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Abstract: In this paper, using a delicate application of general Sobolev inequality, we estab-
lish the lower bound for the blow-up time of the solution to a quasi-linear parabolic problem,which
improves the result of Theorem 2.1, Theorem 3.1 in [1], and the model (4.1) in [2].
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1 Introduction

In this paper, we will establish the lower bound for the blow-up time of the solution to

the following problems:

uy = Au™ + au? [, ulde, in Q x (0,t*),
u(z,t) =0 or 2¢=0, on 99 x (0,t%), (1.1)
u(z,0) = ug(x), in Q.

Here ¢ > 0,m > 1,p > 0and ¢ > 0, Q C R® (n > 3) is a smooth bounded domain, v is
the outward norm vector. The initial data ug(z) is a continuous nonnegative function and
satisfies the compatible conditions. In [3], LI and XIE proved that the solution to (1.1) exists
globally if p4+ ¢ < m or p+q = m and a is sufficiently small, while the solution will blow-up
in finite time if p + ¢ > m and the initial data ug(x) is sufficiently large.

The direct motivation of this paper comes from the papers [1] and [2]. In [1], the
authors estimated the lower bounds for the blow-up time of solution to (1.1) subject to
Dirichlet boundary condition and Neumann boundary condition in 3-dimension space. In

[2], the authors only established the lower bounds for the blow-up time of the solution to
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(1.1) subject to Dirichlet boundary condition with smooth bounded 2 C R" and n > 3.
Naturally, we hope to obtain the lower bound for the blow-up time of the solution to (1.1)
subject to Dirichlet boundary condition and Neumann boundary condition with smooth
bounded 2 C R™ and n > 3 . Inspired by Payne-Schaefer’s idea and following the AN and
SONG’s methods in [4], we will use a delicate application of general Sobolev inequality to
deal with both (1.1) subject to Neumann boundary condition and (1.1) subject to Dirichlet
boundary condition. There are many results about the estimates of the lower bounds for
blow-up time of the solution to parabolic equation. We can refer to [5-13] and the references
therein to get more information.

Our main result in this paper can be stated as follows:

Theorem 1.1 Assume that v is the blow-up solution of (1.1), which will blow-up at
time ¢ = t*. Then the lower bound for the blow-up time of the solution is

p> [ 1.2
= /¢>(0) Cy + Con? (12)

where ¢(t) fQ u™dz, ¢(0 fQ ul*dx, with n > 3, k > max{erqT_m, %}, and M, Cy, Cy
are given by the following sectlon.

We will give the details to proof of Theorem 1.1 in the next section.

2 Lower Bound for the Blow-Up Time

In this section, using a delicate application of general Sobolev inequality, we will estab-
lish the lower bound for the blow-up time of the solution to (1.1).
Proof of Theorem 1.1. Define

gi)(t):/ﬂu”kdx, (2.1)

with n > 3, k > max WT_m L

Yl
Using Green formula, we have

do _
dt — Jq

:/nku”kl(Aum—f—au”/uqu)dx
Q

Q
/nku”k1Aumdx+nka/uqu/u"k+pldx (2.2)
Q

/nkm(nk—l) s vk dx—f—nk:a/uqu/ nktp=ldy

Q
/uqdm/ k=1,

dnkm(nk —
 (nk+m—1)? 1

Using Holder inequality to the last term in the right of (2.2), we get

d¢ dnkm(nk — 1) nktm=1
Pk ik S 2
dt — (nk+m—1)2/ [Vu

nk—1

nku udx

|*dz + nka|Q| / w1l (2.3)
Q
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where || denotes the measure of 2.We denote that C(Q2) is the best constant in general
Sobolev’s inequality

(/wf"zdx)‘z < C(Q)( / lw|? + |Vw|*dz)?
Q

for any w € H*(Q).

In convenience, we denote

B n(2k +m —1) _ n(k+m—1)
TGkt m ) - (-2 re—1 7T mn-2ptq-1)
B 2k +m _ 2k+m
" Skt m—(ptq) g

Then using Holder inequality and Young’s inequality, we have

1 1
m1 nk+m—1 2n m2
/unkerJrqldx < (/ ’I,Lnkd.iﬂ) </ wr e 2dx>
Q Q Q

m s (2.4)
< C(e) </ u”kd:c> +e </ TR dx> .
Q 0

Here ¢ will be chosen later, while

™ L pte
C(a) _ (57714)7ﬁ B 2k +m — (p + q) g(Qk + m) 2k+m—(pTq)
ms 2k +m p+q .

