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APPROXIMATIONS OF THE IDENTITY ADAPTED
TO CONTINUOUS ELLIPSOID COVER
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Abstract: In this paper we develop some approximation of the identity results adapted to
continuous multi-level ellipsoid cover. By using real-variable methods of harmonic analysis, we
obtain two approximations of the identity results uniformly in some compact subset of R™ and
in Ll(R”) norm, respectively. These results generalize the corresponding classical and anisotropic
approximation of the identity results.
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1 Introduction

As we all know, approximation of identity plays an important role in analysis, see [1-3].
There are numerous approximations of identity results associated with the Euclidian balls
in R™. For example, let ¢ be an integrable function on R™ such that fRn p(z)dr =1, and
for t > 0 define ¢;(z) = t (¢t 'z). Then, if f € L*(R"), p; * f — f (t — 0) in L' (R") .

In 2010, the continuous multi-level ellipsoid cover © introduced by Dahmen, Dekel and
Petrushev [4] consist of ellipsoids 6, ; = M, ;(B")+z, where M, ; is an invertible matrix and
B™ is the unit ball in R™ (see Definition 2.1). The flexible framework of continuous ellipsoid
cover O introduced in this paper may have the ability to solve the following problems. For
example, the formation of shocks results in jump discontinuities of solutions of hyperbolic
conservation laws across lower dimensional manifolds. The case such jumps cause a serious
obstruction to appropriate regularity theorems, since the available regularity scales are ei-
ther inherently isotropic or coordinate biased or are subject to an uncontrollable restricted
regularity range. For more development of continuous ellipsoid cover, see [5-7].

Inspired by the above work, for any 6,: = M,;(R") +x € ©, let ¢ be an integrable

function on R™ such that fR" wdr =1, we can define

Po,+(y) = |det(M })]0(M, 1y).
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And then a question arises: Is it possible to obtain some approximations of the identity
results adapted to ellipsoid cover © such as f * ¢, (z) — f(x) (t — o0) in various senses?
This article gives some affirmative answers for the question. It is worth pointing out that
the approximation of the identity in this paper is done in C.(R™), which is a dense subset
of L*(R"), and the approximation of the identity in L'(R") is difficult for us, which is still
open at the moment.

The organization of this article is as follows. In Section 2, we first present some notation
and notions used in this article including continuous ellipsoid cover © and describe our main

theorem. In Section 3, we show the proof details of the main theorem.

2 Preliminaries and Main Results

In this section we recall the properties of ellipsoid cover which was originally introduced
by Dahmen, Dekel, and Petruschev [4]. An ellipsoid £ in R™ is an image of the Euclidean

unit ball B” := {z € R™ : |z| < 1} under an affine transform, i.e.,
£ := M(B") + ce,

where M is an invertible matrix and c, is the center.
Definition 2.1 We say that

©:={0,::zcR" tcR}
is a continuous ellipsoid cover of R", if there exist constants p(©) := {a1,...,as} such that:

(i) For every x € R™ and t € R, there exists an ellipsoid 0, ; := M, (B")+ z, where M, ;

is a invertible matrix and x is the center, satisfying

a12_t S |0r,t| S a22_t. (21)

(ii) Intersecting ellipsoids from © satisfy “shape condition”, i.e., for any xz, y € R", t € R
and s > 0, if 0, , N0, 115 # 0, then

052705 < 1/[[(My, )" Mo ol] € (Mo ) My, )] < 052700, (2.2)
Here, | - || is the matrix norm given by ||M|| := max|,— |Mz| for invertible matrix M.
Proposition 2.2 For any z € R" and {0, ;}1er C O, it holds true that
Opr =M, (B")+2—R" as t — —oc. (2.3)
Proof For any y € B" and ¢ < 0, by (2.2), we obtain

|M, Gyl < |M, M, o

1M olllyl < as2° | M lllyl < as2"[[ M, oI,
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which implies that
az | M ol 727" B C M, (B")

and hence 6, = M, ;(B") + 2z — R" as t — —oc.
Definition 2.3 For each x € R", t € R and 0, ; = M, (B") + z € O, denote

Co.1(y) == | det(M,})|o(M, ty)

and, for each measurable function f,

n

fxpp(z) = / fW)ezi(z —y)dy.
R
Theorem 2.4

(i) Let [, ¢(2)de =1and f € C.(R"), which collects all continuous functions of compact

support. Then
lim  sup |f*@.(x)— f(x)] =0.

t—=+00 gesuppf

(ii) Let f € C.(R™), fR" o(x)dr = 1 and suppy C B™. Moreover, if the cover © is zero-
level-bounded, i.e., there exists a positive constant C such that, for any z € R™ and
matrix M, o of ellipsoid 6,0 = M, o(B") + z,

1Mo < C. (2.4)
Then
lim [ |f*¢e(2) — f(z)]dz = 0.

t——4o0 R

Remark 2.5 The assumption (2.4) is a mild condition. When the ellipsoid cover © is
reduced to the following typical ellipsoid covers, the assumption (2.4) holds true automati-

cally.

