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1 Introduction and Main Results

In this paper, we study the dynamics of compressible viscous charged particles consisting
of two-species particles (e.g., ions and electrons) under the influence of the self-consistent
electrostatic potential force in semiconductor device or plasma physics (cf. [1, 6]) which
is modeled by the compressible Navier-Stokes-Poisson system (called NSP system in the
sequel for simplicity). We focus on the one-dimensional case which can be formulated in the

Eulerian coordinates as follows:

o + 0z (niu;)) = 0,

min; (Ovu; + u;0u;) + T;0,m; — 0y = Niaiuia
One + O (neue) = 0, (1.1)

Mmene (e + uedytie) + Tedene + 1e0pd = p1e07ue.

8§¢ = n; — Ne.

Here, the unknown functions n, = n.(t,z) > 0 and u, = u,(t,z) stand for the density
and velocity of ions (o = i) and electrons (« = e), respectively. The positive constants my,,
T,, and pu, represent the mass, the absolute temperature, and the viscosity coefficient of «
charged particles, respectively. ¢ = ¢(t,x) is the potential of the self-consistent electrostatic
field.

Since we are concerned with the Cauchy problem, the two-fluid model (1.1) is equipped

with the following initial data

(na(0,2),u0(0,2)) = (nao(2), uao(z)), o =1i,e, (1.2)
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where the initial data (nqo(), uao(z)) and the electric potential ¢ (¢, x) are assumed to satisfy

the following far-field conditions

i (nao(e), waola)) = (nus),
ll)rin o(t,x) = ¢y, t>0. (1.3)

Here ny > 0,uy, and ¢+ are constants satisfying (ny,uy,¢dy) # (n_,u_,d_).
A closely related but somewhat simplified model for the case of compressible viscous
single ions flow under the Boltzmann relation n. = e~?, after a suitable normalization, takes

the form of

on + 9, (nu) = 0,
n (O + udpu) + Adyn —ndpp = O2u, (1.4)
2y = n—e?
with prescribed initial data
(n(0, 2),u(0,2)) = (no(x), uo(x)) (1.5)
and the following far-field conditions
lm (no(z),uo(x)) = (ng,us),

z—+o00

¢i7 t> 07 (16)

L)

where n = n(t,z) > 0 and u = u(t,x) are the density and velocity of ions, ¢ = ¢(t,x)
is the potential of the self-consistent electric field, and the positive constant A > 0 is the
absolute temperature of ions. For more physical background of the system (1.4) and its
formally mathematical derivation, those interested are referred to [1, 5] and the references
cited therein.

It is well-known that the time-asymptotical behaviors of the global solutions of the
Cauchy problem (1.1), (1.2), (1.3) of the two-fluid model and the Cauchy problem (1.4),
(1.5), (1.6) of the one-fluid model are uniquely determined by the structure of the unique
global entropy solution of the resulting Riemann problem of the corresponding quasineutral
Euler system. Since (ny,ui,¢y) # (n_,u_,¢_), the unique global entropy solution of the
resulting Riemann problem of the quasineutral Euler system consists of rarefaction waves,
shock waves, and/or their linear superposition, consequently one can expect that the large
time behaviors of the global solutions of the Cauchy problem (1.1), (1.2), (1.3) of the two-
fluid model and the Cauchy problem (1.4), (1.5), (1.6) of the one-fluid model also exhibit
rich nonlinear wave phenomena.

The main purpose of this paper is concentrated on the case when the unique global
entropy solution of the resulting Riemann problem of the corresponding quasineutral Euler

system consists of rarefaction waves only. Our results contain two parts: The first part
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focuses on the Cauchy problem (1.4), (1.5), (1.6) of the one-fluid model; the second part is
devoted to the Cauchy problem (1.1), (1.2), (1.3) of the two-fluid model.

1.1 Main Result for the One-Fluid Model

As shown in [2], the large time behaviors of the global solution (n(¢, ), u(¢, x), ¢(t, x))
of the Cauchy problem (1.4), (1.5), (1.6) can be determined by the structure of the unique
global entropy solution (N"(x/t), U (x/t), ®"(x/t)) of the resulting Riemann problem of the

following quasineutral Euler system

on + 0z (nu) = 0,
n (Opu + udu) + Adyn —nd,¢ = 0, (1.7)
¢ = —Inn

with Riemann initial data

(n(0,2), u(0,2)) = (nf(e), ulH(z)) = {(”"“‘)’ v (1.8)

(ny,us), x>0.
It is easy to check that the quasineutral Euler system (1.7) has two distinct eigenvalues
M=u—VA+1, M=u+VA+1,

which are genuinely nonlinear, thus we can construct two rarefaction wave curves R;(n_,u_)(i =

1,2) as follows:

