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1 Introduction

Since Zadeh[1] introduced the concept of fuzzy sets, many authors have extensively
developed the theory of fuzzy sets and applications. George and Veeramani [2, 3] gave
the concept of fuzzy metric space and defined a Hausdorff topology on this fuzzy metric
space which have very important applications in quantum particle physics particularly in
connection with both string and E-infinity theory.

The notion of coupled fixed points was introduced by Guo and Lakshmikantham [4] in
1987. In a recent paper, Gnana-Bhaskar and Lakshmikantham [5] introduced the concept of
mixed monotone property for contractive operators of the form F : X x X — X, where X
is a partially ordered metric space, and the established some coupled fixed point theorems.
Lakshmikantham and Cirié¢ [6] discussed the mixed monotone mappings and gave some
coupled fixed point theorems which can be used to discuss the existence and uniqueness of
solution for a periodic boundary value problem.

Shaban Sedghi et al [7] gave a coupled fixed point theorem for contractions in fuzzy
metric spaces, and Jin-xuan Fang [8] gave some common fixed point theorems under ¢-
contractions for compatible and weakly compatible mappings in Menger probabilistic met-
ric spaces. Xin-Qi Hu [9] proved a common fixed point theorem for mappings under ¢-
contractive conditions in fuzzy metric spaces. B.S.Choudury et. al. [10] established coupled
coincidence point and coupled fixed point results for compatible mappings in partially or-

dered fuzzy metric spaces and gave an example to illustrate the main theorems. In 2015,
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Jinxuan-Fang [11] generlized a crucial fixed point theorem for probabilistic (-contraction on
complete Menger space. Other more works on this topic can be found in [12-23].
Now we propose a notion of coincidence point between mappings cases of these results

that are already known under some contractive conditions.

2 Mathematical Preliminaries

First we give some definitions.
Definition 2.1 (see [2]) A binary operation * : [0,1] x [0,1] — [0,1] is continuous
t-norm if * satisfies the following conditions:
(1)
(2) * is continuous;
(3) a*x1=uaforallacl0,1];
(4) axb < cx*d whenever a < ¢ and b < d for all a,b,c,d € [0, 1].
Definition 2.2 (see [7]) Let OsuplA(t,t) = 1. A t-norm A is said to be of H-type if
<t<

% 1s commutative and associative;

the family of functions {A™(¢)}2°_, is equicontinuous at ¢t = 1, where
Al(t) = tAt, A™THE) = tA(A™(t)),m =1,2,--- ,t €[0,1].

The t—norm Aj,; = min is an example of t-norm of H-type, but there are some other
t-norms A of H-type.

Obviously, A is a H-type ¢t norm if and only if for any A € (0, 1), there exists 6(\) € (0,1)
such that A™(t) > 1 — X for all m € N, when t > 1 — 0.

Definition 2.3 (see [2]) A 3-tuple (X, M, ) is said to be a fuzzy metric space if X is
an arbitrary nonempty set,  is a continuous ¢t-norm and M is a fuzzy set on X? x (0, 4+00)
satisfying the following conditions, for each x,y,2z € X and t,s > 0,

(FM-1) M(z,y,t) >0 ;

(FM-2) M (x,y,t) = 1 if and only if x = y;
(FM-3) M (z,y,t) = M (y,,1);

(FM—4) M (z,y,t) « M (y,z,8) < M (z,z,t + s);
(FM-5) M (z,y,-) : (0,00) — [0, 1] is continuous.

Let (X, M, ) be a fuzzy metric space. For ¢ > 0, the open ball B(z,r,t) with a center
x € X and a radius 0 < r < 1 is defined by B(z,r,t) ={y € X : M(z,y,t) >1—r}.

A subset A C X is called open if for each x € A, there exist t > 0 and 0 < r < 1
such that B(x,r,t) C A. Let 7 denote the family of all open subsets of X. Then 7 is called
the topology on X induced by the fuzzy metric M. This topology is Hausdorff and first
countable.

Example 2.4 Let (X,d) be a metric space. Define t-norm a * b = ab and for all
x,y € X and t > 0, M (x,y,t) = m.
this fuzzy metric M induced by the metric d the standard fuzzy metric.

