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Abstract: The aim of this article is to study the structure of split regular BiHom-Lie color
algebras. By developing techniques of connections of roots for this kind of algebras, we show that

such a split regular BiHom-Lie color algebra L is of the foom L =U+ > I, with U a subspace
[a]eA/~
of the abelian (graded) subalgebra H and any Ij,), a well described (graded) ideal of L, satisfying

1a), I13)] = 0 if [a] # [B]. Under certain conditions, in the case of L being of maximal length, the
simplicity of the algebra is characterized and it is shown that L is the direct sum of the family of
its simple (graded) ideals.
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1 Introduction

The origin of Hom-structures can be found in the physics literature around 1990, appear-
ing in the study of g-deformations of algebras of vector fields, especially Witt and Virasoro
algebras, see for instance [1-3]. So far, many authors have studied Hom-type algebras [4-11].
A BiHom-algebra is an algebra in such a way that the identities defining the structure are
twisted by two homomorphisms ¢, ). The notion of BiHom-Lie algebras was introduced in
[12], which is intimately related to both Lie algebras and Hom-Lie algebras. The case of
¢ = ¢ = Id implies BiHom-Lie algebras are Lie algebras and the other case of ¢ = 1) give
Hom-Lie algebras. The notion of Lie color algebras was introduced as generalized Lie alge-
bras in 1960 by Ree [13]. In particular, BiHom-Lie color algebras are defined as an extension
of BiHom-Lie (super)algebras to I'-graded algebras, where I" is any abelian group.

As is well-known, the class of the split algebras is specially related to addition quantum

numbers, graded contractions and deformations. Recently, the structure of different classes of
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split algebras have been studied by using techniques of connections of roots (see for instance
[14-23]). In the present paper we introduce the class of split BiHom-Lie color algebras of
arbitrary dimension as the natural extension of the class of split BiHom-Lie superalgebras
studied in [24] and the class of split Lie color algebras studied in [19]. The purpose of this
paper is to consider the structure of split regular BiHom-Lie color algebras by the techniques
of connections of roots based on some work in [14, 16, 17, 22, 24].

Throughout this paper, split regular BiHom-Lie color algebras L are considered of ar-
bitrary dimension and over an arbitrary base field K. This paper is organized as follows. In
section 2, we establish the preliminaries on split regular BiHom-Lie color algebras theory.
In section 3, we show that such an arbitrary split regular BiHom-Lie color algebra L with
a symmetric root system is of the form L = U + Z[a]e A Ijo) with U a subspace of the
abelian (graded) subalgebra H and any If, a well described (graded) ideal of L, satisfying
Uia], L1g] = 0 if [a] # [B]. In section 4, we show that under certain conditions, in the case
of L being of maximal length, the simplicity of the algebra is characterized and it is shown

that L is the direct sum of the family of its simple (graded) ideals.

2 Preliminaries

First we recall the definitions of Lie color algebras and Hom-Lie color algebras. The
following definition is well-known from the theory of graded algebra.

Definition 2.1 [10] Let I' be an abelian group. A bi-character onT'isamape: I'xT' —
K\ {0} satisfying

(1) e(a, B)e(B,a) = 1,

(2) e(a, B+ ) = e(e, B)e(, ),

(3) ela+8,7) = ela,v)e(8,7),
for all o, 8,y € T

It is clear that e(«,0) = €(0, ) = 1 for any « € T', where 0 denotes the identity element
of I.

Definition 2.2 [16] Let L = @g4crL, be a I'-graded K-vector space. For a nonzero
homogeneous element v € L, denote by © the unique group element in I' such that v € Ly,
which will be called the homogeneous degree of v. We shall say that L is a Lie color algebra
if it is endowed with a K-bilinear map [-,-] : L x L — L satisfying

(1) [v,w] = —(v,w)[w, v], (skew-symmetry)

(2) [v, [w,t]] = [[v,w],t] + (v, w)[w, [v, t]], (Jacobi identity)
for all homogeneous elements v, w,t € L.

