8× ª842@�²/A@· .

��ÛB5�C)� O · r > 0 ,

φr(t) =











1, t ≥ 0,

log1+r3 (−2(t + r)3 + 3r(t + r)2 + 1), −r < t < 0,

0, t ≤ −r.

(3.1)
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ϕr(t) =











t + r, t ≥ r,

(t + r) log1+r3 (−2t3 + 3rt2 + 1), 0 < t < r,

0, t ≤ 0.

(3.2)

� ®

φ′

r(t) =















0, t ≥ 0,

−6(t + r)2 + 6r(t + r)

−2(t + r)3 + 3r(t + r)2 + 1
, −r < t < 0,

0, t ≤ −r.

(3.3)

ϕ′

r(t) =















1, t ≥ r,

log1+r3 (−2t3 + 3rt2 + 1) + (t + r)
−6t2 + 6rt

−2t3 + 3rt2 + 1
, 0 < t < r,

0, t ≤ 0.

(3.4)

D �
φr(t)

Ê
ϕr(t)

z
R
¯�ª)û�ü �2E · . > r → 0+

�
, ϕr(t) → max(t, 0) .

D � , ^8_ ¶)*
! «<(�b8c´ÇsÉ :

Ff (z, z∗, q, u) =
1

||z − z∗||2 + 1
φq

(

F (z) − F (z∗) +
1

2
u

( m
∑

i=1

ϕ2
1

u

(Gi(z))

+

s
∑

a=1

ϕ2
1

u

(ga(z)) +

n
∑

j=1

H2
j (z) +

t
∑

b=1

h2
b(z) + L2(z) + ℘2(z)

))

.

(3.5)

ÁÃÂ q > 0, u > 0
ª�±)(/F�É

, u > 0
ª"G Q F�É , φr(t)

Ê
ϕr(t)

e É (3.1) ô (3.2) O2< .�Q° O �BHf% Ff (z, z∗, q, u)
ª 1"3 O2< 3.1

·s«é¬�b8c´ÇsÉ
.,"I

3.1
ô�õ

q > 0
c ÷ w , × u > 0 32J�\ ,

�
z∗
ª

Ff (z, z∗, q, u)
z

Z
¯@·X«)(�?

= J8\�K .
$f%

:
e É (3.5) �)� ,

Ff (z∗, z∗, q, u) =
1

||z∗ − z∗||2 + 1
φq

(

F (z∗) − F (z∗) +
1

2
u

( m
∑

i=1

ϕ2
1

u

(Gi(z
∗))

+

s
∑

a=1

ϕ2
1

u

(ga(z
∗)) +

n
∑

j=1

H2
j (z∗) +

t
∑

b=1

h2
b(z

∗) + L2(z∗) + ℘2(z∗)

))

.

(3.6)

ß�K"L
φr(t)

·2��Ø ú , > t ≥ 0
�

, φr(t) = 1 ,
®

Ff (z, z∗, q, u) ≤ Ff (z∗, z∗, q, u).
/ � z∗ª

Ff (z, z∗, q, u)
z

Z
¯È·s«<(8?�= J8\�K .

O � 3.1
H,%éÇXÉ

Ff (z, z∗, q, u) 1�3 O/< 3.1
· Í�Î

(1).
«<5�M"N´°

,
��O8
ÒÇXÉÃ·-?

= J�\�K ª����0�#�¿·QP�M .
� Ö , � |�¶8*Ã·�ÇXÉ Ff (z, z∗, q, u)

·-?�= J�\�K ���8Í�R�

� ,
!�D

z∗ .,SI
3.2

ô õ
q > 0

c ÷ w , × u > 0 3TJä\ ,
� � ÛT5UC z ∈ S1 \ {z∗}

®
∇Ff (z, z∗, q, u) 6= 0 , ÁÃÂ S1 =

{

z ∈ S | F (z) ≥ F (z∗)
}

.$f%
:
ô�õ

z ∈ S1 ,
�

F (z) > F (z∗) , �q 

Ff (z, z∗, q, u) =
1

||z − z∗||2 + 1
, ∇Ff (z, z∗, q, u) = −

2(z − z∗)
(

||z − z∗||2 + 1
)2 .
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ß
z 6= z∗

�
∇Ff (z, z∗, q, u) 6= 0 .

