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D*u(t, x) + p(t) DS yult, ) = a(t)h(u)Au + Z a; (ki (u(t — 72, 2)) Au(t — 77, )

- Z(H(t?x)fj(u<t - 51'717)) - g(t,fE),t 7£ t, (tvx) € R+ X Q? (1.1)

DY ulty, @) — DY yulty , @) = ote, #) DY yulty, o),
u(tl, ) —ulty,x) = 0(ty, v)u(ty, z), t =ty (t,z) € Ry x QL k=1,2---.
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augr;x) —0, (t,x) € Ry x 00t # by, (1.2)
o

u(t,z) =0, (t,z) € Ry x 0Q,t # ty. (1.3)

Hr o€ (0,1) RHFH, DY, Fansuk i Riemann-Liouville 1E 4 73 B A1 43 52 SCF 6%
u(t,r) KTAZRt 1 o M, Q 27 RY RIA R, L5t o0 £ m, H Q= Quog;
Ry = (0,+00), A NHHHWHE T, n NIAF 0Q WINEL T MR, 7,6 NAETUE
B i=1,2,3,---,m Hj=123,--,n; p(t),a(t),a;(t) € PC[Ry,R,], kErfootk = +o0,
0<t < - <tp<--- HIRHEI g(t,x) € PC[Ry x O, R], PC XiRAt =tk =1,2,---
N — %IEUU? 5&&9&75145 SR> BOE S R A0S, 1A (1.1) AT (1.2) (8] (1.1) A1 (1.3)) 1)
fift u(t, x) MER T EE FE DS jult,x) 2Lt = t), NEE— KM 5 BAEIZAN A E RN 7y B
EES AL, B

u(tgvx) = u(tkvx); Di,tu@;:‘r) = Di,tu(tkvx)'

DA A R AR 15
(H1) f;: R — R JESRE, B u#0 FAELEER K, B f;(u)/u>k > 0;
H2) ¢;(t,z) € PC[Ry x Q,R+], ¢(t) = min ming;(t, x);

1<j<n zGQ

(H2)
(H3) h(u),hi(u) € C(R, R);uh/(u) > 0,uh)(u) >
(H4) o(ty,z) < ag, O(tk, x) < 0 <0, ay, by %ﬁ%ﬁ;
(H5) g(t,x) € PC[R; x Q).

AR, TR L, 5IANLCI TS

U(t)z/ﬁu(t,x)daz, G(t)z/gg(t,x)dx,
U =U(t), G(&) =G(t), V(€)=V(),
£=

a , &= i p(€) = p(t), (€)= q(t).

T1+a) rl+a)’

EX 110 (1.1) 5 (1.2) 8 ((1.1) 5 (1.3) B— N ERM u(t, ») EXIEL G W2
RSN, WERAFAE—NFH 7 > 0, (E1F7E (t,2) € [1,+00) x Q, WA FH u(t,z) < 0 BH
u(t,r) >0, HIFRIRSH.

EX 1.21 7f Riemann-Liouville 1F 4 F 43 B F 2 U, KF R x(t) : RT
R {EIE 5 BiZ R0 U o AR &R

(ISx)(t) == I‘(loz)/o (t —v)* tz(v)dv, t > 0.

+oo
HA a e (0,1); T Fx Gamma BREL, € XL T(a) = / s*te~%ds.
0
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EN 1.3 161 Ml Riemann-Liouville 23 o BrS%e X

19 [
- t—v) “ulv,z)dv, 0<a<l,
Di’tu(t’m) = P(].—Oé) 675/0( ) ( )

(f@E)e ™ n<a<n+ln>1,

Hr o e (0,1); T F/x Gamma BK%L.
N5 B Riemann-Liouville 20 B i@ XK — 48 5 A e M i [16]

a7y
Dyt" = mt (1.4)
Di(m(t)n(t)) = n(t)Dym(t) + m(t)Di'n(t) (1.5)
Dim[n(t)] = my, [n()]|Di'n(t) = Dym[n(t)](n'(2))" (1.6)

SIZE 1.4 1 ¥ X 258, WX i)

Aw(z) + \w(z) =0, x € Q,
w(z) =0, x € 0N.

