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1 ���
Cox, Ingersoll � Ross[1−3] �F��� Cox-Ingersoll-Ross(CIR) �"� , �I�"�� "¡�¢"£¥¤@¦§ � ¨"©�ª «�¬n­¯® . ° B(t) ±"² ³ ´¶µ<· ¸ , CIR �"� R = {X(t), t ≥ 0} ± ¹�º<»�¼B½¾ ¿IÀ � (SDE) Á>Â ,

dX(t) = (k − θX(t))dt + σ
√

X(t)dB(t), t ≥ 0. (1.1)

� À �¥Ã�Ä¥ÅÇÆ Â¥È�Â , É�ª¯Ê [4] ÅÇÆ � CIR ���9Á@¨¥Ë�� À¯ÌÇÍ ÎÐÏ�Ñ�Ò�Ó¥Ô¯Õ
Â . CIR ���¥Ö�×Ç±�Ø¥Ù�¦ § ¼¯ÚÇÛnÜ¯ÝÞÁB­Ð®�ßÞà¯Á , áÐâ¶ãIä�«Ç¬¯å æ¯ç¯è¥¸¯é¯ê¥ëì�í�îðïòñ�ó�ô¥õ¥ö

, ± ÷�ø�ù�� CIR � ��úÇû¥àB¢¶Á . üBý , þIÿ �<� ¿ Ô Cox-Ingersoll-

Ross(fCIR) �I� , ù"�"¡ ¿IÔ ´ÐµF· ¸ (fBm)BH = {BH(t), t ≥ 0} ��� À � (1.1) �IÁF²"³
´ÐµF·"¸ (Bm) Å�Æ fCIR ­�® , ��� BH = {BH(t), t ≥ 0} ± Hurst � Ô Ù H Á fBm, ���À Ì
	BÔ Ù EBH(t)BH(s)= 1

2
(t2H + s2H− | t − s |2H). � fCIR �"����
�º<»�¼B½ ¾�¿"À �

(SDE)

dX(t) = (k − θX(t))dt + σ
√

X(t) ◦ dBH(t), t ≥ 0, (1.2)

��� X(0) > 0, � Ô k, θ ∈ R, σ > 0 , BH={BH(t), t ≥ 0} ± ¿�Ô ´�µB·�¸ .

∫ t

0

√

X(s) ◦

dBH(s) Ù���� ¿IÔ ´ÐµF·"¸ÐÁ���� Stratonovich � ¿ .

Melnikov ª"Ê [5] ��� � ´ÐµF·"¸"� ¿IÔ ´ÐµF·"¸��I¸¶Á@¼B½ ¾�¿IÀ �"Â�Á>ç è�� Ï�� ,� à � ê����� �» , !�" k = 0 � H > 1
2
Ú ,
À � (1.2) ç"è�� Ï Â ; Mishura ª"Ê [6,7]

� à
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� fCIR � ��Á/`�a , ¦�¡ Lamperti Ü�b�c�d � è�e Ï�f Æ�gihÇÚkjil�m , � fCIR � �¯±¿"Ô
Ornstein-Uhlenbeck(fOU) �"��Áon À , Cheridito ª Ê [8] Å�Æ fOU �"��Áop���qkr �s

. è k > 0 Á��� �» , Mishura ª"Ê [7] Å�Æi" H > 1
2
Ú , � fCIR �I��±�t�u�v¥Á , w�x�yz Æ/g�h . {�� fCIR �I��±�t�u�v¥ÁO|�} Ïk~��"¿���� ±���� � À ����
 Feller

���
, ! À

�¶Áo� Ô ��
 2k ≥ σ2 [9].� � À � (1.2) Ù���� � ¼&½ ¾ ¿IÀ � , ÄÞºU�k���IÅ��ÇÁ>Â9º9� Â�Á<¨ Ë"� À"Ì , �"!
ù"��ºF»¯Áo� � ¼&½ ¾ ¿IÀ �

dY (t) =
1

2
(k − θY (t))dt +

σ

2
dBH(t) , Y (0) > 0, (1.3)

