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Abstract: In this paper, we study the rigidity of 2-dimensional submanifolds in S**?. Let M?>
be a 2-dimensional submanifold in the (2+ p)-dimensional unit sphere S 2*P without umbilic points.
Four basic invariants of M? under the Moebius transformation group of ST are Moebius metric
g, Blaschke tensor A, Moebius form ® and Moebius second fundamental form B. In this paper,
by using inequality estimation, we proved the following rigidity theorem: Let 2 : M? — S**P be a
2—dimensional compact submanifold in the (2 4+ p)—dimensional unit sphere S2*P with vanishing

Moebius form @ and Det A = c(const) > 0, if tr A > 1, then either z(M?) is Moebius equivalent

1
1+4c2

to a minimal submanifold with constant scalar curvature in S**?, or S'(r) x S(
SS( 1 )7 Where ’l“2 _ 2—+/1—64c

V1+4c2 T 4(1+e?)

document [3].

—7r2?) in

. Our results complement the case 2-dimensional submanifolds in
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1 Introduction

Let z : M? — S**? be a 2—dimensional submanifold in the (2 + p)—dimensional unit
sphere S?? without umbilic points. Let {e;} be a local orthonormal basis for the first
fundamental form I = dz - dz with dual basis {6;}. Let IT = > h;0,0e. be the Moe-

1,3,
bius second fundamental form and H = ) H%¢, be the mean curvature vector of x, where
[e3
{ea} is a local orthonormal basis for the normal bundle of x. Define positive function

pPr=2(> (h%)272||HH2), the g= p*I is Moebius metric and is a Moebius invariant, the nor-

L,
malized scalar curvature of g will be denoted by R and is called the normalized Moebius scalar

curvature. Three basic Moebius invariants of 2, Moebius form ® = ) Cf6;e,, Blaschke ten-
sor A = p?>" A;;60,0; and the Moebius second fundamental form B = P> B;;0,0;, are
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defined by([1])
o 2(HS + Z — H*6;;)e;(log p)), (1.1)

Ai; = — p~?*(Hess;;(log p) — e;(log p)e;j(log p) — ZHO‘ he) (1.2)
1
Lo (19 om0l — 1 4 HIP) 8

B =p~ ' (kg — HYy) (1.3)

where Hess;; and V are the Hessian-matrix and the gradient with respect to the induced
metric I = dx-dx. Let V* be normal connection, and the H¢ is defined by ViH = H%0e4.

Moreover, we introduce the trace-free Blaschke tensor

- 1 ~\2
A=a-gtrag A;=a ZA%(;”, |A||2:Z<Aij>, (1.4)

.3

||Z|| = 0 if and only if A is isotropic tensor.

Hu and Li studied the dimension of submanifold is m > 3, the Moebius form ® = 0,
and the constant scalar curvature. In this paper, we proved the dimension of submanifold is
m = 2, the Moebius form ® = 0, and Det A = ¢(const) > 0, we get the following theorem.

Theorem 1.1 Let z : M? — S?*? be a 2—dimensional compact submanifold in the
2+ p)—dimensional unit sphere S?*P with vanishing Moebius form ® and 0 < Det A =

trA— — | | A)2dM < o. (1.5)
fy (=a=3)

In particular, if tr A > 1 , then either

¢(const) < g7, then

A=0, (1.6)

and z(M?) is Moebius equivalent to a minimal submanifold with constant curvature in S**?;

or 1

trd= - 1.7

and x(M?) is Moebius equivalent to S*(r) x S'(y/z —72) in 53(\/117), where 72 =
2—+/1—64c
4(14c?) -

2 Preliminaries

In this section, we give the Moebius invariants and review its structural equations for
surfaces in S?7P, for details we refer to [2].