Hofg/INFFIEE Ao NIE, HARRLIRFE B AL o () £ 2 € Q thONIE.
SIEE 1.5 2 R LA AL

W(t) < gi(t)w(t) + g2(t), t#tr,t > p,
wty) < (A +ap)w(ty), k=1,2,--,

Hbo<ty <to<- <ty <---, Hklimtk = +00. w € PCYRy,R], g1,92 € [Ry, R], FF H.
a, L B4,

t t t
w(t) <w(te) [] (1+ak)exp(/ gl(s)ds)+/ 11 (1+ak)exp(/ 91(0)do)ga(s)ds, t > pu.
to<ti<t to to st <t s
2 TEFENHIEM
T 2.1 BBA&M (HL)-(H5) AL, W5 b il s A2 20

DU (1) +p(H) DS U (1) < ~G(1),
DY U < (14 ar) DS U(ty), (2.1)
Uty <1+ 60x)U(ty) ,k=1,2,---

WA AR, I+ H 580 ik i A5
D2,U(t) + p(t) DS, U () > ~G(1),

)+
DS, U(th) = (14 ax) DS U (1), (2.2)
UtH) > (14 00)U(t), k=1,2,- -
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&ﬁﬁ&é Gufigt, Ml (1.1) 5 (1.2) R DEER u(t, z) £ G NEGEIRBIH.
iE (1 SGIEYR) Bt w(t, =) 21 (1.1) 5 (1.2) K NRRBIE. A% — Bk, JAME
w U(t x) R (11) 5 (1.2) MHm&IERE, BEE 1> 0, 2 (t,z) € [u,+00) x Q I, 15
u(t,x) > 0,u(t — 7, z) > 0.
(1) &t I, X (1.1) KSR, LRI o /24 78 Q LR 153

Di‘f“t/ﬂu(t,x)da:+p(t)D‘j‘_7t/Qu(t,x)dx
:a(t)/QMu(t’x))Ade—'_/Qz;ai(t)hi(u(t — 75, ) Au(t — 7, x)dr— (2.3)
Z/qu(t,x)fj(u(t —6;,x))dx — /Qg(t,x)dx,t #ty, (t,z) € Ry x Q.

R Green AR, 45K (1.2) Ak (H3) 152
/ h(u)Au(t, z)dx = / h(u)Mdz - / ' (u)|gradul*dx
Q a0 on Q
= —/ R (u)|gradul®dz < 0,t > to.
Q
[F] 3 AT 15
/ hi(u(t — ), z))Au(t — 7, z)dx < 0. (2.5)
Q

RG24 (H1) A1 (H2) 53]
Z/q] (t,x) fi(u(t — 5J,x))dm>2k]q / (t —&;,2)dz >0, t > to. (2.6)

4 (2.3)-(2.6) 115
DI U®) +p(t) DS, U(t) < —G(1), t > to. (2.7)

(I1) Mt =t BF, X (1.1) BB =40, WUFRX o 24 738 Q E#y, g
G (H4) 153

Dfﬁ’t/ u(ty, x)de =DS U], x) < (1+o)DS, | ulty,z)de = (1+ o) DS U (ty),
) Q

U(ty,z) = / u(tl, x)dr < (1+ 6;) / u(ty, z)dx (2.8)
Q Q
:(1+9k)U(tk7x) k= 1’2737.“

Rt Bkl A5 (2.7)(2.8) ATRIBREL U(t) = [, u(t, z)dx 770 B ikt il A
5(2.1) BB IEM. SOFMHTE.
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S5, MRt e) R (1.1) 5 (1.2) 7 G WIIRE AR, BIEE > 0, 4
(t,z) € [u, +00) x Q B, 113 u(t,z) < 0,u(t — 7;,z) < 0.
(I 24 ¢ #t, I, B (2.3) R Green AR, GiELREM (1.2) A (H3) 5

w)Au(t, z)dr = uau(t’x)x— "(u)|gradul®dz
[ st aye = [ na @5~ [ o

o0 (2.9)
=— / R’ (u)|gradul®dz > 0,t > to.
Q
EESEIEE]
/ hi(u(t — 7, ) Au(t — 7, x)dxz > 0,1 > to. (2.10)
Q

