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Abstract: In this paper, we apply function parameters to real interpolation of Lorentz mar-

tingale spaces with variable exponents. Some new interpolation theorems concerning variable ex-

ponents Lorentz martingale spaces are formulated. The results that we obtain generalize some

fundamental interpolation theorems in classical martingale Hp theory.
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1 Introduction

The real interpolation spaces Aθ,q were introduced in [1], and the theory of the spaces
Aθ,q has been applied as a powerful tool to many branches of mathematics. These spaces
are defined by using the function norm:

φθ,q =
(∫ ∞

0

(t−θϕ(t))q dt

t

)1/q

.

For the further applications of interpolation space theory, the idea of replacing Aθ,q by
a more general function norm to obtain more general interpolation spaces appeared. The
initial work on such spaces was due to Kalugina [2]. He used the function norm

φf,q =
(∫ ∞

0

(ϕ(t)/f(t))q dt

t

)1/q

to replace φθ,q, where f is a function parameter, which belongs to the function class Bk.
Later on, the theory of interpolation with a function parameter has been developed in an
astounding way. For example see [3-7].

Interpolation of martingale Hardy spaces is one of the main topics in martingale Hp the-
ory, and its theory has been successfully applied to Fourier analysis. In classical martingale
Hp theory, it was proved by Weisz [8] and Long [9] that the interpolation spaces of martin-
gale Hardy spaces were martingale Hardy-Lorentz spaces. Recently, Jiao [10,11] studied real
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interpolation of some weak martingale spaces, and Fan [12] considered real interpolation of
some Lorentz martingale spaces. Ren and Guo[13] applied function parameters to consider
the interpolation with a function parameter for Lorentz martingale spaces. Motivated by
[13], the aim of this paper is to consider the interpolation with a function parameter for
Lorentz martingale spaces with variable exponents.

2 Preliminaries

Let (Ω,F , P ) be a complete probability space, and Fn be a nondecreasing sequence
of sub-σ-algebra of F such that F = σ(∪nFn), where Fn is generated by countably many
atoms. The conditional expectation operators relative to Fn are denoted by En.

For 0 < q ≤ ∞, we use L∗q to denote the Lebesgue space L∗q(0,∞; dt/t), which is the
collection of all measurable functions f such that

‖f‖L∗q =





(∫∞
0
|f(t)|q dt

t

)1/q

, q < ∞,

supt>0 |f(t)|, q = ∞.

Let p(·) : Ω → (0,∞) be an F-measurable function, we define

p− = ess inf{p(x) : x ∈ Ω}, p+ = ess sup{p(x) : x ∈ Ω}.

Let P(Ω) denote the collection of all F-measurable functions p(·) : Ω → (0,∞) such that
0 < p− ≤ p+ < ∞. The Lebesgue space with variable exponent p(·) denoted by Lp(·) is
defined as the set of all F-measurable functions f satisfying

‖f‖p(·) = inf
{

λ > 0 : ρ(|f(x)|/λ) ≤ 1
}

< ∞,

where
ρ(f) =

∫

Ω

|f(x)|p(x)dP.

Let p(·) ∈ P(Ω) and 0 < q ≤ ∞. Then Lp(·),q(Ω) is the collection of all measurable
functions f such that

‖f‖Lp(·),q
=





(∫∞
0

λq‖χ{|f |>λ}‖q
p(·)

dλ
λ

)1/q

, q < ∞,

supλ λ‖χ{|f |>λ}‖p(·), q = ∞.

For measurable function f, t > 0, define

h(t) = ‖χ{|f |>t}‖p(·), f∗(t) = sup{λ > 0 : h(λ) ≥ t}.

Let ϕ be a nonnegative and local integrable function on [0,∞) (ϕ 6= 0), and the Lorentz
spaces with variable exponents are defined as

Λq(ϕ) =
{

f : ‖f‖Λq(ϕ) = ‖f∗(t)ϕ(t)‖L∗q < ∞
}

, (0 < q ≤ ∞). (2.1)
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For a complex valued martingale f = (fn)n≥0 relative to (Ω,F , P ; (Fn)n≥0), denote its
martingale difference by dfi = fi − fi−1(with convention df−1 = 0) and define the maximal
function, the square function and the conditional square function of f respectively as follows:

Mn(f) = sup
0≤k≤n

|fk|, M(f) = sup
n≥0

|fn|,

Sn(f) = (
n∑

i=0

|dfi|2)1/2, S(f) = (
∞∑

i=0

|dfi|2)1/2,

σn(f) =
( n∑

i=0

Ei−1(|dfi|2)
) 1

2

, σ(f) =
( ∞∑

i=0

Ei−1(|dfi|2)
) 1

2

.