Lie superalgebras are examples of Lie color algebras with T' = Zy and (4, j) = (—1)¥,
for any i, j € Zo. We also note that L is a Lie algebra.

Definition 2.3 [10] A Hom-Lie color algebra is a quadruple (L, [-, ], ¢, €) consisting of
a I'-graded K-vector space L, an even bilinear mapping [,] : L x L — L, a homomorphism
¢ and a bi-character ¢ on I satisfying

(1) [.CI?, y] = _5<£" g)[yv LL‘],
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(2) e(z,2)[6(), [y, 2]] + e(@,9)[6(y), [z, 2]] + (7, 2)[¢(2), [x,y]] = 0,
for all homogeneous elements x,y,z € L, T, ¥y, Z denote the homogeneous degree of x,y, z,
respectively. Furthermore, if ¢ is an algebra automorphism, then it is said that L is a regular
Hom-Lie color algebra.

Clearly Hom-Lie algebras and Lie color algebras are examples of Hom-Lie color algebras.
Then we recall the definition of BiHom-Lie algebras and give the definition of BiHom-Lie
color algebras.

Definition 2.4 [12] A BiHom-Lie algebra over a field K is a 4-tuple (L, [, ], ¢, %), where
L is a K-linear space, [-,-] : Lx L — L is a bilinear map and ¢, : L — L are linear mappings
satisfying the following conditions:

(1) poh =1 oo,

(2) [b(@), 6(y)] = ~ [ (), 6(x)], (Bilom-skew-symmetry)

(3) [¥*(2), [V (y), p(2)]] + [V*(y), [(2), p(@)]] + [¥*(2), [¥(2), H(y)] = 0, (BiHom-Jacobi
identity)
for any z,y,z € L.

Definition 2.5 A BiHom-Lie color algebra L is a quintuple (L, [-, -], ¢, 1, ) consisting
of a I'-graded space L, an even bilinear mapping [-,:] : L x L — L, two homomorphisms ¢, ¢
and a bi-character € on I' satisfying

(1) g0t = oo,

(2) [¥(x), ()] = —e(Z,9)[¢(y), ¢(x)], (BiHom-skew-symmetry)

(3) e(z,2)[¥*(2), [V (y), d(2)]| +e(, ) [V (), [ (2), d(@)]] +e(F, 2)[¥*(2), [ (), d(y)] =
0, (BiHom-Jacobi identity)
for all homogeneous elements z,y,z € L, T, %y, Z denote the homogeneous degree of x,y, z,
respectively. Furthermore, if ¢, are algebra automorphism, then it is said that L is a
regular BiHom-Lie color algebra.

Lie color algebra are examples of BiHom-Lie color algebras by taking ¢ = v = Id.
Hom-Lie color algebras are also examples of BiHom-Lie color algebras by considering 1 = ¢.

Example 2.6 Let (L, [, ]) be a Lie color algebra, ¢, : L — L two automorphisms and
potp = Po@. If we endow the underlying linear space L with a new product [-, -]/ :LxL — L
defined by [z,9] := [¢(z),¥(y)] for any x,y € L, then we have that (L, [-,-]’, ¢, 1) becomes
a regular BiHom-Lie color algebra.

Throughout this paper we will consider a regular BiHom-Lie color algebra L being
of arbitrary dimension and over an arbitrary base field K. N denotes the set of all non-
negative integers and Z denotes the set of all integers. The usual regularity concepts will
be understood in the graded sense. For instance, a subalgebra A of L is a graded subspace
A = @ger A, such that [A, A] C A and ¢(A) = (A) = A. A graded subspace I = @ erl, of
L is called an ideal if [I, L] + [L,I] C I and ¢(I) = ¢(I) = I. A BiHom-Lie color algebra L
will be called simple if [L, L] # 0 and its only (graded) ideals are {0} and L.

