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INTERPOLATION OF LORENTZ MARTINGALE
SPACES WITH VARIABLE EXPONENTS
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Abstract: In this paper, we apply function parameters to real interpolation of Lorentz mar-
tingale spaces with variable exponents. Some new interpolation theorems concerning variable ex-
ponents Lorentz martingale spaces are formulated. The results that we obtain generalize some
fundamental interpolation theorems in classical martingale H, theory.
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1 Introduction

The real interpolation spaces Zqu were introduced in [1], and the theory of the spaces
ZM has been applied as a powerful tool to many branches of mathematics. These spaces

are defined by using the function norm:

ona= ([ o) "

For the further applications of interpolation space theory, the idea of replacing Zaq by
a more general function norm to obtain more general interpolation spaces appeared. The

initial work on such spaces was due to Kalugina [2]. He used the function norm

ora= ([ et s ) "

to replace ¢y ,, where f is a function parameter, which belongs to the function class By.
Later on, the theory of interpolation with a function parameter has been developed in an
astounding way. For example see [3-7].

Interpolation of martingale Hardy spaces is one of the main topics in martingale H,, the-
ory, and its theory has been successfully applied to Fourier analysis. In classical martingale
H, theory, it was proved by Weisz [8] and Long [9] that the interpolation spaces of martin-

gale Hardy spaces were martingale Hardy-Lorentz spaces. Recently, Jiao [10,11] studied real
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interpolation of some weak martingale spaces, and Fan [12] considered real interpolation of
some Lorentz martingale spaces. Ren and Guo[13] applied function parameters to consider
the interpolation with a function parameter for Lorentz martingale spaces. Motivated by
[13], the aim of this paper is to consider the interpolation with a function parameter for

Lorentz martingale spaces with variable exponents.

2 Preliminaries

Let (Q,F,P) be a complete probability space, and F,, be a nondecreasing sequence
of sub-o-algebra of F such that F = o(U,F,), where F,, is generated by countably many
atoms. The conditional expectation operators relative to F,, are denoted by F,,.

For 0 < ¢ < oo, we use Lj to denote the Lebesgue space L;(O, oo; dt/t), which is the

collection of all measurable functions f such that

1/q
(fo°°|f<t>|qif) , g<oo

sup,~q | (1)1, q = 0.

/]

Ly =

Let p(-) : @ — (0,00) be an F-measurable function, we define
p~ =essinf{p(z) :x € Q}, p" =esssup{p(z): x € Q}.

Let P(2) denote the collection of all F-measurable functions p(-) : 2 — (0,00) such that
0 < p- < py < oo. The Lebesgue space with variable exponent p(-) denoted by L, is
defined as the set of all F-measurable functions f satisfying

1l = inf{A S0 p(lf(@)I/N) < 1}< .

where

o) = /Q (@)@ dP,

Let p(-) € P(©2) and 0 < ¢ < oo. Then L, 4(£) is the collection of all measurable
functions f such that

1/q
<f0 A"“X{f»}lf,(.)?) ;g <00,

supy Allxgi£1>a1 lp0) q = 0.

HfHLp(.),q =

For measurable function f,t > 0, define

h(t) = lIxqrs6llpes  fo(t) =sup{A > 0: h()) > t}.

Let ¢ be a nonnegative and local integrable function on [0, c0) (¢ # 0), and the Lorentz

spaces with variable exponents are defined as

Ay(p) = {f Nl = 12 (000

L: <oo}, (0 < g < 00). (2.1)
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For a complex valued martingale f = (f,),>0 relative to (2, F, P; (F,)n>0), denote its
martingale difference by df; = f; — fi_1(with convention df_; = 0) and define the maximal

function, the square function and the conditional square function of f respectively as follows:

M,(f) = sup |fil, M(f)ZSgrglfnl,

0<k<n

Su(f) = <Z|dfi|2>“2, S<f>=<2|dfi|2>1/2,

(galudﬁm)%, o) = (X Eatw)

Let A be the collection of all sequences (\,),>o of nondecreasing, nonnegative and

1
2

on(f)

adapted functions, set Ao, = lim,, .o, A,,. Thus the Lorentz martingale spaces with variable
exponents are defined as follows.