ù"� Lamperti Ü�b , �k� ±��¯¼&½ �I� X = {X(t), t ≥ 0} ÙI�I� Y (t) Á�n À , "@�n�I��eÏ�f Æ/g�hÐÁ@Ú�j�l�m , c�d�����
�ºF» ¼&½ ¾ ¿IÀ �
dX(t) = (k

√

X(t) − θX(t))dt + σ
√

X(t) ◦ dBH(t), t ≥ 0. (1.4)

� � À � (1.3) ±�� � ¼I½ ¾¥¿�À � , ù¯�ir
�¥É��¯���9Án¨ÇË¯� À¯Ì  ��¯Å Ïi�
�
� À � (1.4) Á/�i� � ¼n½ ¾¯¿�À ��ÂÞÁB¨¯Ë�� À�Ì . êi��Á , " k = 0 Ú , ¦�¡Ð¼n½¯���
Y = {Y (t), t ≥ 0} ±�É�� �"� ,  ��"Å fCIR �"��Á<¨�Ë"� À Ì , ��� Î¯Ï"Ñ���� � fCIR �
��± fOU �"��Áon À [6], �i���ÐÁop���qkr ��s ±� ��¶Á�¡�¢ . Ö�£ !�¤@­�¥ � fCIR �"�¦ � ¨ ËI� À"Ì , § ô�¨ ¡�©nê�ª�« À øÐÁ�¬�­I­�¥�±k��®ÐÁ .

!�¤�¯�°���» : ei±�² ¿ c³d À � (1.4) Á/� Ï Â�Ù À � (1.3) ÁFÂ�Áon À , ¦ ¡�É�� ¿
´�ÁOn À Ù����/´�ª À�¿ ´ , r���e Ï�f Æ�gihÇÚkjil�m¶ÁI¼@½�� � X = {X(t), t ≥ 0} Á
¨�Ë"� À Ì ; e�µ�² ¿ ri��e Ï�f Æ�gihÇÚkjil�m fCIR �"��Á<¨�Ë"� À�Ì¯Í�¶ {¥�"� ��Á
¨ ËI� À"ÌIÎ�· ­�¥ .

2 ¸�¹»º½¼³¾½¿½ÀÂÁ�ÃÅÄÂÆ»Ä»ÇÉÈ�º»Ê
� (Ω, F, P ) ± Ï�~�Ë §iÌ Û , H ∈ (0, 1) Ù Hurst � Ô ,

Ò"Ó �"� Y = {Y (t), t ≥ 0} �

�ºF» ¼&½ ¾ ¿IÀ � (SDE) :

dY (t) =
1

2
(k − θY (t))dt +

σ

2
dBH(t), Y (0) > 0, (2.1)

��� θ, k ∈ R, σ > 0
¶

BH(t) ± Hurst � Ô Ù H ∈ (0, 1) Á ¿IÔ ´ÐµF·"¸ .Í�Î
2.1

[6] Ï {X(t), t ≥ 0}, {Y (t), t ≥ 0} Ù�`�anè (Ω, F, P ) äÇÁ@¼&½ �I� , ���k{Ð�Ñ Á ¿�Ò 0 = t0 < t1 < t2 < ... < tn−1 < tn = t, "�Ó"ÛoÔ�Õ max
1≤i≤n

|ti − ti−1| Ö�� 0 Ú ,

n
∑

k=1

X(tk) + X(tk−1)

2
(Y (tk) − Y (tk−1))

Áo×�ØFç"è , Ù ��×�Ø�`�a"Ù ∫ t

0
X(s)◦ dY (s) Á���� Stratonovich � ¿ .Í�Î

2.2 � τ := inf (s > 0 : Y (s) = 0) ÙI�I� {Y (t), t ≥ 0} e Ï�f Æ/g�hÐÁ@Ú�j .Í�Î
2.3 {Y (t), t ≥ 0} Ù���
 À � (2.1) Á@¼&½ �I� , τ ÙI�I� {Y (t), t ≥ 0} e Ï�f Æ

g�hÐÁ@Ú�j . `�a�¼&½ �I� {X(t), t ≥ 0} Ù
X(t)(ω) = Y (t)