Rl(n,,u,)
= {(n,u) eR, xR ’ v+ VA+1llnn=u_+VA+1llnn_n<n_,u> u_},
Ry(n_,u_) (1.9)

= {(n,u) eR, xR | u—vVA+1llnn=u_—vVA+1llnn_n>n_,u> u_}.
If (ny,uy) € Ry(n_,u_) and ¢4 satisfy the compatibility condition
ny = e %%, (1.10)

then one can easily deduce that the unique global entropy solution (N"(z/t),U" (z:/t), ®"(x/t))
of the Riemann problem (1.7), (1.8) is the rarefaction wave (NlR2 (z/t), U2 (z/t), dF (x/t))

of the second family whose precise definition can be given by
Ul (z/t) = wi(z/t) —VA+1,
Ro _
NE(@/t) = n_exp (W‘) , (1.11)

VA+1
e (a/t) = —InN{™(z/t),
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where w’(x/t) is the unique global entropy solution of the Riemann problem of the Burgers
equation

wy + ww, = 0,

w(0,2) = wlt(z) =

wy, x>0

{w_, z <0, (1.12)

with wy (= uqe + A+ 1.
Since (ny,us) € Ro(n_,u_), we have w_ :==u_ +VA+1<wy =uy +VA+1and
consequently the unique global entropy solution w’(x/t) of the Riemann problem (1.12) is

the rarefaction wave solution connecting w_ and w,, which can be defined as follows:

w-, T<w_,
Way={ 5w <i<w,, (1.13)
wy, 7> wy.

Under the above preparations, our first result on the Cauchy problem (1.4), (1.5), (1.6)
for the one-fluid model can be stated as in the following theorem.

Theorem 1.1 Let 0 := [ny —n_|+ |us —u_| be the strength of the rarefaction wave
solution (N{™(z/t), U[™(x/t), ®{*(x/t)) of the second family of the Riemann problem (1.7),
(1.8) and assume that (n4,us) € Ro(n_,u_), ¢+ = —Inny. If we assume further that the
initial data (ng(x),uo(z)) satisfy

(no(z) — ngi(x), uo(z) —ug(x)) € L*(R),
(Oano(x), Opuo(x)) € L*(R), (1.14)
inf {no(z)} > 0,
then there exists a sufficiently small positive constant d; such that if 0 < § < §y, the Cauchy

problem (1.4), (1.5), (1.6) for the one-fluid model admits a unique global strong solution
(n(t,z),u(t,z), ¢(t,z)), which satisfies

Crl <n(t,z) <Ci, |o(t,z)| < C (1.15)
for all (t,z) € R, x R and

lim sup ‘ (n(t,x) — N{2(z/t),u(t,x) — U (2/t), (t,z) + In N[> (lL‘/t))‘ =0. (1.16)

t—-+4o00 rE€R

Here dp, C7 > 1, and C; are some positive constants depending only on in[g{no(:v)}, [(8xmq,
re

Ostio) |22z, and || (no — g, uo — ) | 1 a)-

1.2 Main Result for the Two-Fluid Model

For the two-fluid case, the construction of the rarefaction wave is slightly different.
More precisely, the large-time behaviors of its global solutions (n (¢, z), na(t, x), ¢(t, z))(a =
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i,e) can be completely described by the structure of the unique entropy solution (N"(x/t),
U (xz/t),®"(x/t)) of the following Riemann problem of the quasineutral Euler system

on + 0, (nu) = 0,
T+ T.
n (Opu + udu) + ;an = 0, (1.17)
m; + MmMe
Ti e Te 7
¢ = Zife = ZeMMi )
mM; + Me

with Riemann initial data

(n_,u_), x<O0,
(n(0.2). u(0,2)) = (nf}(x), ufi(x)) = (118)
(n+,u+), x > 0
If ¢ satisfies the compatibility condition
E e Te T
po = e Ty, (1.19)

mi+me

then one can easily deduce that the unique global entropy solution (N (z/t),U" (z/t), ®"(x/t))
of the Riemann problem (1.17), (1.18) is the rarefaction wave (N3 (z/t), U3 (z/t), 252 (2/t))

of the second family whose precise definition can be given by

[T + T,
UQRQ(l'/t) = wR(f/t)* m7

B (x/t) —u_
N2 (z/t) = n_exp Ur(@/t) —u- , (1.20)

Ti+T.
mi+me
Eme - Temi

O (x/t) = R In Nj* (x/t),

where w(z/t) is given by (1.13).
It is straightforward to check that

(N2 (2/t), U (2 /1), N2 (2 /1), U2 (2 /t), @72 (2 /1))

K3

= (Ng2(z/t),Ug (x/t), N3 (2 /1), Us™ (a/t), D52 (z/t)) (1.21)
is a rarefaction wave solution of the following Riemann problem