O � 3.2
Hf%ìÇsÉ

Ff (z, z∗, q, u) 1"3 O2< 3.1
· Í�Î

(2).,7I
3.3

ô}õ
q > 0

c ÷ w , × u > 0 3�J0\ , 8 z∗
Ï ª�?}= J}w0K , � F (z) ý z

' «�( Jqw�K z∗∗ ∈ int(Z) , �0� F (z∗∗) < F (z∗) ,
� > 0 < q <

(

F (z∗) − F (z∗∗)
) �

,

Ff (z, z∗, q, u)
« O ý zÒ«8( J�w�K z′ , ��� z′ ∈ N(z∗∗, δ) ⊂ Z , Á¿Â N(z∗∗, δ)

ª K z∗∗
|

·
δ 9 í .$ %

:
/

F (z)
ª0û�ü ·

,
� « O ý z K z̄∗ , z′ ∈ N(z∗∗, δ) , 1�3 F (z̄∗) = F (z∗) ,

F (z̄∗) > F (z′) > F (z∗∗) , ÁÜÂ z′ = z̄∗ + ε(z̄∗ − z∗) . > 0 < q <
(

F (z∗) − F (z∗∗)
) �

,
 

F (z′) ≤ F (z∗) − q ,
�

Ff (z′, z∗, q, u) = 0 .
ß

Ff (z, z∗, q, u) ≥ 0 ��V ®Ã· z ∈ Z
] +"W

. V�
z′
ª

Ff (z, z∗, q, u)
· J�w�K ,

� µ2X)+/W
.

O � 3.3
Hf%ìÇsÉ

Ff (z, z∗, q, u) 1"3 O2< 3.1
· Í�Î

(3).

4 #%$'&�(SYUZ
^/[ r Û ¯§« [ ¶)*Ã·-b�cÒÇXÉ Ff (z, z∗, q, u) , `q �! «<a�
éÞ§¥�¦�¨§©¿¾:À@·�b�cÒÇÉ H
,
°]\ :�;)" å@·-
éÞ¿¾*À (2.5)

·-b8c´ÇsÉ G)H
4.1 .^

0 _a` c ÷ w ·/b�É q, λL

Ê c ÷ \ ·/b�É u, _a` «�(�b¿·BcÒÉ K
Ê T+d

ei,

i = 1, . . . , K. _"` «<()Ã�x K z0 ∈ Z. e k := 0;^
1 � zk f x , ñ ��=8> L�M T H :�ç@¾*À (2.5)

·s«<(�=8> J�w�K z∗

k;^
2
 

Ff (z, z∗

k, q, u) =
1

||z − z∗

k||
2 + 1

φq

(

F (z) − F (z∗

k) +
1

2
u

( m
∑

i=1

ϕ2
1

u

(Gi(z))

+

s
∑

a=1

ϕ2
1

u

(ga(z)) +

n
∑

j=1

H2
j (z) +

t
∑

b=1

h2
b(z) + L2(z) + ℘2(z)

))

.

(4.1)

ÁÃÂ φr(t)
Ê

ϕr(t)
e É (3.1) ô (3.2) O2< , e l = 1

Ê
λ = 1;^

3

(a) 8 l ≤ K, Y (b); g � , Y"h 5;

(b) 8 λ ≥ λL,
� e wl

k := z∗

k + λel,
Y (c); g � , e l := l + 1, λ = 1, Y (a);

(c) 8 wl
k ∈ Z, Y (d); g � , e λ :=

λ

2
, Y (b);

(d) 8 f(wl
k) < f(z∗

k),
� e zk+1 := wl

k, k := k + 1, Y"h 1; g � , Y"h 4;^
4 � wl

k  Qi , L�M�ï °<b8c´ÇsÉ¤¾*À@·-=8> J�w�K :

min
z∈Z

Ff (z, z∗

k, q, u), (4.2)

õ
w∗

k

ª ¾sÀ
(4.2)

«�( ãkj � ·<=�> J0w0K , 8}×l1m3 f(w∗

k) < f(z∗

k),
� e zk+1 := w∗

k,

k := k + 1, Y"h 1; g � , e l = l + 1, λ = 1, Y"h 3(a);^
5
 

zs = z∗

k, n E .G)H
4.1
·po�� s<t :
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I G)H/q �Q°�T H _�r h 0 Â ·#T�d ei, i = 1, . . . , K.
Û ï , > n = 2

�
, r K = 6n,

T
d

ei

ä _ D :

ei =

(

cos
2π(i − 1)

K
, sin

2π(i − 1)

K

)

, i = 1, . . . , K.