FRIESCAF (H1) 1 (H2) 53]
> [ wttaut-da)ds <3 kato) [t -b,adr <0, t2 00 (21
j=17% i=1 @

24 (2.3),(2.9)-(2.11) 715
D U(t) +p(t)DS ,U(t) = —G(t), t > to. (2.12)

(IV) 2t =t B, X (1.1) 5 = =051, WILFRRXY ¢ 24 5735 Q LRy, FF4
ot (H4) 1530

Di’t/ u(tz, x)dx = Df‘r’tU(t;:) >(1+ ozk)Di’t u(ty, z)dr = (1 + Oz;@)Di’tU(tk),
Q Q

Ut}) = / u(tr,2)dz > (14 6,) / w(tn. 2)d (2.13)

Q
= (1+0x)U(t,) k=1,2,3,--

I, KR AN AE R (2.12)—(2.13) ATEIRBL U (t) = [, u(t, z)de 25 B kb iy
AER (2.2) HRIRASR, SEEFMHETIE. UEE.

EIE 2.2 B h(u) = hi(uw) = 1, &M (H1)-(H2). (H4)-(H5) Bz, 4053550 bk
M AER (2.1) BAERAIEM, IH (2.2) BHRAGRE, BARE (1.1) 5 (1.3) AN EE
TR u(t,x) 1 G WEITRENH.

W (FRAETER) R u(t, z) 2R (1.1) 5 (1.3) B— AN HERE (Hd h(u) = hi(u) =
1). ANk—ft, BATEK u(t,z) 2 RS (1.1) 5 (1.3) MREEM, HFEE L >0, 4
(t,z) € [, +00) x Q Bf, 45 u(t,z) > 0,u(t — 7;,x) > 0.

(1) 24t #t B, XF (1.1) FISE— TR, WIARETRLL ¢o(x) Xt o A 7 Q B
PR EIF

D2, [t a)onla)ds + oD%, [ utt.o)in(o)is
—a(t) [ énlo)Aud + / Do) ult 721 (2.14)
_Z/q]tx% z) f;(u dx—/gbo g(t,x)dx, t> p.
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¥ Green A= BFKMF (1.3) A5 1.4 , 53

/ngo(a:)Au(t,x)dx = /QAqbo(x)u(t,a:)dx =—Xo /Q u(t,z)po(x)dr < 0,t > p.  (2.15)

/ oo(x)Au(t — 75, x)dx = —)\0/ u(t — 7, x)do(z)dx < 0, t>p.  (2.16)
Q Q
FFHARGE A (H1)-(H2), /551

> [ttt = a)onade = 3 kia(t) [ ult =5 aon(o)de >0, ¢

(2.17)
T
- [ stt.orn(oris = ) (2.18)
g5 (2.14)-(218) A
DY (1) + DS, Y (1) < ~Q(1), 2 . (2.19)

HApry(t) = / u(t, ) po(z)dz, Q(t) = / g(t, z)po(x)dx.
Q Q
(1) =t =t B, X (1.1) K28 = =I5, MILFERREL ¢o(x), JFXF = £H T Q
R, WRYE SR (HA), SRR TR

D2 Y () < (1 ag)DS, Y (1) (220)
Y(t) = / u(ty, ) do(z)dx < (1+ Qk)/ u(te, x)po(z)dr = (14 0,)Y () k=1,2,3,---
Q Q

Rl ki A5 (2.19)-(2.20) "I, KA Y (6) = [, u(t, ©)¢o(x)da 273 BB ik
M AR (2.1) FIREIER. SIERE&EHTE.