Opni + 0y (niu;) =

min; (Opui + w0pu;) + Ti0pni — ni0pp =
Oine + 0y (Nete) =

MeNe (Optte + UeOptie) + TeOpne + NeOpd =

(1.22)

o o o o
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with Riemann initial data

(ni(ov JJ), ui(07 $)7 n6(07 x)v ’LLC(O, :U)) = (n%(m), uﬁ)(m)v TL?O(LE), Ufo(x))

{(nauan7u)7 .’E>O,

(1.23)
(n+,u+,n+,u+), I>0

For the Cauchy problem (1.1), (1.2), (1.3) of the two-fluid model, our main result on
the nonlinear stability of the wave pattern (N;*(z/t), U/ (x/t), NF2(x/t), US> (x/t)) given
by (1.21) can be stated as in the following theorem.

Theorem 1.2 Let § := |ny —n_|+|uy —u_| and assume that the following conditions
hold:

(i) define Ry(n_,ny) by (1.9) with A = % — 1 and assume

nme - Temi

(n+>u+) eﬁQ(”—f“—)a ¢:|: 1nn:l:;

m; + me

(i) the initial data (n(x), wio(x), neo(x), ueo(x), po(x)) satisfy

(nao(af,‘) — n(lf(x), Uao () — uOR(x)) € L*(R), =1,e,
(axna?(x), axuixo(x)) € L*R), a=ie, (1.24)
fio(§) |2‘”e0(§) e I(R),
inf {nao(x)} > 0, a=ie,

zeR
where 7;0(€) and 7.0(€) denote the Fourier transform of n;(x) and n.o(z), respectively.
Then there exists a sufficiently small positive constant &g, which depends only on

”(83:”040’ 837u0405 aa;¢0)||L2(R)a infl‘eR{naO(m)}a and H (nao - n(l)%a Uaqo — Ué%) HLZ(]R)7 SUCh tha‘t lf
0 < ¢ < d, the Cauchy problem (1.1), (1.2), (1.3) of the two-fluid model admits a unique
global strong solution (n,(t, ), us(t, x), ¢(t,x)) which satisfies

(i) There exists a positive constant C3 > 1 depending only on [|(0;71a0, Oxta0, Oz®0) || L2 (®),

gifelﬂf{{n“(’(x)}’ and || (nao —n& ugo — ug) HLZ(R) such that

Ci' < nu(t,x) < Cs (1.25)
holds for all (¢,2) € Ry x R and o = 4, ¢;

(ii) The wave pattern (N (z/t), U/ (z/t), NF2(x/t), UF= (x/t), @52 (2/t)) given by (1.21)

are time-asymptotically nonlinear stable in the sense that

lim sup } (na(t,x) — Nf2(z/t), ua(t, z) — UQRQ(:I:/t))} =0, a=i,e (1.26)

t——+o0 zER

and
. Eme - Temi
lim sup _
t——+o0 r€ER

N <¢(t, ) — In N (x/t)) ’ =0. (1.27)

m; + Mme
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Several remarks concerning our main results Theorem 1.1 and Theorem1.2 are listed

below:

(i)

(i)

(iii)

(iv)

Our main results hold for large initial perturbation which extend the previous ones
obtained in [2].

Compared with the Cauchy problem (1.1), (1.2), (1.3) of the two-fluid model, the
result obtained in Theoreml.1 for the Cauchy problem (1.4), (1.5), (1.6) of the one-
fluid model is better than the one for the two-fluid model. In fact, an extra bound
for the self-consistent electric potential ¢(t,z) is derived through the damping effect
induced by the Boltzmann relation n. = e~?. Moreover, we can obtain the large time

behavior of the electric potential ¢(t, ).

Although in our main results only the rarefaction wave of the second family is shown
to be time-asymptotically nonlinear stable for both the Cauchy problem (1.1), (1.2),
(1.3) of the two-fluid model and the Cauchy problem (1.4), (1.5), (1.6) of the one-fluid
model, similar results also hold for the wave pattern consisting of rarefaction wave of
the first family only and the composite wave pattern consisting of rarefaction wave of

the first family and rarefaction wave of the second family.

It is worth to pointing out that the nonlinear stability of ion-acoustic shock profile
with small initial perturbation has been established in [4] for the Cauchy problem
(1.4), (1.5), (1.6) of the one-fluid model, we are convinced that similar stability result

holds also for a class of large initial perturbation with large density oscillation.

For the corresponding non-isentropic NSP system, some results on the nonlinear sta-
bility of rarefaction waves, viscous contact discontinuity, and/or their superposition
with small initial perturbation have been obtained in [3, 7]. It would be interesting to
obtain the corresponding nonlinear stability results with large initial perturbation.

The details of the proofs of Theoreml.1 and Theorem 1.2 will be given in [8].
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