Let Λ be the collection of all sequences (λn)n≥0 of nondecreasing, nonnegative and
adapted functions, set λ∞ = limn→∞ λn. Thus the Lorentz martingale spaces with variable
exponents are defined as follows.

Λ̂q(ϕ) =
{
f = (fn)n≥0 : ‖f‖Λ̂q(ϕ) = sup

n
‖fn‖Λq(ϕ) < ∞}

;

ΛM
q (ϕ) =

{
f = (fn)n≥0 : ‖f‖ΛM

q (ϕ) = ‖M(f)‖Λq(ϕ) < ∞}
;

ΛS
q (ϕ) =

{
f = (fn)n≥0 : ‖f‖ΛS

q (ϕ) = ‖S(f)‖Λq(ϕ) < ∞}
;

Λσ
q (ϕ) =

{
f = (fn)n≥0 : ‖f‖Λσ

q (ϕ) = ‖σ(f)‖Λq(ϕ) < ∞}
;

QΛq(ϕ) =
{
f = (fn)n≥0 : ∃(λn) ∈ Λ, s.t. Sn(f) ≤ λn−1, λ∞ ∈ Λq(ϕ)

}
,

‖f‖QΛq(ϕ) = inf
λ
‖λ∞‖Λq(ϕ);

DΛq(ϕ) =
{
f = (fn)n≥0 : ∃(λn) ∈ Λ, s.t. |fn| ≤ λn−1, λ∞ ∈ Λq(ϕ)

}
,

‖f‖DΛq(ϕ) = inf
λ
‖λ∞‖Λq(ϕ).

Remark 2.1 It is clear that if ϕ(t) = t, then

Λ̂q = Lp(·),q, ΛM
q (ϕ) = HM

p(·),q, ΛS
q (ϕ) = HS

p(·),q,

Λσ
q (ϕ) = Hσ

p(·),q, QΛq(ϕ) = Qp(·),q, DΛq(ϕ) = Dp(·),q.

Let a0 and a1 be real numbers such that a0 < a1. The class Q[a0, a1] consists of all
functions ϕ(t) on (0,∞) such that ϕ(t)t−a0 is nondecreasing and ϕ(t)t−a1 is non-increasing.
A function is said to belong to the class Q(a0, a1), if ϕ(t) ∈ Q[a0 + ε, a1 − ε] for some
ε > 0. The notation ϕ(t) ∈ Q(a0,−) (or ϕ(t) ∈ Q(−, a1) ) means that ϕ(t) ∈ Q(a0, b)
(or ϕ(t) ∈ Q(b, a1)) for some real number b. It was shown in [5] that the function class
Q(0, 1) is larger than the function class BΨ introduced by Kalugina [2]. It is easy to see that
ϕ(t) = tθ(0 < θ < 1) belongs to the function class Q(0, 1).

Let X0 and X1 be two quasi-Banach spaces, which are both embedded into a topological
vector space X. We call X = (X0, X1) an interpolation couple in this case. Then the space
X0 + X1 is defined as the set of all x ∈ X , which may be written as x = x0 + x1 for which
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x0 ∈ X0 and x1 ∈ X1. For any x ∈ X0 + X1 and 0 < t < ∞, the so-called K-functional is
defined as

K(x, t;X0, X1) = inf{‖x0‖X0 + t‖x1‖X1 : x = x0 + x1},
where the infimum is taken over all x = x0 + x1 for which x0 ∈ X0 and x1 ∈ X1. For ϕ a
function parameter, 0 < q ≤ ∞, the interpolation spaces (X0, X1)ϕ,q between X0 and X1

are defined as the spaces of all functions x ∈ X0 + X1, such that

‖x‖(X0,X1)ϕ,q
= ‖K(x, t;X0, X1)

ϕ(t)
‖L∗q < ∞.