Let R‘al be the Lorentzian space with inner product

(x,y) = —xoyo + T1y1 + - - + T34 pY34p, (2.1)
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where x = (zg, 21, ,231p), and y = (Yo, Y1, ,Y3+p). Let z: M? — S?TP be an umbilic-

free surface immersed in S>*?. We define the Moebius position vector Y : M? — R{™? of z

by
o\ 2
a,t,]
Then we have the following.
Theorem 2.1 (see[2]) Two submanifolds x, ¥ : M — S™ are Moebius equivalent if
and only if there exists T in the Lorentz group O(n +1,1) in R} such that Y = YT

From Theorem 2.1, we know that the 2-form
g = (dY,dY) = p*dx - dx, (2.3)

is a Moebius invariant(see[l1]). Let A be the Laplace operator with respect to g. Then we
have (AY,AY) =1+ 4K, where K is the sectional curvature of g ([1]). By defining

N = —%AY— é(1+4K)Y, (2.4)

then we have([1])
(AY,Y) = -2, (AY,dY) =0, (2.5)
(V,Y)=0, (N,Y)=1, (N,N)=0. (2.6)

Let {Ey, E>} be a local orthonormal basis for (M?,g) with dual basis {w;,ws}, write Y; =
E;(Y), then
(V;,Y)=(Y;,N)=0, (Y,,Y;)=90;;, 1<i,5<2. (2.7)

’=J

Let V be the orthogonal complement of span{Y, N, Y7, Y5} in R{™”. Then we have the

orthogonal decomposition

R = span{Y, N} @ span {V1, Y} @ V. (2.8)
Let {E,} be an orthonormal basis of V', where

E,=(H*H%+e,), 3<a<2+np. (2.9)

Then {Y,N,Y1,Ys, Es,- -+, Eay,} forms a moving frame in R;Hp along M?2. The structure
equations are given by
dY = Y1w1 + l/vQUJQ, (210)

dN = (A11w1 + A12LU2)Y1 + (A21w1 =+ AQQWQ)}/Q —+ Z(C’f‘wl + CgCUQ)Ea, (211)

«

dYy = —(Anwi + A1w2)Y — wi N + w1 Y7 +wi2Ys + Z(Bﬁwl + Byws)Eq, (2.12)

d1/2 = —(Aglwl + AQQWQ)Y — w2N + w21Y1 + w22Y2 + Z(Bg‘lwl + BQOCQWQ)EOM (213)

[e3%
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dEq == CPwY =Y (Bfw;Y1 + Bfiw;Ya) + Y wasEs, (2.14)
i J B

where the coefficients w;; belong to the connection form of the Moebius metric g, and we

have the symmetries A;; = Aj;, B;; = Bj;. 1t is clear that

A = A11w1 ® w1 + A22w2 &® (%] + 2A12w1 X wWa, (215)
B = (B{jw1 @ w1 + BShws @ wy + 2B{hw; @ we)E,, (2.16)
& = (C%, + C%ws)Ea, (2.17)

are Moebius invariants, and

1

By + B3, =0, Y [(B)*+2(Bh)* + (B3)* = 5. (2.18)
Define the covariant derivatives of A, B and ® by ([1])
Ajjiwr + Ajjows = dA;j + Ajwij + Ajpwoy + Arjwi; + Agjwa, (2.19)

B, jw1 + Bfjpwz = dBYj + Bijwij + Bjw; + Bijwi + Bgjwai + > Biwga,  (2:20)
B

CPywy + Cfowy = dCP* + Cfwy; + Cowai + Y Clwga. (2.21)
B

The integrability conditions for the structure equations (2.10) — (2.14) are given by ([1])

Ang— Ay =Y (BRCY - BRCY), (2.22)

CPy—C8y = (BfAw — BiaAw), (2.23)
k

B, — By, = 06,105 — 6,2C7, (2.24)

Rio10 = —% +trA, (2.25)

Rapia = —2 (352352 - B%Bgz) ) (2-26)

> B, =-C, (2.27)

where Ri012 and R,pg12 denote the sectional curvature of g and the normal curvature of the

normal connection. Set K = Rj212. The second covariant derivative of A;; and Bf; are
defined by ([1])