2
I{t<τ(ω)}. (2.2)



No.6 Ú4ÛÝÜ : ÞàßâáÝãÝäæåèçâéâêàëÝìYíèîàïâäàð 541

Í�ñ
2.4 � τ := inf (s > 0 : Y (s) = 0). {³� 0 ≤ t ≤ τ , `òa 2.3 �ÐÁ¥¼�½��Ð�

{X(t), t ≥ 0} ��
�ºF» ¼&½ ¾ ¿IÀ � :

dX(t) = (k
√

X(t) − θX(t))dt + σ
√

X(t) ◦ dBH(t), (2.3)

��� X(0) = Y (0)2 ≥ 0,
∫ t

0

√

X(s) ◦ dBH(s) Ù���� ¿IÔ ´ÐµF·"¸ÐÁ���� Stratonovich � ¿ .ó { Ð�Ñ t < τ(ω), ô�õ À � (2.1) � À � (2.2),

X(t) = Y (t)
2

= (
√

X(0) +
1

2

∫ t

0

(k − θY (s))ds +
σ

2
BH(t))2. (2.4)

ÒIÓ Ó"Û [0, t] Á Ð�Ñ ¿�Ò : 0 = t0 < t1 < t2 < ... < tn−1 < tn = t, ¦"¡ À � (2.4),
ì

:

X(t) =

n
∑

i=1

(X(ti) − X(ti−1)) + X(0)

=

n
∑

i=1

([
√

X(0) +
1

2

∫ ti

0

(k − θY (s))ds +
σ

2
BH(ti)]

2

− [
√

X(0) +
1

2

∫ ti−1

0

(k − θY (s))ds +
σ

2
BH(ti−1)]

2) + X(0).

ö�÷ Å�»kø�ùkú

X(t) =X(0) +

n
∑

i=1

[2
√

X(0) +
1

2
(

∫ ti

0

(k − θY (s))ds

+

∫ ti−1

0

(k − θY (s))ds) +
σ

2
(BH(ti) + BH(ti−1))]

× [
1

2

∫ ti

ti−1

(k − θY (s))ds +
σ

2
(BH(ti) − BH(ti−1))].

Î�ÏIÑ r��IÅ

X(t) =X(0) +

n
∑

i=1

√

X(0)

∫ ti

ti−1

(k − θY (s))ds

+
1

4

n
∑

i=1

(

∫ ti

0

(k − θY (s))ds +

∫ ti−1

0

(k − θY (s))ds) ×

∫ ti

ti−1

(k − θY (s))ds

+
σ

4

n
∑

i=1

(BH(ti) + BH(ti−1))

∫ ti

ti−1

(k − θY (s))ds

+ σ
√

X(0)

n
∑

i=1

(BH(ti) − BH(ti−1)) +
σ2

4

n
∑

i=1

(BH(ti) − BH(ti−1))(B
H(ti) + BH(ti−1))

+
σ

4

n
∑

i=1

(

∫ ti

0

(k − θY (s))ds +

∫ ti−1

0

(k − θY (s))ds)(BH(ti) − BH(ti−1)).
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� 4t = max
1≤i≤n

|ti − ti−1| →0, m�µ�û�×�Ø<�
n

∑

i=1

√

X(0)

∫ ti

ti−1

(k − θY (s))ds

+
1

4

n
∑

i=1

(

∫ ti

0

(k + θY (s))ds +

∫ ti−1

0

(k − θY (s))ds) ×

∫ ti

ti−1

(k − θY (s))ds

+
σ

4

n
∑

i=1

(BH(ti) + BH(ti−1))