Throughout this paper, we use c to denote some positive constant and may be different
at each occurrence. a ¹ b means that a ≤ cb for some positive constants c and the equivalence
a ≈ b means that c1a ≤ b ≤ c2a for some positive constants c1 and c2.

3 Some Lemmas

In order to prove our main results, we collect some lemmas in this section.
Lemma 3.1 Let p(·) ∈ P (Ω) with p+ < ∞, 0 < q < ∞ then for all martingales

f = (fn)n≥0 ∈ Hσ
p(·),q + Hσ

p(·),∞,

K(f, t;Hσ
p(·),q,H

σ
p(·),∞) ≈

(∫ tq

0

(
σ(f)∗(u)

)q
du

)1/q

.

Proof Let f ∈ Hσ
p(·),q + Hσ

p(·),∞, f = g + h, with g ∈ Hσ
p(·),q, h ∈ Hσ

p(·),∞. Then for any
u > 0, we have

σ(f)∗(u) ¹ (σ(g) + σ(h))∗(u) ¹ σ(g)∗(u) + σ(h)∗(u) ¹ σ(g)∗(u) + ‖h‖Hσ
p(·),∞

. (3.1)

So
(∫ tq

0

(
σ(f)∗(u)

)q
du

)1/q

¹
(∫ tq

0

(σ(g)∗(u) + ‖h‖Hσ
p(·),∞

)qdu

)1/q

¹
(∫ tq

0

(
σ(g)∗(u)

)q
du

)1/q

+t‖h‖Hσ
p(·),∞

¹
(∫ ∞

0

(
σ(g)∗(u)

)q
du

)1/q

+t‖h‖Hσ
p(·),∞

¹ ‖g‖Hσ
p(·),q

+ t‖h‖Hσ
p(·),∞

. (3.2)

Taking the infimum over all decompositions f = g + h ∈ Hσ
p(·),q + Hσ

p(·),∞, we obtain

(∫ tq

0

(
σ(f)∗(u)

)q
du

)1/q

¹ K(f, t;Hσ
p(·),q,H

σ
p(·),∞). (3.3)

To prove the converse, for any t > 0, let α = σ(f)∗(tq), and define the stopping time,

τ = inf{n ∈ N : σn+1(f) > α},
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then {τ < ∞} = {σ(f) > α}. Let h = f τ = (fn∧τ )n≥0, g = f − h, then we have

‖h‖Hσ
p(·),∞

¹ ‖σ(h)‖∞ = ‖στ (f)‖∞ ≤ α = σ(f)∗(tq), (3.4)

and

‖g‖Hσ
p(·),q

=
(∫ ∞

0

λq‖χ{|σ(g)|>λ}‖q
p(·)

dλ

λ

)1/q

=
(∫ ∞

0

λq‖χ{|σ(f−fτ )|>λ}χ{τ<∞}‖q
p(·)

dλ

λ

)1/q

¹
(∫ tq

0

(σ(f)∗(u))qdu

)1/q

. (3.5)

Hence

‖g‖Hσ
p(·),q

+ t‖h‖Hσ
p(·),∞

¹
(∫ tq

0

(
σ(f)∗(u))qdu

)1/q

+tσ(f)∗(tq) ¹
(∫ tq

0

(
σ(f)∗(u))qdu

)1/q

(3.6)
It follows that

K(f, t;Hσ
p(·),q,H

σ
p(·),∞) ¹

(∫ tq

0

(
σ(f)∗(u)

)q
du

)1/q

. (3.7)

The proof is completed.
Lemma 3.2 Let p(·) ∈ P (Ω) with p+ < ∞, 0 < q < ∞ then for all martingales

f = (fn)n≥0 ∈ Qp(·),q +Qp(·),∞ and for any admissible majorant λ = {λn}n≥0 of Sn(f), we
have

K(f, t;Qp(·),q,Qp(·),∞) ≈ inf
λ

(∫ tq

0

((
λ∞)∗(u)

)q
du

)1/q

.