> n ≥ 3
�

, r K = 2n, i = 1, . . . , n. ei Â · Ï i
( ÷ Ô�D 1, Á Ç ÷ Ô�D 0; i = n+1, . . . , K.

ei Â · Ï i
( ÷ Ô�D -1, Á Ç ÷ Ô�D 0.z h 0 Âs_�r «<(8Ò/t@·#Ã�x K , � {8()Ã�x K f x ,

��æ�=8> J�w ½8T H , � �sj � ¾À
(2.5)

·s«<(�=8> J�w�K z∗

k. u °<6È· 5�v ª)� O z∗

k

ª)?�= J�w�K]w2x :�ç î F (z∗

k)
ÇsÉ

Z�� w ·-=8> J�w�K .h 3
ª _ar Ò7tÜ·2Ã}x K , y�J}w ½}b�cÃÇ�É ¾sÀ (4.2). 8 TSd{z {ei, i = 1, . . . , K}

3�J0\ , > ÄmXa| � _ar Ã}x K � ,
¾sÀ

(4.2)
·<=�> J}w0K w∗

k } z Z
·{~ P |lj � , ×

Ff (w∗

k, z
∗

k, q, u) > 0,
� . h 1 Â :�çÈ·�=�> J�w�K z∗

k

D¤¾:À
(2.5)

·Q�/��?�= J�w�K . > q

r)�"3BJ�w � ,
I K�� ä/��D�ªÃ¾*À (2.5)

·#?�= J�w�K .,/I
4.1

G)H
4.1
��� ·����

{z∗

k} �]�"���s� (2.5) �p�"�/�"��� .���2�����l�
2.2 ��� , �p� (2.1) �{�����l�7�]���l������ �¡ , ¢B£2¤"¥ 4.1 ¦Q§l¨

�p©2ª ��� {z∗

k} «"¬ F (z∗

k+1) < F (z∗

k), ­T® {z∗

k} ¯"°B�/±/²m³k�/´lµl¶"� ��� ,
�¸· �/� ,

¤2¥ 4.1 §"¨a� ��� {z∗

k} �]�"���s� (2.5) �p�"�/�"��� .

5 ¹Sº¼»¾½
¿�À�Á�ÂlÃ�Ä ³]�l¤"¥lÅ�Æ/Ç7È"����´�É�Ê , ®�Ë�Ìl¤"¥¾�{��Í�Î , Ï�Ð/ÑlÒ¾¦"�k��´Ó"Ô/Õ ÍTÖp× . ­� ¾�k��´7Ø2ÙlÚ"� Matlab2018a ¦QÛlÍ . ¤"¥�± Â Matlab2018a Ü�Ý"ÞT¦

� fmincon ³k�"Å/�/�/�"�Bß¾�s� . �"à/�/�/´�Ø]Ù¾¦ , ¤2¥�¦2�pá/�"â : q = 10−6 , u = 45

, λL =
1

25
.ã

1 ä2Ñ"Ò [22].

min
x

F = x2 + y2 − 16x − 5xy s.t. 0 ≤ x ≤ 20,

min
y

f = −y s.t. x + y − 20 ≤ 0, 0 ≤ y ≤ 10.
(5.1)

å �p�¾�k�l�"æ"ç�Ç7â (x, y) = (11.1429, 8.8571)T , è"é Á ��ê�ë�³]��´lâ −469.1429.

É 1 �Q�"´/ìl¤ Ó/Ô ä/í 1.
� í 1 �"� , î"ï/ª"ðlñ�¢/�pò�óa� , ¤/¥"ô"ïl°"õ2©/ª , ö{�÷�ø �"�2æ2ç/Ç . �/´ Ó2Ô í � å ¤2¥"¯/�/Ía� .ã

2 ä2Ñ"Ò [24].

min
x1,x2

F =
(

x1 x2

)

(

2 3

4 1

)(

y1

y2

)

s.t. x1 + x2 = 1, x1, x2 ≥ 0,

min
y1,y2

f =
(

x1 x2

)

(

−1 −4

−3 −2

)(

y1

y2

)

s.t. y1 + y2 = 1, y1, y2 ≥ 0.