Aij,klwl + Aij7k2w2 :dAij,k + Alj,kwu =+ A2j,kw2i + Ail,kwlj + Ai2,kw2j
+ Aijawik + Aijawar, (2.28)
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«@ « — « « « « @
Bf w1 + Bjj pow2 =dBj; , + By ywii + By pwai + By wiy + Bl pwa;

+ BS wiy, + BE ywor + Z B} \wsa. (2.29)
B8

3 Integral Inequality

Let x : M? — S2?P be a submanifold in S?*P without umbilic points, the Moebius
metric is g = p*dx - dz, and so the canonical lift of x is given by Y = p(k, z)([1]). Then along
with M?, we can choose a moving frame {Y, N, Y1, Y, Es, -+, Fa,,} in R{T?, and we replace
E, in (2.9) by E, = (H%k,e, + H*z). For the Moebius invariants A, B and ® appearing
in the structure equation (2.11) — (2.14), by calculation, we can get the expression (1.1) for
®, (1.3) for B and (1.2) should be changed to([3])

Ajj=—p2 <Hessij(log p) — ei(log p)e;(log p) — Z Ho‘hf‘j>

[e3

1 1
- 3 (190l = 5 + 1) . (3.1)

Lemma 3.1 For any positive constants k& > a > 0, the torus z, 4 : My = S*(a) X
St(b) — S*(k), a® + b* = k?, choose unit frame field {e;} and {e2} in S'(a) and S*(b)
respectively, the Moebius invariants components of the torus are as follows:

P =0, (3.2)
K =0, (3.3)
3 a? 1 a?
A11 = g—@, A22: _§+ﬁ7 A12 :Oa (34>
Bi=—1 By=1 Bu=0 (3.5)
11 — 27 22_27 12 — Y- :

Proof We write R* = R? x R? and let z; : S' — R? and x5 : S* — R? be standard
embeddings of the unit sphere, then = a(x1,0) 4+ b(0,22). The unit normal vector of
M, 1, = S'(a) x S*(b) in S3(k) is given by e3 = £ (21,0) — % (0, x>); the second fundamental
form of M,y is given by 1] = —dxde; = %b (—dzy - dxy + dxy - dxs); the Euclidean induced
metric of M? is given by I = a*dx; - dxy + b*dzs - dzy. Choose an orthonormal frame {e;, e}

on TM? with dual frame {6, 65} such that d(az;) = 6,e; and d(bxs) = 6ze5, then we have

b a
I=04+0; II= —Eeﬂ%eg, (3.6)
b a
hij = )\idij, /\1 = _E’ /\2 = % (37)
From (3.7) we see that
2 b2
Hi= (A +X) =2 (3.8)
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4 34
2 s _a*+0b
S = )\1 “F )\2 == m, (39)
2 2 k?
p*=2(S—2H?) = Ik (3.10)
The Moebius metric g is given by
2 ko 2 2 2
g=p dx-dajzﬁ(91+92):wl+w2, (3.11)
and
k ab .
wi= b, Ei=—e, Yi=(00e), E3=(Hkes+Hz), 1<i<2 (3.12)
a
1 1
Bij - bi5ij, bl - *57 b2 - 5 (313)
From (3.1), (3.8),(3.9) and (3.10), we have
1 5 5 1
AZJ = —=p H (51‘]‘ - ﬁ - 2th = ai&j, (314)
where 3 ) )
a 1 a
=—- - — —— 4+ — 1
a 3 2%2’ a2 3 + k2 (3 5)
Then we have 1
trA:al+(I2: Z, (316)
from tr A = (1 +4K), thus
K =0. (3.17)
So the conclusion holds.
Now, we suppose that ® =0, K =0 and tr A = i > 0, then we have
Ai1,2 = Ai2,17 BZQLQ - B%,l? (318)
qulAlj + B%Agj - B?jAli + B%AQ»L (319)
From (1.4), we see A;; = A;; — 1 tr A5;;, and define
||A||2 = A?l + 2A§2 + A§2a ||XZ||2 = A?l + 21[1?2 + A%m (3'2())
then we have )
JAI2 = A2 + 5 (tr 42, (3.21)
tr A% = a} + aj. (3.22)
Choose a basis {E;} such that (A;;) is diagonalized, i.e.,
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Then we have