Proof Let f ∈ Qp(·),q +Qp(·),∞. Since ‖f‖HS
p(·),q

≤ c‖f‖Qp(·),q
for 0 < q ≤ ∞, it is easy

to prove that(
∫ tq

0
(S(f)∗(u))qdu)1/q ≤ cK(f, t;Qp(·),q,Qp(·),∞) for all t > 0. Thus for each

t > 0, there is f ′s decomposition, f = g + h with g ∈ Qp(·),q +Qp(·),∞, such that

‖g‖Qp(·),q
+ ‖h‖Qp(·),∞ ≤ 2K(f, t;Qp(·),q,Qp(·),∞). (3.8)

Let λ
(t)
g and λ

(t)
h be admissible majorants of Sn(g) and Sn(h) such that ‖λ(t)

g ‖p(·),q =
‖g‖Qp(·),q

and ‖λ(t)
g ‖p(·),∞ = ‖g‖Qp(·),∞ . Define λ(t) = λ

(t)
g + λ

(t)
h and λ(1) = {λ(1)

n }n≥0, where
λ

(1)
n = inft>0 λ

(t)
n . Then we get λ(1) = {λ(1)

n }n≥0 an admissible majorant of {Sn(f)}n≥0 which
satisfies

inf
λ

(∫ tq

0

(
λ∞)∗(u)

)q
du

)1/q

≤ (
∫ tq

0

(λ(1)
∗ (u))qdu)1/q ≤ cK(f, t;Qp(·),q,Qp(·),∞). (3.9)

To prove the converse, let λ = {λn}n≥0 be any admissible majorant of Sn(f), for any t > 0,
let α = (λ∞)∗(tq), and define the stopping time,

τ = inf{n ∈ N : λn > α},
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then {τ < ∞} = {λ∞ > α}. Let h = f τ = (fn∧τ )n≥0, g = f − h, then we have

S(h) = Sτ (f) ≤ α = (λ∞)∗(tq),

Sn(g) = Sn(f − f τ ) ≤ 2Sn(f)χ{τ<n} ≤ 2λn−1χ{τ<n}.

Then we have

‖g‖Qp(·),q
≤ c

(∫ tq

0

(
(λ∞)∗(u))qdu

)1/q

. (3.10)

Hence

‖g‖Qp(·),q
+ t‖h‖Qp(·),q

¹
(∫ tq

0

(
σ(f)∗(u))qdu

)1/q

+t(λ∞)∗(tq) ¹
(∫ tq

0

(
(λ∞)∗(u)

)q
du

)1/q

.

(3.11)
It follows that

K(f, t;Qp(·),q,Qp(·),∞) ¹ inf
λ

(∫ tq

0

(
(λ∞)∗(u)

)q
du

)1/q

. (3.12)

The proof is completed.
Similarly to Lemma 3.2, we have
Lemma 3.3 Let p(·) ∈ P (Ω) with p+ < ∞, 0 < q < ∞ then for all martingales

f = (fn)n≥0 ∈ Dp(·),q + Dp(·),∞ and for any admissible majorant λ = {λn}n≥0 of |fn|, we
have

K(f, t;Dp(·),q,Dp(·),∞) ≈ inf
λ

(∫ tq

0

(
(λ∞)∗(u)

)q
du

)1/q

.

Lemma 3.4 ([14]) Let ϕ(t) ∈ Q[a0, a1]. Then
(1) ϕ(tα) ∈ Q[a0α, a1α], α > 0;
(2) tα(ϕ(t))β ∈ Q[α + a1β, α + a0β], α ∈ R, β < 0;
(3) ϕ(αt) ∈ Q[a0, a1], α > 0.

Lemma 3.5 ([14]) Let 0 < q1 ≤ ∞, 0 < q < ∞, ψ(t) ∈ Q(−,−), and h(t) a positive and
non-increasing function on (0,∞). If ϕ(t) ∈ Q(−, 0) Then

(∫ ∞

0

(
ϕ(t)

)q1

(∫ t

0

(h(u)ψ(u))q du

u

)q1/q
dt

t

)1/q1

≤ c

(∫ ∞

0

(
ϕ(t)h(t)ψ(t))q1

dt

t

)1/q1

.

Lemma 3.6 ([14]) Let ϕ0(t), ϕ1(t) and ϕ(t) be in the class Q(0, 1), 0 < q0, q1 < ∞, 0 <

q ≤ ∞. If we put ϕ2(t) = ϕ0(t)ϕ
(
ϕ1(t)/ϕ0(t)

)
, ϕ3(t) = ϕ0(t)ϕ(t/ϕ0(t)), ϕ4(t) = ϕ(ϕ1(t)).