(5.2)

å �s���p�"�2æ2ç/Ç�â (x1, x2, y1, y2) = (0.0048, 0.0576, 0.1057, 0.8943)T , è2é Á �¾ê�ë
³k�/´"â 0.0899 . É 2 �p�/´2ì�¤ Ó2Ô äBí 2 .

� í 2 �/� , î/ï/ù�õB©2ª , ök� ÷�ø �"�2æ
ç/Ç . �/´ Ó2Ô í � å ¤2¥"¯/�/Ía� .
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�
1 � 1 ���������

k z0
k F (z∗

k) wl
k F (wl

k) t(s)

1

(

0.0000

0.0000

)

0

(

11.1429

8.8571

)

-469.1429 0.0782

1

(

5.0000

5.0000

)

-105

(

11.1429

8.8571

)

-469.1429 0.1094

1

(

11.0000

9.0000

)

-469

(

11.1429

8.8571

)

-469.1429 0.2969

1

(

10.0000

10.0000

)

-460

(

11.1429

8.8571

)

-469.1429 0.0156

�
2 � 2 ���������

k z0
k F (z∗

k) wl
k F (wl

k)

1











0.5000

0.5000

0.5000

0.5000











2.5000











0.3173

0.5576

0.1368

0.8632











1.6900

2











0.3173

0.5576

0.1262

0.8738











1.6808











0.1923

0.5576

0.1262

0.8738











1.3216

3











0.1923

0.5576

0.1172

0.8828











1.3081











0.1298

0.5576

0.1172

0.8828











1.1280

4











0.1298

0.5576

0.1131

0.8869











1.1217











0.0673

0.5576

0.1131

0.8869











0.9412

5











0.0673

0.5576

0.1093

0.8907











0.9351











0.0048

0.5576

0.1093

0.8907











0.7545

6











0.0048

0.5576

0.1057

0.8943











0.7485











0.0048

0.0576

0.1057

0.8943











0.0899
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6  "!
¿ Ñ$#&%('&) 3.1 ,

Ó+*-, ³]�$."/10{°+2$3¾� Ã�Ä ³]�7Ï547680�9��{Î$: . î�ïmµ5;
�p�¾� KKT <&=$>1?$;$@$A$B�ßlâ$C$;7D&E$@1A��Q� ; æ$F&G7�$H&I¾�J3¾� Ã�Ä ³B� , .
/10{°+2lÆ/Ç1?$;$@$A��p�¾� Ã�Ä ³]��¥ , Ï2é7È"��É�Ê Õ Í"0Q��´7Ø2Ù ,

Ó"Ô í � Ã�Ä ³
�"¤2¥"¯/�/Ía� . K/��¤2¥�¦ ,

� �Bò"ó7�JL$Ma�Qñ�¢ , N+OP/RQ ÷�ø æ2ç/Ç(S�Ta�p©/ªlõ2�
ñ�¢ , U1V�W , ¤2¥2é��Bò"´��XL$M5Y/ï"�+Z5[ , \2�&F&]a�R^7_7¦XO Õ °5`$a Õ .
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A FILLED FUNCTION METHOD FOR SOLVING BI-LEVEL

PROGRAMMING PROBLEMS

YUAN Liu-yang1,2, LI Qing1

(1. College of Science, Wuhan University of Science and Technology, Wuhan 430065, China)

(2. Hubei Provincial Key Laboratory of Metallurgical Industry Process System Science, Wuhan 430065,

China)

Abstract: This paper studies a type of bi-level programming problem with equality

and inequality constraints. Firstly, the KKT condition of the lower problem is used to convert

the bi-level programming into a single-level constraint programming problem; secondly, a new

filled function is constructed by combining the penalty function method. And we discussed its

properties; finally, based on the constructed filled function, a filled function method for solving

bi-level programming problems is obtained, and the feasibility of the algorithm is demonstrated

through numerical experiments.

Keywords: bi-level programming; single-level constrained programming; penalty function

method; filled function; KKT condition
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