Then (X, M, x) is a fuzzy metric space. We call
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Let n be a positive integer. X will benote a non-empty set and X™ denote the product
space X" =X x X x---x X.

n

Definition 2.5 (see [6]) Let X be a non-empty set, F: X — X and g : X — X be two
mappings. We say F' and g are commutative (or that F' and g commute) if gF'z = Fgz for
all z € X.

Definition 2.6 (see [6]) The mappings F and g where FF: X — X and g : X — X,

are said to be compatible if lim,, .., d(Fgz,,gFx,) = 0 whenever {x,} is a sequence in X,

such that lim,, .., F(z,) = lim, . g(z,) = = for all x € X are satisfied.

Definition 2.7 (see [6]) Two mappings F' and ¢g on a metric space (X, d) are said to
be weakly compatible if they commute at their coincidence points, that is, if Fx = gx for
some z € X, then Fgx = gF'x.

Let A, ={1,2,--- ,n}, A, B satisfy that AUB = A,, and AN B = (). We will denote
Qap={0:A, = A,, 0(A) C A and ¢(B) C B}, and Q;‘,B ={o: A, > A,,0(A)CB
and o(B) C A}.

Let (X, <) be a partially ordered space, z,y € X and i € A,,. We use the following

r<y,i €A,
xﬁiyﬁ{ =Y

notation

x>y,t € B.

Let 01,09, -+ ,0,,7 : Ay, — A, be n + 1 mappings and let ® be the (n + 1)-tuple
(0—1’0—2)"' 7Jn7T)'
Definition 2.8 (see [13]) Let F': X" — X, g: X — X. A point (21,22, ,2,) € X"

is called a ®-coincidence point of the mappings F' and g if
F(%o,01), Zay(2), s Toy(n)) = 9%, for all i € A,,.

If g is the identity mapping on X, then (z1, %2, -+ ,x,) € X" is called a ®-fixed point
of the mapping F'.

Definition 2.9 Let (X, <) be a partially ordered space. We say that F' has the mixed
g-monotone property if F' is g-monotone non-decreasing in argument of A and g-monotone

non-increasing in argument of B, i.e., for all xq,x2, -+ ,x,,y,2z € X and all 4,
gy < gz = F(x1, X 1,Y, Tig1, s &n) <i F(T1, ,Tio1, 2, Tig1, 0 5 Tn)-
It is obvious that the above formula is equivalent to the following:
9y <; gz = F(T1,  ,Ti 1,Ys Tig1, s Tn) < F(T1, ,Ti 1,2, Tig1, " 5 Tn)-

Definition 2.10 Let FF: X" — X and g : X — X. F and g are called weakly

compatible mappings if for x,xs, - , x,, it satisfies

F(J?ai(l),%i(z), e ,xgi(n)) = 9Tr(i)s for all i € A,
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it implies

F(9%0,(r(1)), 9%0u(r(2))> " 9Tai(r(n)) = 9F (To, (1)) Tory2)5 7 5 Ty (m)), Vi€ A

3 Main Results

Lemma 3.1 (see [23]) For n € N, let g, : (0,400) — (0,+00) and F, : R — [0, 1].
Assume that sup{F'(t) : t > 0} =1 and for any t > 0,

ngrfoo gn(t) = 0 and F,(ga (1)) = F(t).
If each F,, is nondecreasing, then lim,, ., F,(t) = 1 for any ¢ > 0.

Theorem 3.2 (see [21]) Let (X, M,A) be a complete fuzzy metric space with A a
triangular norm of H-type. Let ¢ € W, where V¥, is denoted as the class of all func-
tion ¢ : [0,400) — [0,+00) such that for each ¢ > 0 there exists an r, > t satisfying
lim, 400 ¢"(r:) = 0. Let T : X — X be a mapping, M(Tx, Ty, p(t)) > M(z,y,t) for all
z,y € X and all £ > 0. Then T has a unique fixed point z*. In fact, for any zy, € X,
lim, . o T"xg = x*.

Theorem 3.3 Let (Y*, M* A, <x) be a complete ordered fuzzy metric space with A
a triangular norm of H-type. Let ¢ : [0,+00) — [0,+00), ¢ € U, and also suppose ﬁ,g :
Y — Y are such that ﬁ(Y) C g(Y), g is continuous and ¢(Y") is complete, F and § be weakly
compatible, F has the mixed g-monotone property, and M*(ﬁx, ﬁy, w(t)) > M*(gx, gy, t)
for each gz < gy. If there exists g € Y such that gzy < Fxg, then F and g has a fixed
point.