A(e) = {f = Fdnzo 13,00 = 50 [ fulla, o) < o0}

AM(p) = {F = Faduzo : Ifllare) = IM()la ) < 00};

AS(@) = {f =)z Iflase) = 1S(H)laye) < oo}

AS() = {f=Unzo: Iflage) = llo(Hllaye) < 00}

On, (o) = {f = (f)nz0 1 F(An) € A, st Su(f) < A1y Ase € Ag( )};
1 £los, o = 10F [Aocllay (03

Dayie) = {f=(fadnz0:300) € Aysite ful € Mot A € Aqgl0) ),

£ 12,0 = 1 [ Acollag -
Remark 2.1 It is clear that if p(t) = ¢, then
A () = Hy{ AG () = Hy) o

p(-),q° P
AJ(@)=H) e Q) = D0 Dage) = Dot

Let ag and a; be real numbers such that ag < a;. The class Qag, a;] consists of all
functions ¢(t) on (0, 00) such that ¢(¢)t~% is nondecreasing and ¢(t)t~** is non-increasing.
A function is said to belong to the class Q(ag,a1), if ¢(t) € Qlag + €,a; — €] for some
e > 0. The notation p(t) € Q(ag,—) (or ¢(t) € Q(—,a1) ) means that ¢(t) € Q(aog,b)
(or ¢(t) € Q(b,ay)) for some real number b. It was shown in [5] that the function class
Q(0,1) is larger than the function class By introduced by Kalugina [2]. It is easy to see that
o(t) =t?(0 < # < 1) belongs to the function class Q(0,1).

Let Xy and X be two quasi-Banach spaces, which are both embedded into a topological
vector space X. We call X = (X, X;) an interpolation couple in this case. Then the space
Xy + X; is defined as the set of all x € X , which may be written as x = xy + z; for which
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zg € Xg and z; € X;. For any x € Xg + X; and 0 < t < 00, the so-called K-functional is
defined as
K (x,t; Xo, X1) = inf{||zo[|x, + tl|21][x, : ® = @0 + 21},

where the infimum is taken over all x = x¢ + x; for which xy € Xy and z; € X;. For ¢ a
function parameter, 0 < ¢ < oo, the interpolation spaces (X, X1), , between X, and X,
are defined as the spaces of all functions x € X + X7, such that

Hl’H(Xo,Xl)w,q = HT\

Throughout this paper, we use ¢ to denote some positive constant and may be different
at each occurrence. a =< b means that a < ¢b for some positive constants ¢ and the equivalence

a ~ b means that c;a < b < cya for some positive constants ¢; and cs.

3 Some Lemmas

In order to prove our main results, we collect some lemmas in this section.
Lemma 3.1  Let p(-) € P(Q) with p* < 00, 0 < ¢ < oo then for all martingales
f=(n)nzo € Hy , + HY

p(+),00°

t? 1/q
K(f,t; g(,)’q, ;(-),oo)%</0 (a(f)*(u))qdu> .

Proof Let f e Hp o, +H§(-),oo’f =g+h, withge H7 ) heH]

(),00- Then for any

u > 0, we have

o(f)«(u) 2 (a(g) +o(h)«(u) = 0(9).(u) + o (h)(u) X 0(9)(u) + |[hllug - (3.1)

(/ (U(f)*(u»qczu> B </ (olg){u) + ||h||H;’<.>,Oo)qdu)l/q
</ (o0. ) il

So

=
) . 1/q
< ([ ) ) snlag,
0
< Mgl + el (32)

Taking the infimum over all decompositions f =g+ h € H?,

o(a T Hp () .00 We Obtain

= 1/q
([ Ctryan) <z, 5,0 (33
0
To prove the converse, for any ¢ > 0, let & = o(f).(t?), and define the stopping time,

T =inf{n € N : 0,41(f) > a},
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then {17 < 0o} = {o(f) > a}. Let h = f7 = (furr)n>0,9 = f — h, then we have

Il % lo()loe = los(Dllse < @ = o(). (1), (3.4)
and
> d\\*
||9||Hg(,),q = (/0 /\q||x{|o(g)|>,\}||f,(.)/\>
> d\
= (/ /\q||X{|a(ff*)>/\}X{T<oo}||Z(.)>\>
0
t4 1/q
< L(w)idu) 3.5
< ([ wt.coyan) (35)
Hence
7 1/q 7 1/q
o, + bl = ([ (@(yan) o000 = ([ (o))
(3.6)
It follows that » a
KUt 100 = ([ (0000)"00) @)

The proof is completed.