Using general Sobolev’s inequality and Young’s inequality to the last term in the right of
(2.4), we get

my

nk4+m— 1, 2n m72
€ </ w2 2da:>
Q

n m;L
n—z | ™
SE‘ 2n ( |unk+m 1 | dx + / |vunk+m 1 |2dI>
Q
< 1— (nQ—H;)Lan : 1,%
3 n—2)m
- (n— 2 )ma ’ (2.5)

nmaye nktm—1 o k+m 1
+ — / u 2 / Vu da:)
(n —2)my ( O | | |

nmy 2(2k+m)(p+q—1)
== |l - — Q 2k+m—(p+q)
[ (n_QmJ<< )) R

nm45 nktm=1 NMy& nktm=1
|V |u
(n— 2
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By Young’s inequality to the last term in the right of (2.5), we get

nm4€ | nk+m 1| da nmqye unk+m_1d$
o (n—2)m,

nk+ptq—1
S/ 7m+m_1uM“Hf@ﬂi+ o <<mM6)pWW]m
Q

nk+m—1

nk+p+qg-—1 nk+p+q—1 — 2)mgy
nk+ptq—1
_ nk+m—1 /unk+p+q_1dx+|ﬂ| p+q—m nNMmye p+qg—m
nk+p+q—1 nk+p+qg—1\(n—2)my
(2.6)
Substituting (2.6) into (2.5), we obtain
mg
€ (/ TR d:v) -
Q
nmgy 2(2k+m)(p+g—1) nm4€ nk+m, 1
<el1 = | (C(Q)) 2*tm-GrD v 2.7
< (n_mmj< @) — 1 @7)
nktptg—1
4 nk +m — 1 / ’U,nk+p+q_1d.’1,' + |Q| p + qg—m nmqye pra=m
nk+p+q—1Jg nk+p+qg—1\(n—2)ms
Substituting (2.7) into (2.4), we have
ptg—m nktpta—1g,,
nk+p+q—1
mg
™1 nmye nktmei nmy 22k tm) (pq—1)
<C nkd \V4 d _ C 2k+m—(p+a)
@ (fwrran) " [ e a1 @)
nk+ptq—1
p+qg—m NnMmMye Ptg—m
+ Q2
| |nk+p+q71 <(n2)m2
(2.8)

Substituting (2.8) into (2.3), we get
do - [4nkm(nk -1 nmue  [Qank(nk +p+q— 1)] / Tt 2y

dt — (nk+m—1)2  (n—2)mq p+g—m
nk+ptq—1
Qlank (nk -1 o o
+] lank(nk +p+q )C(e)(bﬁﬂﬂlzank __ Mg
p+qg—m (n = 2)ms
N |Q]ank(nk +p+q—1) 1 e 6(@*(9))%%,
p+qg—m (n —2)ms

Now we can choose

_ dm(p+q)(nk —1)(p+q—m)2k+m —1)
a|lQ(nk+m —12nmk+p+q—1)2k+m)(p+q—1)

nk+7n 1

to make the coefficient of [, [Vu |*dz vanishes. Then we have

¢ < Cy + Cop™, (2.9)
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where
v =@ Emn@k+m—1) - (n=2)(p+g¢—1)]
n[2k+m— (p+q)|(2k +m—1) ’
o _[Qlank(nk +p+q—1)2k+m — (p+ q)]
' (p+q—m)(2k +m)
am(nk — 1)(p + q — m)(2k +m — 1) T 2.10)
Qla(nk +m —1)*(nk+p+q—1)(p+q—1) ’ '
nk+pt+qg—1
dm(nk —1)(p +q —m) pFa—m
Cy =|QPank
2 [ an <(nk—|—m— 12(nk+p+qg-—1)

Ankmf2k +m— (p+ OIk —1) ) 2kimiptasn
(nk+m —1)2(2k+m)(p+q—1)

Integrating (2.9), we have

#* z/ __dn (2.11)

#(0) Cl + 0277M

with

(b(O):/ugkdx.
Q

By the analysis above, we can get the proof of Theorem 1.1.
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