Then
(1) (Xϕ0,q0 , X1)ϕ,q = Xϕ3,q;
(2) (X0, Xϕ1,q1)ϕ,q = Xϕ4,q;
(3) If, in addition ϕ1(t)

ϕ0(t)
∈ Q(0,−) or ϕ0(t)

ϕ1(t)
∈ Q(0,−), then (Xϕ0,q0 , Xϕ1,q1)ϕ,q = Xϕ2,q.

Lemma 3.7 ([14]) Let ϕ0(t), ϕ1(t) and ϕ(t) be in the class Q(0, 1) and put τ(t) =
ϕ1(t)/ϕ0(t). If τ(t) ∈ Q(0,−) or τ(t) ∈ Q(−, 0), then ϕ2(t) = ϕ0(t)ϕ(τ(t)) ∈ Q(0, 1).
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4 Main Results

Theorem 4.1 Let p(·) ∈ P (Ω) with p+ < ∞, 0 < q < ∞, 0 < q1 ≤ ∞ and ϕ ∈ Q(0, 1).
Then

(Hσ
p(·),q,H

σ
p(·),∞)ϕ,q1 = Λσ

q1

(
t1/q/ϕ(t1/q)

)
. (4.1)

Proof If 0 < q1 < ∞, by Lemma 3.1 , it is easy to see that

‖f‖(Hσ
p(·),q

,Hσ
p(·),∞)ϕ,q1

≈
(∫ ∞

0

(
1

ϕ(t1/q)

)q1(∫ t

0

(σ(f)∗(u))qdu

)q1/q
dt

t

)1/q1

. (4.2)

By Lemma 3.4 we see that 1/ϕ(t1/q) ∈ Q(−1/q, 0). Therefore, by Lemma 3.5 we have
(∫ ∞

0

(
1

ϕ(t1/q)

)q1(∫ t

0

(σ(f)∗(u))qdu

)q1/q
dt

t

)1/q1

≤ c

(∫ ∞

0

( tσ(f)∗(t)
ϕ(t1/q)

)q1
dt

t

)1/q1

. (4.3)

Hence, Λσ
q1

(
t1/q/ϕ(t1/q)

)⊆ (Hσ
p(·),q,H

σ
p(·),∞)ϕ,q1 . Since

t(σ(f)∗(t))q ≤
∫ t

0

(σ(f)∗(u))qdu,

we get
(∫ ∞

0

( tσ(f)∗(t)
ϕ(t1/q)

)q1
dt

t

)1/q1

≤
(∫ ∞

0

(
1

ϕ(t1/q)

)q1(∫ t

0

(σ(f)∗(u))qdu

)q1/q
dt

t

)1/q1

. (4.4)

So we have (Hσ
p(·),q,H

σ
p(·),∞)ϕ,q1 ⊆ Λσ

q1

(
t1/q/ϕ(t1/q)

)
.

If q1 = ∞, since

tσ(f)∗(tq) ≤
(∫ tq

0

(
σ(f)∗(u)

)q
du

)1/q

,

we get

‖f‖
Λσ∞

(
t1/q/ϕ(t1/q)

) = sup
t>0

t1/qϕ(t1/q)σ∗(f)(t) = sup
t>0

tϕ(t)σ∗(f)(tq)

≤ c sup
t>0

K(f, t;Hσ
p(·),q,H

σ
p(·),∞)

ϕ(t)
= c‖f‖(Hσ

p(·),q
,Hσ

p(·),∞)ϕ,∞ . (4.5)

Hence, Λσ
∞

(
t1/q/ϕ(t1/q)

)⊆ (Hσ
p(·),q,H

σ
p(·),∞)ϕ,∞. For the converse, since ϕ(t) ∈ Q(0, 1), then

there exists a constant a ∈ (0, 1) such that ϕ(t)t−a is non-increasing on (0,∞). So we have

‖f‖(Hσ
p(·),q

,Hσ
p(·),∞)ϕ,∞ = sup

t>0

K(f, t;Hσ
p(·),q,H

σ
p(·),∞)

ϕ(t)

≤ c sup
t>0

(∫ tq

0

(
σ(f)∗(u)

)q
du

)1/q

ϕ(t)
≤ c sup

t>0

(∫ t

0

(
σ(f)∗(uq)

)q
uq−1du

)1/q

ϕ(t)

≤ c sup
u>0

uσ(f)∗(uq)
ϕ(u)

· sup
t>0

ϕ(u)u−a(
∫ t

0
uqa−1du)1/q

ϕ(t)
≤ c‖f‖

Λσ∞

(
t1/q/ϕ(t1/q)

)
.