Proof VU is denoted as the class of all function ¢ : [0, +00) — [0,+00) be continuous
with ¢(t) < t for each ¢t > 0. Obviously, ¥ C ¥,. First we will prove Theorem 3.3 when
peVv.

From ﬁ(Y) C g(Y), we can choose z; € Y such that gz, = Fxy. Again we can choose
2Ty € Y such that gz, = I x1. Continuing this process we can construct sequence z,, in Y
such that gx, .1 = f;vn

Using the mathematical induction and F has the mixed g-monotone property, we get

ﬁxo < gxl RIT2 R KX IT X 9Tl R e

and

ﬁxo < Fri < }7332 <X..xFz, < vanﬂ < ...

By putting x = x,,_1, y = z,, in M*(ﬁx,ﬁy,gp(t}) > M*(gz, gy, t), we get
M*(van—lyﬁxna(p<t)) 2 M*(gxn—laﬁl‘nat)'

That means M* (g, §ni1,9(t)) > M*(gxy_1, grn,t), thus
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M (:qvxm gxn+17 ‘pn(t)) > M*(gxn*ngm (pn(t))'

By Lemma 3.1, we have

lim M*(gxy,, gzn41,t) =1, for any ¢ > 0.

n—-+oo

Now let n € N and t > 0 , we show by induction that, for any k£ € N,

M*(gﬂ?n,gﬂfwﬂm t) 2 Ak(M*(gmnv/gvanrlvt - Qp(t)))

This is obvious for £ = 0. Assume it holds for some k, by the monotonicity of A, we

have

*

M ( Ly g‘rn-‘rk-l-la t) =M (ﬁl‘na gxnﬂ—k}-&-l, t— W(t) + (p(t))
M*(g nvgan?t - (t))AM*(Exn+17§xn+k+lv()O(t))
M (g

>
2 * gxnag‘rn-&-l)t - (t))AM*(gmn7§xn+ka )
Z M~ (gxnvgxn+17 (t))A(Ak(M (gxna ganrlat - (p(t))))

Ak+1( (gxnvg‘rn-l-l?t_go(t))))

which completes the induction. By A™(1) = 1 and A is a triangular norm of H-type, for any
t >0 and € > 0, there is § > 0 such that if s € (1 — ¢, 1], then A™(s) > 1 —¢ for all n € N.

Since, by lim,, .4 oo M*(g2pn, gxni1,t — @(t)) = 1, there is ng € N such that, for any
n > ng, M*(gxn, grai1,t—@(t)) € (1—9,1]. Hence, we get M* (g, gTpnik, t —@(t)) >1—¢
for any k € N. This proves the Cauchy condition for gz,,.

Thus gx,, is a Cauchy sequence. Since g(Y') is complete, there exists z € Y such that
lim,, 4o g, = x. Similarly we get F x, is a Cauchy sequence, such that lim, 4. F T, =
lim,, 400 gZpn+1 = T = ga (notice that g is continuous).

By putting & = x,, y = a in M*(Fx, Fy, ¢(t)) > M*(gz, gy, 1), we get
M (Fan, Fa, o(t)) > M (g0, Ga,t).

Letting n — 400, we getM*(ga Fa, ©(t)) = 1, that means ga = Fa = .

By the condition that Fandg g be weakly compatible, we get gFa = Fga ie gr= Faz.
Thus we prove that Fand g g has a fixed point x.

Let p € U,. Put A= {t > 0:1lim, ., ¢"(t) =0}, if t € A, we denote by k; the first
integer number such that @*=1(t) >t > ok (t) (¥O(t) = t).

If t € [0,400)\A, take an 7, > t such that r, € A, and, again, denote by k; the first
integer number such that ¢*=1(ry) >t > oF(ry).

Now define a function # : [0, +00) — [0, +00) as follows:

P(0) = 0,4(t) = P (t)ift € A, and(t) = " (r,)ift € [0, 4+00)\A.
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It is proved that 1) € ¥(see [21]). Hence we can apply 1 and get theorem 3.3 proved by
the condition that ¢ € ¥,,.