∫ ti

ti−1

(k − θY (s))ds

→

∫ t

0

(k − θY (s))(
√

X(0) +
1

2

∫ s

0

(k − θY (u))du +
σ

2
BH(s))ds

=

∫ t

0

(kY (s) − θY 2(s))ds =

∫ t

0

(k
√

X(s) − θX(s))ds,

£�µ�û�×�Ø<� Ù

σ
√

X(0)

n
∑

i=1

(BH(ti) − BH(ti−1)) +
σ2

4

n
∑

i=1

(BH(ti) − BH(ti−1))(B
H(ti) + BH(ti−1))

+
σ

4

n
∑

i=1

(

∫ ti

0

(k − θY (s))ds +

∫ ti−1

0

(k − θY (s))ds)(BH(ti) − BH(ti−1))

→σ

∫ t

0

(
√

X(0) +
1

2

∫ s

0

(k − θY (u))du +
σ

2
BH(s)) ◦ dBH(s)

=σ

∫ t

0

Y (s) ◦ dBH(s) = σ

∫ t

0

√

X(s) ◦ dBH(s) .

ü<ý�`�a 2.3 �IÁF�I� X = {X(t), t ≥ 0} ��
�ºF» � ù¥Á@¼&½ ¾ ¿IÀ �

X(t) = X(0) +

∫ t

0

(k
√

X(s) − θX(s))ds + σ

∫ t

0

√

X(s) ◦ dBH(s),

��� ∫ t

0
X((s)) ◦ dBH(s) Ù���� Stratonovich � ¿ . ciü .

�"� X = {X(t), t ≥ 0} ±"�"� Y = {Y (t), t ≥ 0} è�e Ï�f Ækg�h¥Ú/j�l�m¶Áon À , �
��
 SDE (2.1) Á@¼&½ �I� Y = {Y (t), t ≥ 0} Ù" ��nÂ¶Áo� � ¼&½ ¾�¿IÀ � , ü<ý  Iù"��ý
Ù�þ�ÿÇÁ@¼&½ �I� Y = {Y (t), t ≥ 0} ÁF¨ ËI� À"Ì r����"Å¥¼&½��"� X = {X(t), t ≥ 0} Á
¨ ËI� À"Ì .ÒIÓ ¼&½ �I� Y = {Y (t), t ≥ 0}

í ��
ÇÁ SDE(2.1),  ��Çà>Â ÈIÂ�Ù

Y (t) = Y (0)e−
1

2
θt +

1

2
ke−

1

2
θt

∫ t

0

e
1

2
θsds +

σ

2
e−

1

2
θt

∫ t

0

e
1

2
θsdBH(s)

= Y (0)e−
1

2
θt +

k

θ
(1 − e−

1

2
θt) +

σ

2
e−

1

2
θt

∫ t

0

e
1

2
θsdBH(s).
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¨ Ë"Ù
E[Y (t)] = E[Y (0)e−

1

2
θt] + E[

k

θ
(1 − e−

1

2
θt)] + E[

σ

2
e−

1

2
θt

∫ t

0

e
1

2
θsdBH(s)]

= Y (0)e−
1

2
θt +

k

θ
(1 − e−

1

2
θt). (2.5)

À"Ì Ù
V ar[Y (t)]

=E[Y 2(t)] − E[Y (t)]2

=E[Y 2(0)e−θt + 2Y (0)e−
1

2
θt k

θ
(1 − e−

1

2
θt) + Y (0)e−θtσ

∫ t

0

e
1

2
θsdBH(s) +

k2

θ2
(1 − e−

1

2
θt)2

+
k

θ
(1 − e−

1

2
θt)σe−

1

2
θt

∫ t

0

e
1

2
θsdBH(s) +

σ2

4
e−θt(

∫ t

0

e
1

2
θsdBH(s))2] − E[Y (t)]2

=Y 2(0)e−θt + 2Y (0)e−
1

2
θt k

θ
(1 − e−

1

2
θt) +

k2

θ2
(1 − e−

1

2
θt)2 +

σ2

4
E[e−θt(

∫ t

0

e
1

2
θsdBH(s))2]