(4.6)
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So we have (Hσ
p(·),q,H

σ
p(·),∞)ϕ,∞ ⊆ Λσ

∞
(
t1/q/ϕ(t1/q)

)
. Thus we complete the proof.

Similar to Theorem 4.1, we have the following two theorems, we omit the proofs.
Theorem 4.2 Let p(·) ∈ P (Ω) with p+ < ∞, 0 < q < ∞, 0 < q1 ≤ ∞ and ϕ ∈ Q(0, 1).

Then
(Qp(·),q,Qp(·),∞)ϕ,q1 = QΛσ

q1

(
t1/q/ϕ(t1/q)

)
. (4.7)

Theorem 4.3 Let p(·) ∈ P (Ω) with p+ < ∞, 0 < q < ∞, 0 < q1 ≤ ∞ and ϕ ∈ Q(0, 1).
Then

(Dp(·),q,Dp(·),∞)ϕ,q1 = DΛσ
q1

(
t1/q/ϕ(t1/q)

)
. (4.8)

By interpolation theorem, we can easily have
Theorem 4.4 Let p(·) ∈ P (Ω) with p+ < ∞, 0 < qi < ∞, 0 < q ≤ ∞, ϕi(t) ∈

Q(0,−), i = 0, 1, and % ∈ Q(0, 1). Then
(1)

(Λσ
q0

(ϕ0),Hσ
p(·),∞)%,q = Λσ

q (ϕ), (4.9)

where ϕ(t) = ϕ0(t)
%(ϕ0(t))

.
(2) If, in addition ϕ1 ∈ Q(0, 1

q
), then

(Hσ
p(·),q1

,Λσ
q0

(ϕ0))%,q = Λσ
q (ϕ), (4.10)

where ϕ(t) = t1/q

%(t1/q/ϕ1(t))
.

(3) If, in addition ϕ1(t)
ϕ0(t)

∈ Q(0,−) or ϕ0(t)
ϕ1(t)

∈ Q(0,−), then

(Λσ
q0

(ϕ0),Λσ
q1

(ϕ1))%,q = Λσ
q (ϕ), (4.11)

where ϕ(t) = ϕ0(t)
%(ϕ0(t)/ϕ1(t))

.
Proof First we prove (3). Put %i(t) = t/ϕi(tq), by (2) in Lemma 3.4, we can choose

q so small that %i(t) ∈ Q(0, 1), i = 0, 1. By the Lemma 3.6, 3.7 and Theorem 4.1 we obtain

(Λσ
q0

(ϕ0),Λσ
q1

(ϕ1))%,q =
(
(Hσ

p(·),q,H
σ
p(·),∞)%0,q0 , (H

σ
p(·),q,H

σ
p(·),∞)%1,q1

)
%,q

= (Hσ
p(·),q,H

σ
p(·),∞)%0%(%1/%0),q = Λσ

q (ϕ), (4.12)

where ϕ(t) = ϕ0(t)
%(ϕ0(t)/ϕ1(t))

.
In order to prove (2), we first note that, by Lemma 3.4, the condition ϕ1 ∈ Q(0, 1

q
)

implies that %1(t) = t/ϕ1(tq) ∈ Q(0, 1). By using of Theorem 4.1 and (2) in Lemma 3.6,
similar to that of (3), we can prove (2). It is obvious that (1) is an easy consequence of
Theorem 4.1 and (1) in Lemma 3.6. The proof is completed.
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变指数Lorentz鞅空间的内插

张学英 ,张传洲

(武汉科技大学理学院,湖北 武汉 430065)

摘要: 本文研究了变指数Lorentz鞅空间的插值问题. 利用函数参数方法，获得了几类变指

数Lorentz鞅空间的插值定理, 推广了常指数Hp鞅空间下的结果.
关键词: Lorentz鞅空间; 变指数; 函数参数
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