Theorem 3.4 Let (X, M, A, <) be a complete ordered fuzzy metric space with A a
triangular norm of H-type. Let ® = (01,02, - ,0,,7) be (n 4+ 1)-tuple of mappings from
A, into itself such that 7 € Q4 p is a permutation and verifying that o; € Q4 p if i € A and
o, € Yy pifi€ B. Let ¢ :[0,+00) — [0,+00), ¢ € ¥, F: X" — X and g : X — X be
two mappings, F(X™) C g(X), F is continuous and has the mixed g-monotone property, F
and g are weakly compatible mappings and

M(F(xlax%"' wrn)?F(ylava"' 7yn)7§0(t)) > min M(gxiagyiat)

T 1<i<n
for which gz, <; gy-@) for all i € A, and all ¢ > 0. If there exists (29,29, -+ ,20) € X"
verifying gm?m < F(xgi(l),xgi@), . ,xgi(n)) for all 4, then F' and ¢ have at least one ®-

coincidence point.
Proof LetY = X™. For (z1, %2, - ,Zn), (Y1,Y2," * ,Yn) € X", t > 0, M* and binary
relation << on Y are defined as

M*(({E17m27“' 7xn)7(y17y27"' 7Z/n);t) = min M(xivyivt)v

1<i<n
(xl,x%" : 7x7l> < (y17y27' o 7yn) xS yi,fOT all i € An

It is easy to verify that (Y, <) is a partially ordered set and (Y, M*,A) is a complete
fuzzy metric space. Then (Y, M*, A, %) is a complete ordered fuzzy metric space.
For (z1,22, - ,2,) €Y, F:Y Y g:Y — Y are defined as

F(xi,m9,+ ,y)
= (F(@010): Zo12)s 5 Tor(m)s F (@020, Toa (20 Ton(m)s s F (@0, 1) Ton(2)s 7 5 Toam)))-
9(@1, 29, n) = (9T7(1), 9T7(2) 7+ 5 GTr(m))-
For (zq1,22, - ,2,) € X", if ﬁ(xl,x2,~-- ,xy) = g(x1,22, - ,2,), by definition of F
and g we have

F({Ea‘l(l)a Toy(2)s " 7370'1(71)) = gZTr(1),

F(xaz(l)v Toy(2)s " 7x02(n,)) = gTr(2),

F(xon(l)a Lo, (2)y " 7xan,(71)) = gTr(5),
which implies that

F(Zo,(1), %o;(2), " »Zay(n)) = 9T+(5), for all i € A,,.

Since ﬁg(xlv O PRE 7xn) = F(gx7(1)7 gTr(2), 7g$7(n))7 the ith component of ﬁg(xla MO PR 73771)
18 F(gZ0,(r(1)), 9Toi(r(2))s " " * 1 9Tai(r(n)))- And

/gF(xhx%"' axn) :g(F(xcrl(l)axal(Q)v"' axal(n))a"' aF(xan(l);:Uon(Q)a"‘ 7xan(n)))7



No. 1 Common coupled fixed point theorems for contractive mappings of many variables ...... 31

the ith component of Eﬁ(ml, To, 5 Tn) 18 GF (T, (1) Tor iy (20 s Tor iy (n))-
Since F' and g are weakly compatible, all the component of Fg(z1, s, - ,2,) and the

corresponding component of ﬁﬁ (z1,22, -+ ,x,) are equal, which implies that

ﬁﬁ(»ﬁ,m%“' )xn) =§F($1,$2,-~- amn)-

That is, F and g are weakly compatible.

For (xlvx%'” 7$n)7 (y17y27”' 7yn) € Xn’ if g(xhx%"' ,.’L‘n) < g(ylny,"' 7yn)7 by
definition of g, we have
9Ty <i 9Yr(i) for all i € A,,.

Now we need to prove ﬁ($1,.’132, o xn) < F(y1,y2, -, yn). That is
F(l‘ai(l), Toi(2)y" " ,xai(n)) < F(ygi(l), Yoi(2)s" " ,ygi(n)) for all 7 € An.

We use the following notation 7 € Q4 g, 0; € Q4 B,

(t) e At e A, <y, i€ A
1€ A= oilt) € < and r <; y & x_y?e
o;(t) € B,t € B. x>y,i€ B.