F—J51H, R ut,z) R (1.1) 5 (1.3) £ G WRIRE TR, BRI, fTHIR
BY (@)= [,ult,x)do(x)de &5 BB HS A ER (2.2) FIR&GE. SBREKMARTE.
M‘El:b

EIE 2.3 BN (H1)-(H5) BOL, WRAFAE ue > 0, 2

/OO exp(—/ p(o)do)ds = oo, (2.21)
H2 to
TEAE g > 0, 3 2

IS T (1 + aw)ex(— [ i(o)do)Gls)ds

s<&1<€

lim sup =00,§ =¢&(t), k=1,2,3,--- (2.22)
s [T (1+aw)exp(— [7 (s

H1<& <€
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CiEN
lfl [T (14 ax)exp(— f p(o)do)G(s)ds
s<€1<€
lim inf < =—-00,§ =£(t),k=1,2,3,---
§—00 [T (14 ag)exp(— f p(s)ds)
p1<§<€

(2.23)

A4, W (1.1). (1.2) BEANMRE G ARSI,

WE (AIEVE) E B Z e B, el B 20 B0 kb i e AN 2520 (2.1) 3B & B B o B0
Bk oy AN R (2.2) B A TR AR — Bt B U () & B kb i A% (2.1)
(IR & LR, S ALEAE 1y > 0 ﬁﬁ Ut) > 0,U(t—7) >0, > py. % V(t) = exp([ p(s)ds),

HPERT (1.4) 13, DY £(t) = DY 5] = 1. BRHTEST (1.6) #4:
DyU(H) = DyU(E) = U'(©D7e(r) = U'(), (2.2
DU (t) = DpU'(€) = U"Dyé(t) = U (6).
3 (2.24), MK (2.19) WL
U" () + U (€) < ~G(9). (2.25)
ee)
[TV =T"OV(E) + UV (€)p(E) < ~G(E)V(€) <. (2.26)

SRS (1.1) BB =ART, M€ e 6, 00) BELU(V(E) s 5, I HAZ S
HFY ¢ e [6,00),V(€) >0, (4 U(E) MERES. M ¢ ¢ [&,00) BLUE) >0, B
W0 (€) < 0, BIFELE &, € [€1,00), 13 U'(€) < 0. 1T U'(E)V(€) 1E € € [&,00) L/
VEIRIR, FTEAY € € [€0, 00) BEU/(E)V(E) < U'(&)V (&) = 1 < 0. HL R AZER AT

7 il f 2.27
U'¢) < Ve crexp(— /to p(v)dv) < 0, € [£3,00). (2.27)
AN BREA ¢, FRR 1R
/ exp(— / v)dv)ds < Ue) - U&) _ (52),5 € [€,00). (2.28)
&2 C1

J: ZEl ¢ ° _U<§2)
k& — oo Al | exp(— [ p(v)dv)ds < < oo, 5 (2.21) 7).
&2 to

Bl U'(€) > 0. 4 w(€) = TU'(€) > 0, *E?Eﬁiﬂu fik b AR (2.1) RTH AR T,
CIEE

W(€) < —pOw(&) —G(€), €>&,E#&, witf)<(Q+apw(ty), k=1,2,3-
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o 1.5 A8

w(E) <w(éo) [ @+ anexp(- / ) /5

£0<§1<€

5 ~
IT 0+ en)exp(- / p(0)do)G(s)ds,

s<€1<€

SN

ffo [T (14 ag)exp(— f€ 0)G(s)ds

s<€1<€

w ) < () -

[T (14 ag)exp(— fg s)ds) IT (14 ag)exp(— f£
§0<€1<¢ §0<€1<§

€ — oo, I H (2.22) XAl
w(§)

lim inf = —00,

£—o0 H (1 + ozk eXp f§
§0<€1<§

ATHL 5 w(é) >0 FIE.
F—J7 1, R E7]<«EIJ1»J1/\T££Q (2.2) HWENM Ut), WBLLFEE 7 > 0, fF
5 U(t) <0 Ut — &) < 0,G(t) < 0,t > m,0(&) = U'(€) ML R %, W15 5
w(&) =U'(¢) <0, iRIB/ATER (2.2), 713

W'(&) > —p(a(€) — G
G(tF) = (1 + ap)w(ts),

()€>£07£7é€k7
k=1,2,3,....

m’(€§) < —p(E)m(&) + G(€), € > &, & # &,
mtH) < (1+ ap)m(ty), k=1,2,3,....