We introduce the concept of split regular BiHom-Lie color algebra in an analogous

way. We begin by considering a maximal abelian graded subalgebra H = @ crH, among
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the abelian graded subalgebras of L. We observe that H is necessarily a maximal abelian
subalgebra of L as the following lemma shows.

Lemma 2.7 Let H = @ crHy be a maximal abelian graded subalgebra of a BiHom-Lie
color algebra L. Then H is a maximal abelian subalgebra of L.

Proof We consider an abelian subalgebra K of L such that H C K. For any x € K
we have [z, Hy| = 0 for each g € I, and so by writing = Y, |z, with z,, € L, for
i=1,---,n, being g; € I" and g; # g, if i # j, by the grading we get [z,,, H;] = 0. Hence,
for any g;, i = 1,---n, we have (Hy, + Kz, ) ® (Dger\ (g3 H,) is an abelian graded subalgebra
of L containing H and so z,4, € Hy,. From here we get x € H and then K = H.

Let us introduce the class of split algebras in the framework of regular Lie color algebras
L. First, we recall that a Lie color algebra (L, [, -]), over a base field K, is called split respect
to a maximal abelian subalgebra H of L, if L can be written as the direct sum

L=H S (@aEALa)

where
Lo ={vy € L : [ho,va] = a(ho)v,, for any hy € Hy},

for a nonzero linear functional « on Hy such that L, # 0.

We introduce the concept of a split regular BiHom-Lie color algebra in an analogous
way.

Definition 2.8 We denote by H = @,crH, a maximal abelian (graded) subalgebra,
of a regular BiHom-Lie color algebra L. For a linear functional o : Hy — K, we define the
root space of L (with respect to H) associated to « as the subspace

La = {Ua S [h07¢(va)] = a(h0)¢¢(va)7 for any hO € HO}

The elements « : Hy — K satisfying L, # 0 are called roots of L with respect to H. We
denote A := {a € (Ho)* \ {0} : L, # 0}. We say that L is a split regular BiHom-Lie color
algebra, with respect to H, if

L=H®® (®aerLa)-

We also say that A is the root system of L.

Noting that when ¢ = ¢ = Id, the split Lie color algebras become examples of split
regular BiHom-Lie color algebras and when ¢ = v, the split regular Hom-Lie color algebras
become examples of split regular BiHom-Lie color algebras. Hence, the present paper extends
the results in [19, 22]. Let us see another example.

Example 2.9 Let (L = H ® (BaecaLa), [, ]) be a split Lie color algebra, ¢,1 : L — L
two automorphisms such that ¢(H) = ¢(H) = H and ¢o1) = o ¢. By the Example 2.6, we
know that (L, [-,-]', #,v), where [z,y] := [¢(z),(y)] for any element z,y € L, is a regular
BiHom-Lie color algebra. Then it is straightforward to verify that the direct sum

L=Ho (@aeALaw*Q
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makes of the regular BiHom-Lie color algebra (L, [-,-]', ¢, 1) a split regular BiHom-Lie color
algebra, being the root system A = {ay)~! : a € A}.

From now on L = H @ (®aeals) denotes a split regular BiHom-Lie color algebras.
Also, and for an easier notation, the mappings ¢|m,¥|u, |5, |5 : H — H will be denoted
by ¢, 1, 71, 1~ respectively.

It is clear that the root space associated to the zero root L satisfies H C Ly. Conversely,
given any vy € Ly we can write

vo = h ® (B, va, ),

where h € H and v,, € Ly, fori =1,--- ,n, with a; # o if ¢ # j. Hence
0 = [ho, h & (21 va,)] = Bi=yai(ho)Y(va,),

for any hg € Hy. So taking into account the direct character of the sum and that «; # 0
gives us v, =0 fori=1,--- ,n. So vy = h € H. Consequently,

H = L. (2.1)

Lemma 2.10 Let L = @ crLy be a split BiHom-Lie color algebra with corresponding
root space decomposition L = H @ (Saeals). If we denote by L, , = L, N Ly, then the
following assertions hold.