Fori e A, if j € A, then there exists k € A such that 0;(j) = 7(k); if j € B, then there
exists k € B such that o;(j) = 7(k). So, we have

9T (k) <k 9Yr(k) = 9Tr) <j 9Yr) for all j € A,,.
(i) If j =1 € A, we have gx,(x,) < gYr(,) and

F(26,01), Toi(2)s "+ s Tou(n) = F(Tr(hy) Toy(2)s 5 Tai(n))
< F(y‘f'(kl)7 Toy(2)y " 7xa7t(n)) = F(yo'i(l)7 Toy(2)y " wroqz(n))'

(ii) If j =1 € B, we have gz (x,) > g¥yr(x,) and

F(Z0,(1), Tou2)s 5 Tos(n) = F(Tr(ky)s Tou(2)s s Toi(n))
S F(Yr(k) Tos(2) s Toi(n) = F(You(1)s Tor2), 7 5 Toi(m))-

That is
F(20,1): Toi(2), s Tai(n) < FYou(1), Tou(2)s 5 Tou(my) for all i € A.
(i) If j =2 € A, we have gz (r,) < gYr(r,) and

F(yai(l)v xcn:(2)7 et 7‘%07‘,(71)) = F(ygi(1)7x7(k2)7 e 7xoi(n))
< F(yai(l)"r‘r(kz)’ T axoi(n)) = F(yai(l)zyai@)) T )xm(n))'

(ii) If j = 2 € B, we have gz (k) > g¥yr(k,) and

F(yoi(l)v x(n(?)a te ’:L.Ui(n)) = F(in(l)?'TT(kz)? e 7w0i(”))
S F(Yo,(1)s Tr(ha)s 1 Tos(n)) = F (Yo, (1)1 You(2)r > To(n))-
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That is,

F(yai(l)axai(Q)y U 7mai(n)) < F(yai(l)ayai(Z)v to 7xai(n)) for all i€ A.

Continuing in this way, we can get

F(xni(l)axm@)v o 7x0i(n)) < F(yoi(l)ayai@)v T 7yai(n)) for all i € A.

Similarly, for ¢ € B, we can have

9Ty <k GYr(k) = 9Tr(k) =5 9Yr(k) for all j € A,

and
F(2o,1), Zo;2), "+ Zain)) = FYoi(1)s Yos(2),* » Yoy (ny) for all i € B.
Then
F(%0,1), Toy2)s s Toy(n) <i F(Yo, (1) You(2)s > Yoy (ny) for alli € A,

That is, F has the mixed g-monotone property. According to the known conditions, we
have

5(])1,1’2, o 7xn) < E(ylay% o 7yn) = 9Tr(5) < 9Tr(5), for all 7 € An

Now we will prove from g+ (s, (j)) <o, () 9Yr(0: () 1O 9T7(0:(5)) Zj 9Yr(o:(j)) for all j € A,,.
In fact, let i € A, 0; € Q4. , and 7 € A, since gz, (x) Zo,(j) 9Y=(k), for all k € A,,,

(1) If i € A, there exists k € A, 0,(j) = 7(k), we have T (o,(j)) = Tr(k)» Yr(o:(j)) = Yr(k)-
(2) If i € B, there exists k € B, 0;(j) = 7(k).

Following the known conditions, we have

M(F(%0,1), Toy(2)s " 5 Tor(n))y F(Yor(1)s Yor )5+ s Yor(n))> (1)) = min M (g2, (j)s 9Yor(j)s 1)

1<j<n

M(F(xo'z(l)ﬂng(Q)?. o 75602(77,))3F(y02(1)1y02(2)a to ayo'z(n))asp(t)) > min M(g$02 (7)1 9Yo2(5)» )

1<j<n

M(F (o, (1), Zon(2)s s Tonm))s FYon1)s Yon(2)s s Yon(n)), P(1)) = min M (92, (j)s 9Yon (), t)

1<j<n
which implies that
i M(F(Zo,0)os2)» Tastn)s FYos1)s Yo 20+ 5 Yo (), (1)

> min { min d(g2s,), 9Yo. (), 1) }-

1<i<n "1<j<n

Let 4, such that the left side of the inequality gets minimum. Then we get

M*(F(x1,22, - 20), F(y1,y2, - ,yn), () = min M(g2s, ), 9Yo, ), 1)

1<j<n
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that is,

M*(F(xhx%"' 7xn)7F(y17y27"' 7yn)7@(t>>

> 12}612 M(ng(k) 9Yr k), t) M*(g(xlax%"' axn)ag(ylay%"’ ayn)7t>'

It is easy to verify that ﬁ(X") C g(X™), g is continuous and g(Y') is complete, and

there exists (z3,23, - ,z8) € X verifying
gx?k <k F(x?k(l)),xgk@), e ,x?k(n)), for all k.
That is, there exists zf, 22, , 28 € X verifying
9@, 28, ,ah) < F(af, af, -, af).