RAE T2 1.5, A
E ~
m(©) <m(@) [ (1+aesp(- / 9is)+ [T 0+ awespi- | itorin)Gtsgas
€0<€1<€ S0 s<gr<e
FrLL, H
ffo [T (1+a)exp(— f p(o)do)G(s)ds
m(g) < m(&)) i s<€1<€ ’
I[I (1+ax)exp(— fg IT (14 ag)exp(— fg s)ds)
Eo<€1<€ §o<€1<€
i
¢ 1+ X $p é
a(©) > () - Jeo, JL 0+ oo™ [ pl)inGi
IT 1+ ag)exp(— fg (s)ds) IT (14 ag)exp(— fg

Eo<€1<€ §0<€1<€
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€ — oo, AJ1R

&

(5)

lim sup = 00
§—o0 H (1 + Oék f£
o<€1<€
AL 5 0 < 0 FJE, UEHE. EFARIE.
EIE 2.4 fEEH 22 WK, BATLE pg > 0,0 > 0 47 (2.21)(2.23) KoL, A4
AR (1.1). (1.3) BIEAMRIE G R IRBI).

3 fBiF
BlF 3.1 FHrEun AW EA L 01 3 B Bk i o 2
4 1 1 2
D2 u(t,x) + %Ditu(t, r) = e "W (t, x) Aul(t, z) + t2 u?(t — 1 3 x)Au(t — 2,3:)
— (1 4+ + 2H)u(t — 2?ﬂ-,av)e[“(t_%ﬂ’””)]z —teosx, t#ty, (t,x) € Ry x Q =G, (2.29)
D qu(tf,x) — D ulty @) =t cosz - DY ulty, @),
u(tl,z) —ulty,x) = —t*sing - u(ty,r) t =tp,k=1,2,---,
G2 R
QubT) (1 2) € Ry x Ot £ . (2.30)
on
Hba=10= (0 5)ym =n=1,p(t) = 1,r(t) = 1.a(t) = ar(t) = &, h(u(t,z)) =
u?(t, ), 7 = (5 3 T oqi(t,x) = 22+ 41, fi(u(t, z)) = (t,:z:) ,g(t x) = teosx, o (ty, x) =

t;gcosx,e(tk,x) —t2 sinz, o = t;,°, 0, = —t2, (t,x) € R* x (0, %). THHE 15

[e%¢) t [e%¢) t [}
1 t
/ exp(—/ p(a)da)ds—/ exp(—/ p(g)dg)ds—/ ?Odt:
T2 to T2 to O T

JEOTT (Ut aw)exp(— [ p(o)do)G(s)ds

lim sup —="=* = 0,

t—00 [T (14 ax)exp(— f p(s

T1I<t <t
HE
Ji T (L + aw)exp(— [ p(o)do)G(s)ds
. . s<t;<t
lim inf = —00
t—00 [T (14 ag)exp(— f p(s))d
T1<t; <t

PRI, i 2 B BE 2.3 MIPTA SR SR (3.1)(3.2) HIBTA AR M NIRANH.
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OSCILLATION OF MODIFIED RIEMANN-LIOUVILLE
FRACTIONAL IMPULSIVE PARTIAL DIFFERENTIAL
EQUATIONS

XU Wei-jie, LIU An-ping, XTAO Li
(School of Mathematics and Physics, China University of Geosciences, Wuhan 430074, China)

Abstract: In this paper, we investigate the oscillation properties of a class of impulsive
partial fractional differential equations with several delays subject to two different boundary
conditions by using the properties of the modified Riemann-Liouville derivative. Some sufficient
conditions for oscillation of the solutions are obtained by employing differential inequality method,
and the results of a class of fractional impulsive partial differential equations were generalized in
the paper.

Keywords: the modified Riemann-Liouville derivative; fractional partial differential
equations; impulsive; oscillation
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