(1) Lo = ®gerLa,y for any o € AU {0}.

(2) Hy = Ly,4. In particular Hy = Ly .

(3) Lo is a split BiHom-Lie algebra, respect to Hy, with root space decomposition
Lo = Hy @ (®aerLa,o)-

Proof (1) By the I'-grading of L we may express any v, € L,, a € AU {0}, in the
form v, = va,g, + -+ 4 Va,g, With v, € Ly, for distinct gi,--- ,9, € I'. If hg € Hy then
[ho, @(Va,g;)] = a(ho)p(va,g,) for i =1,--- ,n. Hence L, = @yer (Lo N Ly) and we can write
L, = @®g4erLa,y for any o € AU {0}.

(2) Consequence of (2.1) and item 1.

(3) We also have L, = H; ® (®aeala,y) for any g € I'. By considering g = 0 we get
Ly = Hy ® (®aeaLla,). Hence, the direct character of the sum and the fact that a # 0 for
any « € A gives us that Hy is a maximal abelian subalgebra of the BiHom-Lie algebra L.
Hence Ly is a split BiHom-Lie algebra respect to Hy.

Lemma 2.11 For any a € AU {0}, the following assertions hold.

(1) ¢(La) = Laqﬁ*l and ¢71(La) = Lag-

(2) ¥(La) = Loy and ¢~ (Ly) = Loy.

Proof (1) For any hy € Hy and v, € L,, since

[h07 d)(va)} = a<h0)¢¢<va)v (22)
we have that by writing hz) = ¢(ho), then

(g, 9 (va)] = 6([ho, $(va)]) = alho)$*¥(va)
= ag " (hg)*¥(va)
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Therefore we get ¢(vo) € Lag-1 and so
¢(La) C La¢_1' (23)

Now, let us show L,y-1 C ¢(Ly). Indeed, for any hy € Hy and v, € Lo, (2.2) shows
[0~ (ho),va] = a(hg)(vy). From here, we get [¢(ho), va] = ad?(ho)(ve) and

¢_1(La) C La¢>- (2.4)

Hence, since for any x € L,4-1 we can write x = ¢(¢~'(x)) and by (2.4) we have ¢~ (z) € L,
and L,s-1 C ¢(L,). This fact together with (2.3) show ¢(Ly) = Lag-1-
To show ¢~ (Ly) = Lag, the fact ¢7'(L,) C Lag is (2.4), while the fact Loy C ¢~ (Lq)
is consequence of writing any element @ € L, of the form z = ¢~ (¢(x)) and applying (2.3).
(2) To verity

Y(La) C Loy-1, (2.5)
we observe that (2.2) gives us [10(ho), Vd(va)] = a(ho)pdp(vy), and so [(hg), d(ve)] =
ap L ((he)) (1 (vy)). Since (2.2) and the identity 1~1¢ = ¢! also gives us

w_l(La) - Lawa (26)

we conclude as above that ¢(L,) = Lay-1. We can argue similarly with (2.5) and (2.6) to

get v (Ly) = Loy-
Lemma 2.12 For any «, 8 € AU {0}, we have [Ln, Lg] C Lop-14pp-1-
Proof For each hy € Hy, v, € L, and vg € Lg, we can write

[0, $([va, v])] = [*9 72 (ho), ¢([va, vs])]-

So, by denoting hy, = 1 ~2(hg), we can apply BiHom-Jacobi identity and BiHom-skew-
symmetry to get

W(h’) ([va v5))]
= [¥2(ho), [P~ $(va), B(v5)]]
=—e<h0,a+ﬂ>[ Yo (v >,[«/)<v5>,¢><h’o>n—e(c‘v+ﬂa,5>[w (v8), [(ho), P B(va)]]
= o)l W (hg ,qs(va)n e<a+ho,ﬂ>[¢< )W ho),s ¢ L (va)]]
0 53)
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Taking into account hy = 1h~2(hg) we have shown that

[ho, d([va, va))] = (BY ™" + a™")(ho)$¥([va, vs]).-

From here, [L, Lg] C Log-14pp-1-

From Lemma 2.12 we can assert that

[La,gl ) Lﬁafh] - La¢’1+ﬁw71’91+92

for any g1,g92 € T.