Lemma 3.2 Let p(-) € P(Q) with p* < 00, 0 < ¢ < oo then for all martingales
f=(fa)n>0 € Qp(),q + Qp(),00 and for any admissible majorant A = {A, }n>0 of S, (f), we
have

t4 1/q
K (£ Qp(.ar Qo) .00) & inf (/0 ((Am)*(u))qdu) :

Proof Let f € Qp),q+ Dp(),00- Since ||f||H’s(.) <l fllg,., for 0 < g < oo, it is easy

to prove that(fotq(S(f)*(u))qdu)l/q < cK(f,t:Qp().q>» Pp(),00) for all t > 0. Thus for each
t > 0, there is f’s decomposition, f = g+ h with g € Qp),4 + Dp(),00, sSuch that

||g||Qp(.),q + ”h’”Qp(.),oo S 2K(f7t7 QZD(‘)y(I? Qp(),oo) (38)

Let AY” and )\g) be admissible majorants of S, (g) and S, (h) such that ||)\§t)||p(.),q =
1900, and 1A llp(1.00 = llgll @, .- Define At) = Ay + A; and A® = {A},20, where
A — inf;~q MY Then we get A1) = {/\511)}“20 an admissible majorant of {S,,(f)},>o0 which
satisfies

A

4 1/q 4
mf(/o (Aoo>*<u>>"d“) S</O AD () ?du)® < eK(f,1; Qpiygs Qoiroe)-  (3.9)

To prove the converse, let A = {\,, },,>0 be any admissible majorant of S, (f), for any ¢ > 0,
let @ = (Aso)«(t7), and define the stopping time,

T=inf{n € N: )\, > a},



130 Journal of Mathematics Vol. 41

then {7 < 00} = {Ac > a}. Let h = f7 = (furr)n>0,9 = f — h, then we have
S(h) = 5:(f) < a = (Ao):(t7),

Sn(g) = Sn(f - fT> < QSN(f)X{T<n} < 2/\n—lX{‘r<n}'

Then we have

oo, < o [ ta((Aoo>*<u>>qdu> " (3.10)

Hence

td 1/q 9 1/q
||g||g,,<.>,q+t||h|g,,<.),q<( / (o(f)*(u))qu) +t<Am>*<tq><(/ ((Am>*<u>)qdu)

’ ’ (3.11)
It follows that

t4 1/q
K(f,t; Qp(.)’q, Qp(.),oo) =< ilif </O (()\oo)*(u))qdu> . (3.12)

The proof is completed.

Similarly to Lemma 3.2, we have

Lemma 3.3 Let p(-) € P(Q) with p™ < oo, 0 < ¢ < oo then for all martingales
f = (fa)n>0 € Dy(),q + Dp(),00 and for any admissible majorant A = {\,},>0 of |f,], we
have

4 1/q
K(f,t;pp(.)g, Dp(~),oo) ~ 1r/\1f (/ (()\m)*(u))qdu) .
0

Lemma 3.4 ([14]) Let ¢(t) € Q[ag,a1]. Then

(1) p(t*) € Qlapa, ara], o > 0;

(2) t*((1)” € Qla+ aiB,a + agfl,a € R, B < 0;

(3) ¢(at) € Qlag, a1],a > 0.

Lemma 3.5 ([14]) Let 0 < ¢1 < 00,0 < ¢ < 00,%(t) € Q(—, —), and h(t) a positive and
non-increasing function on (0, 00). If ¢(t) € Q(—,0) Then

() tor </ot(h<“)w<“>>q?)ql/q?)l/qls o [ twnwuor dt)l/ql.