Following all the conditions of Theorem 3.3 and the proof, we can have F' and g, at least,
one ¥ -coincidence point.

It is obvious that, if F' and g are compatible, then they are weakly compatible. So, we
have the following theorem.

Theorem 3.5 Let (X, M, A, <) be a complete ordered fuzzy metric space with A a
triangular norm of H-type. Let ® = (01,09, - ,0,,7) be (n + 1)-tuple of mappings from
A,, into itself such that 7 € {14 p is a permutation and verifying that o, € Q4 p if ¢ € A and
o; €y pifi€ B. Let ¢ :[0,+00) — [0,+00), ¢ € ¥, F : X" — X and g : X — X be
two mappings, F(X™) C ¢g(X), F is continuous and has the mixed g-monotone property, F
and g are compatible mappings and

M(F(l‘1,$2,"' 7$n)7F(y17y27"' 7yn)7<p(t)) > lglnnM(gxngywt)

for which 9907(1') < gyT(i) for all i € A, and all ¢t > 0. If there exists (9,29,---,2%) € X"
verifying ga° ) Si F(2? (1) T (2), e ,xgi(n)) for all 4, then F' and g have at least one ®-
coincidence point.

In theorem 3.5, let n = 2, we have Ay = {1,2},A = {1}, B = {2},01 € Qa5 and
o9 € Q;LB, then oq(1) = {1},01(2) = {2} and o3(1) = {2},02(2) = {1} . Then we have the
following corollary.

Corollary 3.6 Let (X, M, A, <) be a complete ordered fuzzy metric space with A a
triangular norm of H-type. ¢ : [0, +00) — [0,4+00), p € ¥, Let F: X? - Xandg: X — X
be two mappings, F(X?) C g(X), F is continuous and has the mixed g-monotone property,
F and g be weakly compatible mapping and

M(F<=’U1,=’U2),F(y1ay2)a@(t)) 2 min{M(gmlagylat)7M(gI2agy23t)}

for which gz, < gy; and gxs > gyo. If there exists 2V, 25 € X verifying gx9 < F(29,29) and
gzd < F(z9,29), then F and g have a coupled fixed point in X.
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Similarly, in Theorem 3.5, let n = 3, we have A3 = {1,2,3}, A = {1,3}, B = {2}.
01,03 € Qap and oy € Q;LB, then o1(1) = {1}, 01(2) = {2}, 01(3) = {3}, 02(1) = {2},
02(2) = {1}, 02(3) = {2} and 03(1) = {3}, 035(2) = {2}, 03(3) = {1}. Then we have the
following corollary.

Corollary 3.7 Let (X, M, A, <) be a complete ordered fuzzy metric space with A a
triangular norm of H-type. ¢ : [0, +00) — [0,4+00), p € ¥, Let F: X* - X andg: X — X
be two mappings, F(X?3) C g(X), F is continuous and has the mixed g-monotone property,
F and g be weakly compatible mapping and

M(F($17$2;$3)aF(yhymy?»)a@(t)) > min{M(nggybt)vM(ng?ng?t)vM(.gx?ngy?nt)}

for which gz; < gy1, g2 > gys and grs < gys. If there exists 29,29, 29 € X verifying
gxd < F(29,29,29), g5 > F(29,29,29) and gx§ < F(29,29,29), then F and g have a
tripled fixed point in X.

Remark When F' and g are commutative, they are weakly compatible, so we have the
following theorem.