− Y 2(0)e−θt − 2Y (0)e−
1

2
θt k

θ
(1 − e−

1

2
θt) −

k2

θ2
(1 − e−

1

2
θt)2

=
σ2

4
E[e−θt(

∫ t

0

e
1

2
θsdBH(s))2]. (2.6)

»���r�� (2.6) �IÁF¨ Ë ,

E[e−θt(

∫ t

0

e
1

2
θsdBH(s))2] (2.7)

=E[e−θt(e
1

2
θtBH(t) −

1

2
θ

∫ t

0

e
1

2
θsBH(s)ds)2]

=E[e−θt(eθt(BH(t))2 − θe
1

2
θt

∫ t

0

e
1

2
θsBH(t)BH(s)ds +

1

4
θ2(

∫ t

0

e
1

2
θsBH(s)ds)2)]

=E[(BH(t))2] − θ

∫ t

0

e−
1

2
θ(t−s)E[BH(t)BH(s)]ds +

1

4
θ2e−θt

∫ t

0

∫ t

0

e
1

2
θs+ 1

2
θuE[BH(s)BH(u)]dsdu

=t2H −
1

2
θ

∫ t

0

e−
1

2
θ(t−s)(t2H + s2H − (t − s)2H)]ds

+
1

8
θ2e−θt

∫ t

0

∫ t

0

e
1

2
θs+ 1

2
θu(s2H + u2H − |s − u|2H)dsdu

=t2H − t2H(1 − e−
1

2
θt) −

1

2
θe−

1

2
θt

∫ t

0

e
1

2
θss2Hds +

1

2
θe−

1

2
θt

∫ t

0

e
1

2
θ(t−u)u2Hdu

+
1

4
θ2e−θt

∫ t

0

e
1

2
θss2Hds

∫ t

0

e
1

2
θudu −

1

8
θ2e−θt

∫ t

0

∫ t

0

e
1

2
θs+ 1

2
θu|s − u|2Hdsdu

=t2He−
1

2
θt −

1

2
θe−

1

2
θt

∫ t

0

e
1

2
θss2Hds +

1

2
θe−

1

2
θt

∫ t

0

e
1

2
θ(t−u)u2Hdu

+
1

2
θe−θt(e

1

2
θt − 1)

∫ t

0

e
1

2
θss2Hds −

1

8
θ2e−θt

∫ t

0

∫ t

0

e
1

2
θs+ 1

2
θu|s − u|2Hdsdu
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=t2He−
1

2
θt +

1

2
θe−

1

2
θt

∫ t

0

e
1

2
θ(t−u)u2Hdu

−
1

2
θe−θt

∫ t

0

e
1

2
θss2Hds −

1

8
θ2e−θt

∫ t

0

∫ t

0

e
1

2
θs+ 1

2
θu|s − u|2Hdsdu.

r��"ä��ÐÁFÖ�£ Ï ûIÅ
1

8
θ2e−θt

∫ t

0

∫ t

0

e
1

2
θs+ 1

2
θu|s − u|2Hdsdu

=
1

8
θ2e−θt(

∫ t

0

∫ s

0

e
1

2
θs+ 1

2
θu(s − u)2Hduds +

∫ t

0

∫ t

s

e
1

2
θs+ 1

2
θu(u − s)2Hduds)

=
1

4
θ2e−θt(

∫ t

0

∫ s

0

e
1

2
θs+ 1

2
θu(s − u)2Hduds =

1

4
θ2e−θt

∫ t

0

∫ s

0

eθs− 1

2
θvv2Hdvds

=
1

4
θ

∫ t

0

e−
1

2
θvv2Hdv −

1

4
θe−θt

∫ t

0

e
1

2
θvv2Hdv.