Lemma 3.6 ([14]) Let ¢q(t), p1(t) and () be in the class Q(0,1),0 < go,¢1 < 00,0 <
g < oo. If we put pa(t) = @o(t)o(e1(t)/wo(t)), s(t) = wo(t)(t/eo(t)), pa(t) = p(p1(t)).
Then

(1) (Y% 400 X1)p.qg = Xw,q;

(2) (X07X<p1 ql) Xm 9

(3) If, in addition “ol(t €Q(0,—-) or 2 t) € Q(0,—), then (X .40

Lemma 3.7 ([14]) Let wo(t), <p1(t) and ©(t) be in the class Q(0,

p1(t)/o(t). It 7(t) € Q(0, =) or 7(t) € Q(=,0), then ps(t) = @o(t)p(7(t)

X,
1)
)

P1 q1)99 a= Y‘PLQ’
and put 7(t) =

€ Q(0,1).
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4 Main Results

Theorem 4.1 Let p(-) € P(Q) with p* < 00,0 < ¢ < 00,0 < g1 < o0 and ¢ € Q(0,1).
Then

(H5).qo Hpy o) e = Ag, (879/9(19)). (4.1)

Proof If0 < ¢ < oo, by Lemma 3.1 , it is easy to see that

0o q1 t ql/qd 1/q1
gz = ([ () ([ o) 9) 70 a2

By Lemma 3.4 we see that 1/¢(t'/?) € Q(—1/q,0). Therefore, by Lemma 3.5 we have

(/OOO <80(t11/q)>‘“ (/Ot(o(f)*(u))qdu) mf) e c(/ow(m)“f) )

Hence, A7, (t1/9/p(tV/7))C (HS,, ., HY

(1)@’ p(~),oo)<p,q1 . Since

Ho(f). (1) < / (o (f). () du,

we get

([ D0ty ([ () ([ o)™ )™

So we have (Hy) s Hy ) e © A7, (81/7/¢(81/7)).

If ¢, = oo, since

A\

1o (f). (1) < ( / : (a<f>*<u>)qdu)l/q,

we get
_ 1/a,,(41/a — q
111, e (N0 ()(t) = supte(t)o.(£)(t")
K(f, ¢ Hyy 2D o
< esup (f p(-),a’ " p(), )
t>0 o(t)
= lfllag,, g e (4.5)
Hence, A7 (tY/1/p(tY/9))C (H?, |  HC - For the converse, since p(t) € Q(0,1), then
o0 ¥ p(),a ()00 05

there exists a constant a € (0,1) such that ¢(t)t~* is non-increasing on (0,00). So we have

K(f’ 5 H;(~)7q’ Hg(‘),oo)
Il ag, ) oz e = Sup o)
Ha 1/q
(5 (o(51.0)"a (1.
= o (1) = o(0)
uo(fau?)  p(uyu(fy e du) /e
s T o o (D)
- (4.6)

C”f”/\gc (t1/q/¢(f/1/4)).
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So we have (HJ , ., H7 ) )p00 © AL (t/7/o("/9)). Thus we complete the proof.
Similar to Theorem 4.1, we have the following two theorems, we omit the proofs.
Theorem 4.2 Let p(-) € P(Q) with p™ < 00,0 < ¢ < 00,0 < ¢1 < oo and ¢ € Q(0,1).
Then

(Dp().0) Lo)o0)on = QAgl (tl/q/%@(tl/q))- (4.7)

Theorem 4.3 Let p(-) € P(Q) with p* < 00, 0 < ¢ < 00,0 < ¢; < o0 and ¢ € Q(0,1).
Then
(Dp(~),qvpp(~)7oo)<pyq1 = DAg1 (tl/q/‘P(tl/q))- (4.8)
By interpolation theorem, we can easily have
Theorem 4.4  Let p(-) € P(Q) with p™ < 00, 0 < ¢ < 0,0 < q < 00,¢;(t) €
Q(0,-),i=0,1, and p € Q(0,1). Then