Lemma 2.13 If o € A, then ap™*11p=*2 € A for any z1, 23 € Z.

Proof This is a consequence of Lemma 2.11 (1) and (2).

Definition 2.14 A root system A of a split BiHom-Lie color algebra is called symmetric
if it satisfies that o € A implies —a € A.

3 Decompositions

In the following, let L be a split regular BiHom-Lie color algebra with a symmetric
root system A and L = H @ (®aeaLy) the corresponding root decomposition. We begin by
developing the techniques of connections of roots in this section.

Definition 3.1 Let a and 3 be two nonzero roots. We shall say that « is connected to
0 if there exists aq, -, € A such that

If k=1, then oy € {ap "™ " :n,r e N} N{£Bp "~ *: m,s € N}.

If £ > 2, then

(1) oy € {ap ™™ " :n,r € N}.

(2) ang +asp ! € A,

a1p? +ap T fagp! €A,

¢+ ad YT f o 2T 4 i T F T €A,

a1 2 + e TP YT f g YT g T T €A

(3) 1™ + apg ™ F T f g YT+ F MY T g T
app™t € {£Bp7™p™° 1 m, s € N}.
We shall also say that {aj,---,ax} is a connection from « to 3.

Our next goal is to show that the connection is an equivalence relation on A.

Proposition 3.2 The relation ~ in A, defined by a ~ (3 if and only if « is connected
to 3, is an equivalence relation.

Proof This can be proved completely analogously to [14, Corollary 2.1].

For any o € A, we denote by

Ay :={feAN:(3~a}

Clearly if 5 € A, then —3 € A, and, by Proposition , if v ¢ A, then A, N A, = 0.
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Our next goal is to associate an adequate ideal Ly of L to any A,. For A,, a € A, we
define Hy, := spang{[Lgy-1,L_ps-1] : B € An}, and Vi := Ggea, Lz. We denote by La,
the following graded subspace of L, Lp_ := Hy, & Va,.

Proposition 3.3 For any « € A, the linear subspace L, is a subalgebra of L.

Proof First we have to check that Ly satisfies [Ly,, Ly, ] C Ly, . Taking into account
H = Ly, then [Hy_,Hp,] =0 and

[La,, La,) = [Ha, ® Va,, Hy, ©@ Vo, ] C[Ha,, Vol + [Vao, Hal + Zpqena[Ls, L] (3.1)

Let us consider the first summand in (3.1). Given 8 € A,, we have [Hy_, Lg] C [Lo, L] C
Lgy-1, being B¢p~* € A, by Lemma 2.13. Hence,

[Haos Vaol C Vi, (3.2)

Similarly, we can also get
[V, Ha, ] C Vi, (3.3)

We consider now the third summand g ea, [Lg, L,]. Given 3,7 € A, such that [Lg, L,] #
0, if Bp~' +~v¢p~* =0, then clearly [Lg, L] C Hy,. Supposing that 3¢~ +~1p~! 2 0, since
[Lg, L,] # 0 together with Lemma 2.12 ensures that ¢! +~¢~* € A, we have that {3,~} is
a connection from 3 to B¢~ 1+~ ~!. The transitivity of ~ gives now that B¢=t+~1~1 € A,
and so

[Lg, Ly] C Lgg-r4yypr C Vi, (3.4)

From (3.1)-(3.4), we conclude that [La_,La, | C La,-

Secondly, we have to verify that ¢(Ly_ ) = L., and ¥(Ly, ) = Ly, . But this is a direct
consequence of Lemma 2.11.

Proposition 3.4 If v & A,, then [Ly,, Ly | = 0.