��� ��� � (2.7)
ì

E[e−θt(

∫ t

0

e
1

2
θsdBH(s))2]

=t2He−
1

2
θt +

1

2
θe−

1

2
θt

∫ t

0

e
1

2
θ(t−s)s2Hds

−
1

2
θe−θt

∫ t

0

e
1

2
θss2Hds −

1

4
θ

∫ t

0

e−
1

2
θss2Hds +

1

4
θe−θt

∫ t

0

e
1

2
θss2Hds

=t2He−
1

2
θt +

1

4
θ

∫ t

0

e−
1

2
θss2Hds −

1

4
θe−θt

∫ t

0

e
1

2
θss2Hds

=t2He−
1

2
θt −

1

2

∫ t

0

s2Hd(e−
1

2
θs + e−θt+ 1

2
θs) = H

∫ t

0

s2H−1(e−
1

2
θs + e−θt+ 1

2
θs)ds.

� � � (2.6)
ì

V ar[Y (t)] =
σ2

4
E[e−θt(

∫ t

0

e
1

2
θsdBH(s))2] =

σ2

4
H

∫ t

0

s2H−1(e−
1

2
θs + e−θt+ 1

2
θs)ds. (2.8)

{Y (t), t ≥ 0} 	�� Ék� ¿ ´ N(Y (0)e−
1

2
θt+k

θ
(1−e−

1

2
θt), σ2

4
H

∫ t

0
s2H−1(e−

1

2
θs+e−θt+ 1

2
θs)ds),

Ùnè�Æ/g�h¯Ú�j�l�mI�I� {X(t), t ≥ 0} 	���
 � Õ�Ù 1 Áo�ò�O´kª À ¿ ´ χ2(1, Y 2(0)e−θt +
k2

θ2 (1 − e−
1

2
θt)2 + 2Y (0)k

θ
e−

1

2
θt(1 − e−

1

2
θt)).�

(2.5) � (2.8)
ì

E[X(t)]

=Y 2(0)e−θt +
k2

θ2
(1 − e−

1

2
θt)2 + 2Y (0)

k

θ
e−

1

2
θt(1 − e−

1

2
θt) +

σ2

4
H

∫ t

0

s2H−1(e−
1

2
θs + e−θt+ 1

2
θs)ds,
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V ar[X(t)]

=σ2H(Y 2(0)e−θt +
k2

θ2
(1 − e−

1

2
θt)2 + 2Y (0)

k

θ
e−

1

2
θt(1 − e−

1

2
θt))

∫ t

0

s2H−1(e−
1

2
θs + e−θt+ 1

2
θs)ds

+
σ4

8
H2(

∫ t

0

s2H−1(e−
1

2
θs + e−θt+ 1

2
θs)ds)2.

3 À
� Cox-Ingersoll-Ross(fCIR) �ÅÃ������
�½Á��
" k=0 Ú ,

Ò¶Ó ��Æ
e Ï�f Æòg�h Ú
jÞÙ�� ,
¿¶Ô

Ornstein-Uhlenbeck(fOU) �¶�
{Y (t), t ≥ 0} ��
�ºF» ¼&½ ¾ ¿IÀ � :

dY (t) = −
1

2
θY (t)dt +

σ

2
dBH(t), Y (0) > 0, (3.1)

��� θ ∈ R, σ > 0
¶

BH(t) ± Hurst � Ô H Á ¿IÔ ´ÐµF·"¸ . � τ ÙI�I� {Y (t), t ≥ 0} Æ
g�hÐÁ�e Ï Ú�j . { í"ì t ≥ 0, ω ∈ Ω: X(t)(ω) = Y 2(t)I{|t|<τ(ω)}.� ` ¦ 2.4, �I� X(t) ��
�ºF» ¼&½ ¾ ¿IÀ � : dX(t) = −θX(t)dt+σ