~ N - 1 5 1
Aij = a;0;5, @ =aq — 5(611 +as), Gy =as— i(al + as), (3.24)
||AH2 —a1+dg, HAH2:(I%+Q§7 d1+d2 :07 (325)
~ 1
IA]* = [lA]* + 5 (a1t as)’, (3.26)
3 3 _ -3, -3 9 ~2 | ~2 1 3
aj +ay =ay +a, + 3 (a1 + ag) (a + a3) + 1 (a1 + as)”, (3.27)
. 1 1
ai:ai—g(l—l—élK), trA:a1+a2:Z(1+4K). (3.28)

Proposition 3.2 Let z : M? — S?? be a compact submanifold in the unit sphere

St with vanishing Moebius form @, ||[VA|* = 3 A7, ;, we have the following equation
N

1 a2

A4 = [VA* ~ > [tr (AB*))* + tr A(J| A||* — 2 Det A) + ZAU(UA)U. (3.29)
«@ 3

Proof

Aijar + Aijoo =Aij1 — Ainji + A i — Ay + Aviay — Anvig + Aijoo
— A jo + Ainjo — Ainoj + Asinj — Asoyij + (tr A)yj, (3.30)

D (AijAijan + Aij A2 ——QZAUC“CO‘ —2Z||AB“ BAI* =) [tr (AB*)]?

7 «

- ZAUB“ (O, + C5y) +2tr A® — tr A|| A2
~2 ZA” (CPBS, +C8Ba,) + Y _(trA)[(CP)* + (C)?)

+ ZA” tI‘ A)ija (331)
i,J

then

1
FAIAIP =lIvAJI* + Z Aij Ay

1
=|VA|? - 222 <Aij - 2trA5,-ij‘C'J‘?‘> ~2) |AB* - B°A|”

,Z [tr (AB*))* =Y °) " A BS(CYy + C5,) + 2tr A* — tr A|| A

a 1,5,k

_QZZAU(C{X B+ C9B, —l—ZAij(trA)ij. (3.32)
1,7

a 1,5,k
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From & = 0, we obtain
1 (o3
5A||A||2 = [VA|? = [tr (AB*))* + tr A(J|A|* - 2 Det A) + ZAM(HA)M. (3.33)
«@ 2,7

Lemma 3.3 Let x : M? — S**? be a compact submanifold in the unit sphere S?*?

with vanishing Moebius form ®, we have
1~
0> IVA|? — [|[Vtr A|]? +2(tr A — Z)HAHQ’ (3.34)
M

where equality holds if and only if B* = )\ag(g #0).
Proof Let L:C>(M)— C*(M) be L operator([5]), and L(f) is defined by L(f) :=
(Ai; — tr Ady;) f i), from(3.18) we have

J J %
thus, L? self-adjointness, i.e., (g, L(f)) = (f,L(g)). In particular, (L(f),1) = 0, i.e.,
[y L(f) = 0. Then

N =

then we have
%A [||AH2 - (trA)z] :HVAH2 — ||Vt1"AH2 — Z(tr(ABa))2 +2tr A% — trA||A||2 + L(tr A).