Proof We have

[LAMLAW] = [HAa @ VAG,HAW D VA«{] C [HAMVAW] + [VAQ,HAW] + [VAG,VAJ. (35)

We consider the above third summand [V}, Vs ] and suppose that there exist 5 € A, and
n € A, such that [Lg,L,] # 0. As necessarily 8¢~ # —nyp=t, then o=t + =t € A.
So {B,m,—B¢ 29} is a connection between 3 and 1. By the transitivity of the connection
relation we have v € A,, a contradiction. Hence [Lg, L,] = 0 and so

[Va., Va,] = 0. (3.6)

We consider now the first summand [Hy_, V] in (3.5) and suppose there exist 5 € A, and
n € A, such that

[[Lﬂw”’ L*[w*l]v ¢’2(Ln>] # 0.

By BiHom-skew-symmetry, [¢)?(Ly,),[L_gy-1,Lgs-1]] # 0. Hence, there exist 4,5,k € T
such that [¢?(L,;), [ (L_p;),#(Lsx)]] # 0. By BiHom-Jacobi identity, we get either
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[0(Lpk), @(Lni)] # O or [(Lyi), d(L-p;)] # 0. From here [Vy,, Vi ] # 0 in any case,
which contradicts (3.6). Hence [Hy,,V, ] = 0. Finally, we note that the same above argu-

ment shows, [Va,, Ha | = 0. By (3.5), we conclude [Ly_, L | = 0.

Theorem 3.5 The following assertions hold.

(1) For any « € A, the subalgebra Ly, = Hy_ @ Vi, of L associated to A, is an ideal
of L.

(2) If L is simple, then there exists a connection from « to 3 for any a,3 € A and
H = sl Los )

Proof (1) Since [La,,H]| = [La,, Lo] C V., taking into account Propositions 3.3 and

3.4, we have

[La,, L] = [La,, H® (®pen, Lp) © (Brga, Ly)] C La,,-

In a similar way we get [L, Ly, | C Ly, . Finally, by Lemma 2.11, we also have ¢(La, ) = La
and ¢ (La,) = La,. So we conclude that L, is an ideal of L.

(2) The simplicity of L implies Ly, = L. From here, it is clear that A, = A and
H = ZQGA[Law”vL—awl]-

Theorem 3.6 For a vector space complement U of spang{[Lay-1,L_ng-1]: € A} in

L=U-+ Z I[a],

[a]eA/~

«

H, we have

where any I[,) is one of the ideals L, of L described in Theorem 3.5(1), satisfying [I{a}, I15)] =
0, whenever [a] # [5].

Proof By Proposition 3.2, we can consider the quotient set A/ ~:= {[a] : a € A}.
Let us denote by Ijq) := Ly,. We obtain that Ij,) is well defined and by Theorem 3.5(1), an

ideal of L. Therefore
L=U+ Y Iu.
[a]eA/~
By applying Proposition 3.4 we also obtain [Ij,], Ij5)] = 0 if [o] # [f].
Let us denote by Z(L) :={xz € L : [z, L] + [L,xz] = 0} the center of L.
Corollary 3.7 If Z(L) = 0 and H =} [Lay-1,L_a¢-1], then L is the direct sum

of the ideals given in Theorem 3.5,
L = ©aen/~Aja)-

Furthermore [Ij4}, Ij3] = 0, whenever [a] # [3].

Proof Since H =) _\[Lay-1,L_ag-1], we get L = @jgjen/~To)- We show the direct
character of the sum. Given z € Ij,jN) g1/~ I3, by using again the equation [I14], Ij5)] = 0,
for [a] # [G], we obtain

[:U,I[a]] + [x, E I[m] =0,
(B1EA/~
[B]1#[a]
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[I[a]ax]+[ Z I[g],m]zo.
[

BleEA/~
[Bl#[a]

It implies [z, L] 4+ [L,z] = 0, that is, € Z(L) = 0. Thus « = 0, as desired.
4 The Simple Components

In this section, we study the sufficient conditions for the decomposition of L into direct
sums of simple ideals. Under certain conditions we give an affirmative answer.