√

X(t)◦dBH(t), �
� X(0) = Y (0)2 ≥ 0, � ¿

∫ T

0

√

X((s)) ◦ dBH(s) Ù���� ¿IÔ ´ÐµF·"¸ÐÁ���� Stratonovich

� ¿ .
ÒIÓ ��� fCIR �I�¶Á�e Ï�f Æ/g�h¯Ú/j¶Ái¡U¢�{���� fOU �I�¶Á�e Ï�f Æ/g�h¥Ú/j

¡�¢ . ü@Ù fOU � �¯±�É���� � , Mishura ª�Ê [6] ù���{¥É�� ¿ ´�Á���r , c�d � è θ < 0

Ú ,
ì ØIÚ�Û��;e Ï�f Ækg�h¥Ú/j¶Á Ë § ª�� 1; è θ > 0 Ú , e Ï�f Ækg�h¥Ú/j¶Á Ë § ±�v

Á , á�±� �� 1,
¶ � à �"! ~�Ë § Á<ä�# .�

fOU �¯�Ç� fCIR �¯�¥è¶Æ�g
h
l�mÞÁ���� , »��¥ù¥� fOU �¯� Án¨ÇË¯� À¥Ì ¢
� fCIR �¯� Án¨ÇË¯� À¥Ì .

Ò¯Ó
fOU �¯� í �

ÞÁ SDE(3.1),  ��Þà@ÂÇÈ¯ÂÐÙ Y (t) =

Y (0)e−
1

2
θt + σ

2
e−

1

2
θt

∫ t

0

e
1

2
θsdBH(s). ¨ Ë

E[Y (t)] = E[Y (0)e−
1

2
θt] + E[

σ

2

∫ t

0

e−
1

2
θ(t−s)dBH(t)] = Y (0)e−

1

2
θt. (3.2)

�
Kukush ª"Ê [10] Á � ¦ 5.1,

À"Ì

V ar[Y (t)] =
σ2

4
H

∫ t

0

s2H−1(e−
1

2
θs + e−

1

2
θ(2t−s))ds. (3.3)

{Y (t), t ≥ 0} Ù fOU �I� , 	�� Ék� ¿ ´ Y (t) ∼ (Y (0)e−
1

2
θt,

σ2

4
H

∫ t

0
s2H−1(e−

1

2
θs + e−

1

2
θ(2t−s))ds), Ù�Æ�gihÇÚkjil�m fCIR � ��	i��
 � Õ¯Ù 1 Á����

´kª À ¿ ´ χ2(1, Y (0)2e−θt). ù"� (3.2) � (3.3) r��" IÅ
E[X(t)]

=Y 2(0)e−θt +
σ2

4
H

∫ t

0

s2H−1(e−
1

2
θs + e−

1

2
θ(2t−s))ds,

V ar[X(t)]

=σ2HY 2(0)e−θt

∫ t

0

s2H−1(e−
1

2
θs + e−

1

2
θ(2t−s))ds +

σ4

8
H2(

∫ t

0

s2H−1(e−
1

2
θs + e−

1

2
θ(2t−s))ds)2.
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 %$ ! ~ � � ¨ e�±�² ¿ Á�ri� � �%& k = 0 Ú@± Ï(' Á .ô èÇ¡ Euler-Maruyama(EM)
À ø [12] ¢�­
¥¥�¯� Y 2(t) � fCIR �¯� X(t) Ák��� ,

è9Ú�Û [0,T] � δt = T
N

, ¡ 	�Ô fbm1d[12] ­�¥ ¿ÇÔ ´ µ"·Ð¸ BH(t), �*)*+¶Ù ∆BH
j =

BH
j+1 − BH

j ,

�I� Y (t) �"�I� X(t) Á Ñ Ô ¿ � Ù
∆Yj = Yj+1 − Yj = −

1

2
aYj∆t +

σ

2
∆BH , Y (0) > 0,

∆Xj = Xj+1 − Xj = −aXj∆t + σ
√

Xj ◦ ∆BH , t ≥ 0,

��� j = 1, 2, ..., L.ô è ­�¥ �"� Y 2(t) � �"� X(t) Á<¨�Ë"� À Ì , � a = 1, σ = 0.3, X0 = 1,H = 0.7, ,
$�" k = 0 Ú , ¼&½ �I� X = {X(t), t ≥ 0} ÁF¨ ËI� À"Ì ¿ � Ù