[e%

(3.37)

Integrating both sides of the above equation, according to the properties of A and L, we get

0= /M[||VA||2 —|VtrA|* - Z(tr(ABa))2 +tr A(||A||* — 2 Det A)]dM. (3.38)

(e

From Cauchy-Schwarz Inequality, we see
~ 2 1 ~
— (tr (AB*))? = — (u« <ABO‘>) > |42, (3.39)

where the equality holds in (3.39) if and only if B® = )\ag(;l #0). It is clear that || A||*> —
2Det A = 2||A|[2. Thus, we have

1. ~
0> / [VA|? = |[Vtr A|® + 2(tr A — 1)”A||2'
M

Lemma 3.4 Let x : M? — S**? be a compact submanifold in the unit sphere S?*?

with vanishing Moebius form ®, Det A = ¢ > 0, we have

[VA|? — ||[Vtr A|]? >0, (3.40)
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where equality holds if and only if VA = 0.
Proof
|A|*> — (tr A)* = —2Det A = —2c, (3.41)
ie.,
A%l + QA%Q + ASQ = (All + A22)2 — 2c. (342)
Take the derivative of the left hand side of the equation, we have
DAL =2 AijiAy. (3.43)
i, 4]
Take the derivative of the right hand side of the equation, we have
O~ A =2(tr A)(tr A)y, (3.44)
thus
> AijrAij = tr A(tr A)y. (3.45)
ik
Square both ends of the above equation, we have
) Aijrdy)? = [[Vtr A|2(tr A)*. (3.46)
i,k
On the left hand side, we use the Cauchy-Schwarz inequality to get
O Aiady)” < [VAPA)%, (3.47)
ig,k
taking (3.47) in (3.46), we have
IVAIPAIP = |V tr A (tr A)%, (3.48)
IVAIPIA]? > [V tr AP ([|Al* + 2), (3.49)
(IVA[? = IV tr A*)[|A]]* = 2¢]|V tr A[* > 0. (3.50)
Then we have
IVA|? = [V tr Al > 0, (3.51)

where the equality holds if and only if VA = 0.

From the above lemma, we can get the following theorem:

Lemma 3.5 Let x : M? — S?*P be a compact submanifold in the unit sphere S?*?

with vanishing Moebius form &, Det A = c(const) > 0, we have the following inequality

1 ~
/ (trA - > | A||?dM < 0.
" 4
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In particular, when tr A > i, then either A =0 or tr A = %, and we have B* = )\aﬁ’ VA=
0.

4 Integral Inequality

Theorem 4.1 Let z : M? — S?*? be a 2—dimensional compact submanifold in the
(2 + p)—dimensional unit sphere S?™? with vanishing Moebius form ®, and 0 < Det A =

c(const) < 2, then
1\ ~
trA— | ||A|?dM < 0. (4.1)
. 1

64"
In particular, if tr A > i, then either

A=0, (4.2)
and z(M?) is Moebius equivalent to a minimal submanifold with constant curvature in S**?;
or
trA = ! (4.3)
=7 ,
and x(M?) is Moebius equivalent to S*(r) x S'(y/z — %) in 53(\/117), where 72 =

44-+/1—64c
— =5

Lemma 4.2 Let z: M? — S?™ be a 2—dimensional compact submanifold in the (24

p)—dimensional unit sphere S2t7 with vanishing Moebius form ® jif ||A]| # 0,tr A = 1+ and
0 < Det A = c(const) < L, then the x(M?) is Moebius equivalent to S*(r) x S1(y/—t5 — r2?)

64 14c2

in S%ﬁ), where 7% = 22(7 Vlizf)“.
Proof From trA = %, Det A = ¢, we have

1
a, +ag = 7 aiay = C. (4.4)

Which implies
1+ V1-64c a 1—+/1—64c

= 4.5
ay 3 2 3 ) ( )
then we get
~ V1—64c V1 —64c
oG =— a3=——"—. (4.6)
8 8
From Lemma 3.5, we have
B® = )\, A, (4.7)
i.e,
(B2)? + 2B + (B)? = 3 R2[(An) + (A)?) = 25302, (4)
11 12 22 « 32 )

by use of (2.18), we see
1 , 1
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We claim that we can choose the normal frame field {E, }, such that

- 4
B} =\A;;, B =0, AZATjEE,VQﬁa24 (4.10)