Lemma 4.1 Let L = H @ (®aecaLa) be a split regular BiHom-Lie color algebra. If T
is an ideal of L, then I = (INH) & (Baea( N Ly)).

Proof We can see L = H @ (Bocals) as a weight module with respect to the split
BiHom-Lie algebra Lj, with maximal abelian subalgebra Hj, in the natural way. The char-
acter of ideal of I gives us that [ is a submodule of L. It is well-known that a submodule of
a weight module is again a weight module. From here, [ is a weight module with respect to
Lo (and Hy) and so [ = (INH) & (Baeca(I N Ly)).

Taking into account the above lemma, we observe that the grading of I and Lemma
2.10(1) let us write

I= @gGFIg = @961‘«[9 N Hg) D (@aeA(Ig N Lowg))- (4-1)

Lemma 4.2 Let L be a split regular BiHom-Lie color algebra with Z(L) =0 and I an
ideal of L. If I C H, then I = {0}.

Proof We suppose that there exists a nonzero ideal I of L such that I C H. We
get [I,H| C [H,H] =0 and [I,®aeals] C I C H. Then taking into account H = Lg, we
have [I,®aeaLlal C H N (BaeaLla) = 0 and [BaenrLa, I] C (Baeals) N H = 0. From here
I C Z(L) = 0, which is a contradiction.

Let us introduce the concepts of root-multiplicativity and maximal length in the frame-
work of split Hom-Lie color algebras. For each g € I', we denote A, :={a € A: L, , # 0}.

Definition 4.3 A split regular BiHom-Lie color algebra L is root-multiplicative if
given o € Ay, and 3 € Ay, with g;,g; € I', such that a + 3 € A, then [L,,4,,Lgg,] # 0.

Definition 4.4 A split regular BiHom-Lie color algebra L is of maximal length if for
any a € Ay, g € ', we have dimL,q .y = 1 for k € {£1}.

If L is of maximal length, according to (4.1) we assert that given any nonzero ideal I
of L then

I'=®yer((IgN Hy) © (GacarLay))- (4.2)

where A} := {a€ A: [, N Lo, # 0} for each g € T.

Theorem 4.5 Let L be a split regular BiHom-Lie color algebra of maximal length,
root multiplicative and Z(L) = 0. Then L is simple if and only if it has all of its nonzero
roots connected and H =) [Lay-1, L_qg-1].

Proof The first implication is Theorem 3.5(2). To prove the converse, we consider I a
nonzero ideal of L. By Lemma 4.2 and (4.2) we can write I = @cr ((I,NH,)® (@aeAgLa,g))
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with A} C Ay for any g € T' and some A # (). Hence, we may choose o € A} such that
0% Loy, C L. (4.3)

Since ¢(I) = I, ¢(I) = I, and by Lemma 2.11, we can assert that if « € A;, then {agp* ¢)* :
21,22 € Z} C A;. In particular,

{Laod)zlwzz’g 121,29 € Z} cI.

Now, let us take any 3 € A satisfying 8 & {*aop* ¢ : 21,20 € Z}. Since ag and [ are
connected, we have a connection {ay,---,ax}, k > 2, from g to 3 satisfying:

a; = agp "7, for some n,r € N,

a1t ot €A,

01972 + azp !+ agy ! € A,

1™ + ¢TI fagdT YT 4t T YT YT €A,

19”2 4 g™ YT T YT e b 0T T YT €A,
a1¢7k+1+a2¢7k+2¢71+a3¢7k+3w71+, . ._I_ai(ZkaJriwfl_'_, . '+ak—1¢71w71+ak¢71 —
eB¢p~"1p° for some m,s € N and € € {£1}.
Since ap € A, there exists g; € I' such that L,, 4, # 0 and so ay € Ay,. From here, we have
a1 € Ay and oy € Ay, such that a;¢™! + axp™' € Agyy,. The root-multiplicativity and
maximal length of L show 0 # [La, g, Las,g1] = Layo—1+asw-1,g9+g1- Since 0 # Lo, o C I as