E[X(t)]

=Y 2(0)e−θt +
σ2

4
H

∫ t

0

s2H−1(e−
1

2
θs + e−

1

2
θ(2t−s))ds,

V ar[X(t)]

=σ2HY 2(0)e−θt

∫ t

0

s2H−1(e−
1

2
θs + e−

1

2
θ(2t−s))ds +

σ4

8
H2(

∫ t

0

s2H−1(e−
1

2
θs + e−

1

2
θ(2t−s))ds)2.

¡�-�.�â�����/ ­�¥ �"� X(t) Á<¨�Ë , ¡�0�.�â�����/ ­�¥ �"� Y 2(t) Á<¨�Ë , ¡�1%.
â�����/�¨�Ë E[X(t)], ¡�2�.�â�����/�� � X(t) Á À Ì , ¡%3�.�â�����/ À�Ì V ar[X(t)],

�*4 1 ��4 2
í%5

.

6
1: 798 E[X(t)] :�;�< Y 2(t) =?> X(t) @A798 6

2 BC;�< X(t) @AD9E9:9D9E V ar[X(t)]
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F
1 ;�< Y 2(t) G X(t) 798�=?> E[X(t)] @AH�I

J�K ;�< X(t) 798 ;�< Y 2(t) 798 E[X(t)]

t = 0 1 1 1

t = 1 0.3712 0.3533 0.3869

t = 2 0.1557 0.1215 0.1623

t = 3 0.0773 0.0398 0.0813

t = 4 0.0442 0.0119 0.0523

t = 5 0.0299 0.0029 0.0420

t = 6 0.0241 4.4503e-04 0.0385

t = 7 0.0215 9.2580e-07 0.0373

t = 8 0.0189 1.2641e-04 0.0369

t = 9 0.0191 3.4755e-04 0.0368

t = 10 0.0188 5.3493e-04 0.0368

F
2 ;�< X(t) D9E�=?> Var[X(t)] @AH�I
J�K ;�< X(t) D9E Var[X(t)]

t = 0 0 0

t = 1 0.0209 0.0212

t = 2 0.0143 0.0147

t = 3 0.0081 0.0080

t = 4 0.0045 0.0048

t = 5 0.0032 0.0034

t = 6 0.0028 0.0029

t = 7 0.0023 0.0028

t = 8 0.0016 0.0027

t = 9 0.0018 0.0027

t = 10 0.0019 0.0027

� 4"L"��/�u  %$ , ­�¥ÐÁ � ��M ¦ � äÇÁF¨ ËI� À Ì�N ì ý�O�¥�P�Õ .
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STATISTICAL PROPERTIES OF A CLASS OF NONLINEAR

STOCHASTIC DIFFERENTIAL EQUATIONS

ZHANG Jing, LIU Bo-wen, CHEN Xiao-peng

(Department of Mathematics, College of Science, Shantou University, Shantou 515063, China)

Abstract: In this paper, we study the problem of the statistical properties of solutions for

a class of nonlinear stochastic differential equations driven by fractional Brownian motion (fBm).

By using the Lamperti transform method, the equation can be transformed into a linear stochastic

differential equation driven by fractional Brownian motion, and the expectation and variance of

the solution of the nonlinear stochastic differential equation can be obtained by using the related

properties of Gaussian process. In special cases, the solution of the nonlinear stochastic differential

equation is a fractional Cox-Ingersoll-Ross(fCIR) process, and the method can be applied to

calculate the relevant statistical properties of the fractional Cox-Ingersoll-Ross(fCIR) process.

Keywords: OU process; CIR process; mean; variance
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