Theorem 3.8 Let (X, M, A, <) be a complete ordered fuzzy metric space with A a
triangular norm of H-type. Let ® = (041,09, - ,0,,7) be (n + 1)-tuple of mappings from
A,, into itself such that 7 € 4 p is a permutation and verifying that o, € Q4 5 if ¢ € A and
O'iGQ;LB if i € B. Let ¢ : [0,400) — [0,400), p € ¥, F: X" — X and g : X — X be
two mappings, F(X™) C g(X), F is continuous and has the mixed g-monotone property, F

and g are commutative, and

M(F($1ax2a"' wrn)’F(ylayZy"' 7y7L)7SO(t)) > min M(gxugyza )

1<i<n
for which gz, <; gy-@) for all i € A, and all ¢ > 0. If there exists (29,23, -+ ,2%) € X"
verifying gm?m < F(J:gi(l),xgi@), e, (m) for all i, then F' and g have at least one ®-

coincidence point.

Remark Let k& € [0,1), taking ¢(t) = kt in Theorem 3.4, 3.5, 3.8, we obtain the
following corollaries.

Corollary 3.9 Let (X, M, A, <) be a complete ordered fuzzy metric space with A a
triangular norm of H-type. Let ® = (01,02, -+ ,0,,7) be (n 4+ 1)-tuple of mappings from
A,, into itself such that 7 € Q4 p is a permutation and verifying that o; € Q4 p if i € A and
0; € Qy pifi€ B. Let ¢ [0,400) — [0,400), ¢ € ¥, Let F: X" - X and g: X — X
be two mappings, F(X") C g(X), F' is continuous and has the mixed g-monotone property,

F and g are weakly compatible mappings and

M(F(‘rbm%”' 7xn)7F(y17y27"‘ 7yn)7kt) > m_in M(gmzvgylvt)

1<i<n
for which g:r;T(i < gY-( -) for all i € A,, and all ¢t > 0. If there exists (29,29,--- ,2%) € X"
verifying gz () <; F(2° 01(1),30 (2 75’32i(n)) for all 7, then F' and g have at least one ®-

coincidence point.
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Corollary 3.10 Let (X, M, A, <) be a complete ordered fuzzy metric space with A
a triangular norm of H-type. Let ® = (01,02, -+ ,0p,7) be (n + 1)-tuple of mappings from
A, into itself such that 7 € Q4 p is a permutation and verifying that o; € Q4 5 if i € A and
o; € Wy pifi€ B. Let ¢ :[0,400) — [0,+00), p € ¥y, Let F: X" - X and g: X — X
be two mappings, F(X") C g(X), F' is continuous and has the mixed g-monotone property,

F and g are compatible mappings and
M(F(xl’x% Tt 7£Cn), F(yl»y% e 7yn)7 kt) Z 1I<nzl£1nM(gxlvgylv t)

for which gz, <; gy-@) for all i € A,, and all ¢ > 0. If there exists (29,29, -+ ,z)) € X"
verifying gzl ;) <i F(27, 1), %0, 9y, " »T5,(»)) for all i, then F and g have at least one ®-
coincidence point.

Corollary 3.11 Let (X, M, A, <) be a complete ordered fuzzy metric space with A
a triangular norm of H-type. Let ® = (01,09, -+ ,0p,7) be (n + 1)-tuple of mappings from
A, into itself such that 7 € Q4 p is a permutation and verifying that o; € Q4 p if i € A and
0; € Qy p ifi € B. Let ¢ : [0,400) — [0,+00), ¢ € ¥, F: X" — X and g: X — X be
two mappings, F(X™) C g(X), F is continuous and has the mixed g-monotone property, F

and g are commutative, and

M(F<x1)x27"' )xn)yF(yhy%"' ayn)7kt) > min M(gxmgymt)

1<i<n
for which gz, <; gy-@) for all ¢ € A,, and all ¢ > 0. If there exists (2,29, -+ ,20) € X"
verifying ga0 ;) <i F(20, 1), %0, 9)," " »T0, () for all i, then F and g have at least one ®-

coincidence point.

References

[1] Zadeh L A. Fuzzy sets[J]. Inform and Control, 1965, 8(3): 338-353.

[2] George A, Veeramani P. On some results in fuzzy metric spaces[J]. Fuzzy Sets and Systems, 1994,
64(3): 395-399.

[3] George A, Veeramani P. On some results of analysis for fuzzy metric spaces[J]. Fuzzy Sets and
Systems, 1997, 90(3): 365-368.