(1)
(A% (00), Hy( ) oc) oa = Mg (), (4.9)
_ _po(t)
where ¢(t) = Q(;O(t)).
(2) If, in addition ¢; € Q(0, é), then
(Hp(y.g00 Mg (90)) 0,0 = A (), (4.10)
_ t1/a
where o(t) = Zaa oy
(3) If, in addition :Z;g; € Q(0,—) or :‘;?Eg € Q(0,—), then
(A% (00), Ag (©1)) g = A7 (), (4.11)
_ ®o(t)
where o(t) = 726 ormy -

Proof First we prove (3). Put g;(t) = t/pi(t?), by (2) in Lemma 3.4, we can choose
q so small that g;(¢) € Q(0,1),5 = 0,1. By the Lemma 3.6, 3.7 and Theorem 4.1 we obtain

(A7, (o), AT (01))o = ((Hy.0 Hi) o0 e0sa0s (Hpy .0 Hpty o) erar)
- (Hg(')ﬂ’ H;(~),oo)909(91/go),q = A7 (), (4.12)
— __wo®
where o(t) = SG/orm -

In order to prove (2), we first note that, by Lemma 3.4, the condition ¢; € Q(0, %)
implies that 0;(t) = t/¢1(t9) € Q(0,1). By using of Theorem 4.1 and (2) in Lemma 3.6,
similar to that of (3), we can prove (2). It is obvious that (1) is an easy consequence of

Theorem 4.1 and (1) in Lemma 3.6. The proof is completed.

References

[1] Lions J L, Peetre J. Surune classe d’espances d’interpolation[J]. Inst. Hautes Etudes Sci. Publ.
Math., 1964, 19: 5-68.



.2 Interpolation of Lorentz martingale spaces with variable exponents 133

(12]

(13]

(14]

Kalugina T F. Interpolation of Banach spaces with a functional parameter[J]. The Reiteration
Theorem, Vestnik Moskov Univ. Ser. I Math. Meh., 1975, 30(5): 68-77.

Gaustavsson J. A function parameter in connection with interpolation of Banach spaces[J]. Math.
Scand., 1978, 42(2): 289-305.

Heinig H P. Interpolation of quasi-normed spaces involving weights[J]. Can. Math. Soc. Conf. Proc.,
1975, 1: 245-267.

Maligranda L, Persson L E. Real interpolation between weighted Lp and Lorentz spaces[J]. Bull
Polish Acad. Sci. Math., 1987, 35(11): 765-778.

Merucci C. Applications of interpolation with a function parameter to Lorentz, Sobolev and Besov
spaces[M]. In: Lecture Note in Math, 1070. New York: Springer, 1984, 183-201.

Soria J. Tent spaces based on weighted Lorentz spaces, Carleson measures[D]. Washington: Wash-
ington University, 1990.

Weisz F. Martingale Hardy Spaces and their Applications in Fourier Analysis[M]. Lecture Notes in
Math, 1568. New York: Springer, 1994.

Long R L. Martingale Spaces and Inequalities[M]. Beijing: Peking University Press, 1993.

Jiao Y, Chen W, Liu P D. Interpolation on weak martingale Hardy space[J]. Acta. Math. Sinica.
Engl. Ser., 2009, 25(8): 1297-1304.

Jiao Y, Peng L H, Liu P D. Interpolation for weak Orlicz spaces with Ma condition[J]. Sci. China
Ser. A, 2008, 51(11): 2072-2080.

Fan L P, Jiao Y, Liu P D. Lorentz martingale spaces and interpolation[J]. Acta. Math. Scientia,
2010, 30(4): 1143-1153.

Ren Y B, Guo T X. Interpolation of Lorentz martingale spaces[J] Science China Mathematics, 2012,
55(9): 1951-1959.
Persson L E. Interpolation with a parameter function[J]. Math. Scand., 1986, 59: 199-222.

g # Lorentz2h 23 8] 1Y N 3

TR TRALIM
(RPRHE K H B, b 30 430065)

WE: AW T AL 4R Billorentz ¥ 25 6] (1 1 6L ) 2. A o8 B2 07k, /AR T LR R

HLorentz 2 8] KO E B, HET 1% 4850, A 18] T RO 45 R

X $217): Lorentz# 7 [0]; LIREG S K
MR(2010)F # 43 % 5:  60G42; 46B70 hESES 02116