In fact, we can choose a new orthonormal frame {é,} in the normal bundle N(M?) such

> Aacéa _
that e3 = \72 = and then define a new orthonormal frame {E,} in the Moebius normal
bundle by E, = (ﬁa,H“x + éa), where >" H%, = Y H%, = H is the mean curvature

(e

_ > AaEa
vector of M?, then By = *——
DIV

and with respect to E,. If {e.}, {€4} are two orthonormal

B
frames in the normal bundle with e, = ) 0,3€3, where (0,5) is an orthogonal matrix, then

we have E, = Y 043Es. From B = p~* (hf; — H‘léij), when o > 4, we have
B

h% - Ha6ij, (411)
that means that span {e4,es, - ,ea24,} is totally umbilical in the normal bundle N(M?).
From (4.10) we have
wW3e =03, =0, Vo (4.12)
where 6,5 is the Euclidean normal connection of N(M?)([1]).
From (2.18), we have B}, + B3, =0, 3 = (B},)* + (Bj,)?, which implies
1 1
Bi’l Ty Bgz ~— 9 (4.13)
From (2.19) and VA = 0, we have
Apwig + Agwor =0, (4.14)
(a1 — az)wiz =0, (4.15)
thus, we have
wis =0, (4.16)
dw1 = O, dWQ =0. (417)

Hence, by [1,Theorem 1] and (4.11), (4.12), we can conclude that x(M?) is located in some

sphere S3( \/117) which are totally umbilical submanifold of S™.

Since a Riemannian universal coverage is locally equidistant and not general, we can

assume that M? is simply connected. From above, TM? has the following decomposition
TM? =V, ®V,, where V; and V; are the 1-dimensional eigenspace of the Blaschke tensor A
with eigenvalues a; and as.

Form (4.17), we can get that the eigenspaces V; and V; are both integrable. We can
write M = M, x My, where M, and M, are both 1—dimensional submanifold. We can define

g, = w? and g, = w3, then we have

(M27g) = (M17g1> X (M2ag2)' (418>
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From (2.12) and (4.16), we have

dY: = (—a,Y — N + by Ey)w, (4.19)
dYs = (—azY — N + by Ey)ws, (4.20)
(@V:, Y1) = (20 + B = 22 (4.21)
(Y5, dY) = (205 + B)(wn)* = 2" )2 (4.22)

Since M? is compact submanifold, M; and M, are also compact submanifold.

Then we consider Z : S*(r;) xSt (ry) — S3( \/117) being a torus, where 7% = 21(7 Vliszc, ra

ﬁ(i V11+;26)46' Let 7 : M? — S?’(ﬁ), from (3.13), (3.15), (4.5), (4.13), 7 and Z have the same

Moebius shape. From the proof of Lemma 3.1 we see that the Moebius metric g of Z is given

by g = p*dz - dT = g, + g,, where for Z = r1(x1,0) + 72(0, x5),

4 4
o ; _
& T /T—o6ic &2 = T 6dc

From (4.21) — (4.23), we have a 1—dimensional manifold with the same curvature as
(S'(r1),g,) and (M1, g,), (s'(rs),8,) and (Ms, g,) are also 1—dimensional manifolds with the
same curvature. Thus there exist isometries ¢ : (M1, g;) — (S*(r1),8,;) and ¥, : (Ms, g,) —
(SY(rq),85), let ¥ = (1, 1h9), then ¥ : M? — S*(r1) x S*(ry) holds the Moebius metric and
the Moebius shape operator. (M?,g) and (S*(r;) x S*(ry), g) have the same Moebius metric,

Ty - dZy, dZy - dT. (4.23)

Moebius second fundamental form, Moebius shape operator, Blaschke tensor, so the z(M?)

is Moebius equivalent to S*(r) x S'(y/ 1z —7?) in 53(\/117), where 7% = 21(7 Vll_;f)‘lc.

This completes the proof of the main theorem.
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