the consequence of (4.3) we get

0 7é La1¢*1+azw*1,g+g1 C I
We can argue in a similar way from a1~ ! + axtp ™!, ag and a1¢72 + asd 1t + agy~! to
get
0 7& LO&1¢72+0¢2¢71¢71+O¢3¢71792 -y
for some go € T'. Following this process with the connection {a, -, ax}, we obtain that
07 Loyt 4aspr+2g-1 4 tapprgs C 1
and so either 0 # Lgg-my-sg, C I or 0# L_gg-my-s 4, C I for some g3 € I'. That is,
0%# Legp-my-s,4s CI for some ee€{+£l}, some gseT
and for any # € A. By Lemma 2.11, we can get

0# Legg, CI for some €€ {*l}, some g3el. (4.4)

Taking into account H = ZﬁeA[Lng,L,Mq], the grading of L gives

Hy = Z W(L%g>v¢(L—%—g)]-

yEA,geTl
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From here, there exists v € A and g4 € I" such that

[[w(L%gzl)? ¢(L—’Y7—g4)}7 w2¢72¢(L€57g3)] 7é 0. (45)

By the BiHom-Jacobi identity either

[W(Lry =) (P (Lepga)] # 0 o [(¥*G(Lep,g,)), (L ,g,)] # 0

and so
L_p-19-14eppp2,—gatgs 70 0T Loy-14-14epypp-2,gs+g5 7 0.
That is
0 # Liyp-19-1+e8662mga+gs C (4.6)

for some k € {£1}. Since € € A,,, by the maximal length of L we have —e € A_,,. By

(4.6) and the root-multiplicativity and maximal length of L we obtain

07 [Lyp16-14epio2,mga+gsr Locpos92, 5] = Liyp=14-2,mg, C 1. (4.7)

By Lemma 2.11(1), we can get
Ly g, C 1. (4.8)

Taking into account (4.7) and (4.5) we get 8¢ ([(L~.g,), @(L—r.—g,)]) # 0. For any g5 € T
such that L. 4, # 0, we have

0# [[va*%guL*W(b*l,fgax}?qs(l/eﬂ,gs)} - L66¢*1w*1,g5 -yl

and so L.z C I. That is, we can assert that
LgCl (4.9)
for any 3 € A and some € € {£1}. Since H = deA[Lﬁw*vL—M*l]? we get
HCI. (4.10)
Now, given any —ef3 € A, by the facts —ef # 0, H C I and the maximal length of L we have
[H,L_cpyp) =L_5 C I (4.11)

From (4.9)-(4.11) we conclude that I = L. Consequently L is simple.

Theorem 4.6 Let L be a split regular BiHom-Lie color algebra of maximal length, root
multiplicative and satisfying Z(L) = 0, H = > _\[Lay-1,L_a¢-1]. Then L = ®ajea/~Iia),
where any Ij,] is a simple (split) ideal having its roots system A;_ , and all of its elements
are connected.

Proof By corollary 3.7, L = ®q)er/~1[o) is the direct sum of the ideals Ij,) = Hp, @
Vaa=( pejo)[Lov-1, L-po—1]) © (BpejaLp) having any o) its root system, Ay, = [a]. It
is easy to check that Ay, has all of its roots Aj -connected, (connected through roots in
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Ar,

]). We also have that any of the I|,) is root-multiplicative as consequence of the root-

multiplicativity of L. Clearly Ijo is of maximal length, and finally Zj  (I[4))=0, (wWhere

Zp,

|(Ija)) denotes the center of Ij,) in Ij4)), as consequence of [Ijo), Ijg] = 0 if [a] # [f],

(Theorem 3.6), and Z(L) = 0. We can apply Theorem 4.5 to any I}, so as to conclude that

I, is simple. It is clear that the decomposition L = @(4en/~1[o] satisfies the assertions of

the theorem.
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