(i) The regular cover of R consisting of all balls in R™:
0 :={f(zx, t)=2"+1,(B")+z:t R, z € R"}.
Obviously, ||[M, ol = 1.
(ii) The one-parameter family of diagonal dilation matrices

D, :=diag(2™™, 27", 27%) b > 0,5 =1,--m, 3 by =1,
j=1

induces a continuous ellipsoid cover of R" with M, ; = D;. Obviously, || M, ol = 1.
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(iii) For a one parameter continuous subgroup of GL(R",n) of the form {A4; : 0 < t <

oo} satisfying A;A; = A;s and, there exist constants 1 < a < § < oo such that,
t|z| < |Aww| < tP|z| for all x € R™ and ¢t > 1. The infinitesimal generator P of
Ay = exp(PInt) satisfies (Pz,x) > (z,z) and det A; = t*, where (-, -) is the standard
scalar product in R™ and a is trace of P. Then we can define a continuous ellipsoid
cover O of Calderén and Torchinsky [8], that is,

O :={z+AB"):zecR"te(0,00)}:={r+ Ay-+/.(B") : x € R",t € R}
Obviously, ||M, ol = [|A1]| = [|exp(PIn1)|| = 1.

Consider a n x n real matrix A with eigenvalues A satisfying |A| > 1. By [9, Lemma
2.2], there exists an ellipsoid A := {z € R" : |Pxz| < 1}, where P is some invertible
n x n matrix, such that By, C By,1, where By, := A*A for k € Z. Then we can define

a semi-continuous ellipsoid cover in the sense of [4, Definition 2.5] by
O:={r+B,: xR k€Z}={x+ AP} (B"): 2 ¢ R", k € Z}.

Obviously, [| My, = [P~

Lighted by [4, Theorem 7.3], we give a concrete example for the ellipsoid cover ©:

Op:={0,+=M,;(B")+z: zcR* teR}

with ) )
O, :={z= (2, 2) € R2 . (21 —2951) + (22 —2352) <1},
01 02
where
t o1 02
t<0 273 273
0 <t < —2logy |zo] 273 2°7%
_5t _T
—2logy |ze| <t < —3logy |xa| | 276 Gl | 2°° |2
t > —3logy |2 273 273

Here, M, , = diag(oy, 02). Obviously, [|M, ol = |[Luxnl = 1,

3 Proof of Theorem 2.4

Proof (i) By f € C.(R"), we know that there exists a positive constant N and M
such that suppf C NB" and |f(z)] < M for any € R", and f is a uniformly continuous

function on R™. By this, we obtain that, for any ¢ > 0, there exists § > 0 such that, for all
x € R", yeR™ with |y| <0,

[f (@ —y) = f(@)] <e/C2lelh)-
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From this, we deduce that, for any x € suppf,

1 punlz) — F(z)] < /

lyl<o

(@ — ) — F(@)me(w)] dy + / @ —9) — F(@)ora()] dy

ly|>d

g
<Stom / o(y)] dy. (3.1)
[ Mg 1y| >0

From Proposition 2.2, it follows that there exists a positive constant ¢ty large enough such
that NB" C 6, _;, and hence, for any x € NB", x € 6y _;,. By this and (2.2), we obtain

—tN

1Mool < 1Mo, 1Mo 2y Maoll < [|Mo,—t [las2™™ =: Cly.

,—IN

From this and (2.2), for any x € NB", y € R™ and ¢ > 0, we deduce that
| M, y| = |Mx,0M;éMa:,ty\ < Cnas27%y|,
which implies that
{y: Myl >} C{y: |yl > (Cnas) 125}

By this and ¢ € L'(R™), we know that, for any ¢ > 0, there exists a positive constant T’
large enough such that, for any t > T,

9
[ tetas [ ey < 12
M, 0y|>6 |y|>(Cas)~12%6%6

which, together with (3.1), implies that

lim  sup |f*p,(x) — f(z)| =0.

t—=+00 gesuppf

(ii) By f € C.(R™), we can assume that there exists N > 0 such that suppf C NB".
Notice that

[ senste) = s@ldn < [ o) [ 1@ Mom) - f@ldrdy. 32

Since suppf C NB", we only need to estimate the above integral under the following condi-
tion:
yeB"and z € {x: 2 — M,y € NB"} UNB".

For any t > 0, by this, (2.2) and (2.4), we have

@] < [ Moyl + N < [ M, gllas2" + N < Cag + N

and hence z € (Cas + N)B"™. From this, we further deduce that

[ et = f@ldr< [ = M) - fa)da

(C’a5 JrN)B"
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By this, (3.2), Fatou’s lemma, the uniformly continuity of f on (Cas + N)B"™ and the fact

that

| M, 1y < || M, ollas2™%" < Cas27" — 0 as t — +oo,

we have

lim sup / 1 * 9osl(e) — f()] do < limsup / o) (@ — Myyy) — f(z)| drdy
N B (Cas+N)B"

t——+oo

t——+oo

< / o)) limsupl f(z — My4y) — (z)| do dy
B~ (Cas+N)Bn t—+oo

=0.

This finishes the proof of Theorem 2.4(ii).
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