[4] Guo D, Lakshmikantham V. Coupled fixed points of nonlinear operators with applications[J]. Non-
linear Anal., 1987, 11(5): 623-632.

[6] Bhaskar T G, Lakshmikantham V. Fixed point theorems in partially ordered metric spaces and
applications[J]. Nonlinear Anal. TMA., 2006, 65(7): 1379-1393.

[6] Lakshmikantham V, Ciri¢ Lj B. Coupled fixed point theorems for nonlinear contractions in partially
ordered metric space[J]. Nonlinear Anal. TMA., 2009, 70(12): 4341-4349.

[7] Sedghi S, Altun I, Shobe N. Coupled fixed point theorems for contractions in fuzzy metric spaces[J].
Nonlinear Analysis TMA., 2010, 72(3-4): 1298-1304.

[8] Fang J X. Common fixed point theorems of compatible and weakly compatible maps in Menger
spaces[J]. Nonlinear Analysis TMA., 2009, 71(1): 1833-1843.



36 Journal of Mathematics Vol. 41
[9] Hu X Q. Common coupled fixed point theorems for contractive mappings in fuzzy metric spaces[J].

Fixed Point Theory and Applications, DOI: 10.1155/2011/363716.

[10] Binayak S Choudhury, Amaresh Kundu. A coupled coincidence point result in partially ordered
metric space for compatible mappings[J]. Nonlinear Anal., 2010, 73(8): 2524-2531.

[11] Fang J X. On @-contractions in probabilistic and fuzzy metric spaces[J]. Fuzzy Set and Systems,
2015, 267(May 15): 86-99.

[12] Ciric L, Abbas M, Damjanovic B, Saadati R. Common fuzzy fixed point theorems in ordered metric
spaces[J]. Math. Comput. Modelling, 2011, 53(9-10): 1737-1741.

[13] Roldan A, Martinez-Moreno J, Roldan C. Multidimensional fixed point theorems in partially ordered
complete metric spaces[J]. J. Math. Anal. Appl., 2012, 396(2): 536-545.

[14] Huang Long-Guang, Zhang Xian. Cone metric spaces and fixed point theorems of contractive map-
pings[J]. J. Math. Anal. Appl., 2007, 332(2): 1468-1476.

[15] Zhang X. Common fixed point theorems for some new generalized contractive type mappings[J]. J.
Math. Anal. Appl., 2007, 333(2): 780-786.

[16] Marin Borcut. Tripled coincidence theorems for contractive type mappings in partially ordered
metric spaces[J]. Applied Mathematics and Computation, 2012, 218(10): 7339-7346.

[17] Jacek Jachymaki. Equivalent conditions for generalized contractions on (ordered) metric spaces[J].
Nonlinear Anal., 2011, 74(3): 768-774.

[18] Berinde V, Borcut M. Tripled fixed point theorems for contractive type mappings in partially ordered
metric spaces[J]. Nonlinear Anal., 2011, 74(15): 4889-4897.

[19] Agarwal P R, El-Gebeily M A, O’Regan Donal. Generalized contractions in partially ordered metric
spaces[J]. Applicable Analysis, 2008, 87(1): 109-116.

[20] Gerald Jungck. Commuting Mappings and Fixed Points[J]. The American Mathematical Monthly,
1976, 83(4): 261-263.

[21] Carmen Alegre, Salvador Romaguera. A note on @-contractions in probabilistic and fuzzzy metric
spaces[J]. Fuzzy Set and Systems, 2017, 313(Apr. 15): 119-121.

[22] Jungck G. Common fixed points for noncontinuous nonself maps on nonmetric spaces[J]. Far East
J. Math. Sci., 1996, 4(5): 286-296.

[23] Jacek Jachymaki. On probablistic ¢-contractions on Menger spaces[J]. Nonlinear Analysis, 2010,

73(7): 2199-2203.

EHEETEFEZTEEFRHFNAEBET NS ERE

EREBE, WA
(RBUREEHCE 550, WAt 503 430070)

MR ASGRH T 2 EMGH— BURROBES. AT S SRS B i 7 2 5 2 R AN Bl e B 2

T ELE VR PR = RO HE)

XBIR:  AhRUE L LR IA); RO A AR AR AL
MR,(2010)F 8 43 £ 5:  47H10; 54H25 hESES: 0177



