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Abstract: In this paper, we study the state feedback control problem for a class of high-
order stochastic nonlinear systems with time-varying delay. Using the Lyapunov method, a suitable
Lyapunov functional is constructed and combined with the stability theory of stochastic systems,
we obtain a state feedback controller which can make the global asymptotical stability (GAS) in
probability of the closed-loop system. System in this paper has more general high-order terms,
which generalizes the previous result of global asymptotic stability in probability of a single high-
order term system. The efficiency of the state-feedback controller is demonstrated by a simulation
example.
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1 Introduction

As we all know, the stochastic systems received more and more attention in physical
applications and science. Ever since the stochastic stability theory was established and im-
proved by Kushner, Mao, Deng and Has’minskii [1-4], the design and analysis of a backstep-
ping controller for nonlinear stochastic systems achieved remarkable development in recent
years [5-10]. The delay was also widely existed in practical system. The presence of time
delay greatly complicates the stochastic control designs and makes them more difficult [11-
12]. Therefore, the control design of stochastic nonlinear time-delay systems was received
much attention in recent years [13-16].

In this paper, we consider the following stochastic nonlinear system with high-order

terms and time-varying delay in the form
day = hij (Ol (8)dt + fi(t,B:(t), 2t — d(1))dt + g] (¢, 2:(8), Z:(t — d(t)))dw,
j=1

dzn = By (Ou(t)dt + folt, Tn(t), Tn(t — d(E)))dt + gT (t, Fn(t), Ta(t — d(£)))dw, (1.1)
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where i = 1,2,--- ., n— 1,2 = (1,22, -+ ,2,)’ € R" and u € R are the system state and
input, respectively. T; = (z1, 2, - ,2:)T, Tp(t) = 2(t), Z;(t — d(t)) = (2, (t — d(t)), z2(t —
(), it —d(t)", Za(t—d(t)) = 2(t—d(t)); hij(t) : Ry — Ry, i=1,2,- ,n—1;j =
1,2,---,s, are continuous functions; p; € Rfdld ={q € R: ¢ > 1 and ¢ is a ratio of odd
integers} is said to be the high-order of the system and hijxfil is high-order term of the
system. d(t) : Ry — [0,d] is time-varying delay which satisfies 0 < d(t) < h < 1; w is
an m-dimensional standard Wiener process defined on a probability space (2, F, P) with
Q) being a sample space, F being a filtration, and P being a probability measure; the drift
terms f; : Ry x R'x R* — R and the diffusion terms ¢; : Ry x R*x R' — R™,i=1,2,--- ,n,
are assumed to be locally Lipschitz in (Z;(¢), Z;(t — d(t))) and piecewise continuous in ¢ with
fi(¢,0,0) =0 and g¢;(¢,0,0) = 0.

When s = 1 (i.e., single high-order term), for this kind of stochastic nonlinear time-
varying delay system (1.1), by using backstepping methods, the design of global stabilization
controller achieved remarkable development [17-20]. When s > 1, system (1.1) has more

general terms Y h;;(t)a}, , it is more interesting since it includes the single high-order term
j=1
case as a special case. When the diffusion term is zero in the stochastic nonlinear system

(1.1), Wang and Zheng [21] studied the stability of this type of system for the first time and
gave the state feedback controller. To the best of our knowledge, there are not any results
on GAS in probability for system (1.1) at present, this paper is a promotion of previous
literature.

In this paper, under the appropriate conditions on nonlinearities in drift and diffusion
vector fields, the method of backstepping design and the method of power integration are
combined to solve the state feedback stabilization problem for stochastic nonlinear system
(1.1) with high-order terms and time-varying delay.

2 Preliminary Results

The following notations are used throughout the paper. R, denotes the set of all
nonnegative real numbers, and R™ denotes the real n-dimensional space. For a given vector
or matrix X, X7 denotes its transpose, Tr{ X } denotes its trace when X is square, and | X| is
the Euclidean norm of a vector X. C%. ([—d,0]; R") denotes the family of all Fop-measurable
bounded C([—d, 0]; R™)-valued random variables £ = {£() : —d < § < 0}. C* denotes the set
of all functions with continuous ith partial derivatives. C*!(R™ x [—d, 00); R, ) denotes the
family of all nonnegative functions V' (x,t) on R™ X [—d, o0) which are C? in z and C' in ¢.
K denotes the set of all functions: Ry — R, which are continuous, strictly increasing and
vanishing at zero; K., denotes the set of all functions which are of class K and unbounded.

The following definitions and lemmas are used throughout the paper.

Definition 2.1 (see [22]) The equilibrium z(t) = 0 of the stochastic system (1.1) is
said to be

(i) globally stable in probability if for any € > 0, there exists a function () € K such
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that
P{llz(t,9)| < 7(_53&0 6))} > 1 —&,Vt > 0,6 € Cy, ([—d, 0; R")\{0};

(ii) globally asymptotically stable (GAS) in probability, one has
P{lim ||z(t,¢)| = 0} =1,¥t > 0,6 € C, ([=d,0]; R")\{0}.

Definition 2.2 For any given V(z(t),t) € C*! associated with stochastic system (1.1),
the differential operator L is defined as

v oV, 1. . 8V
LV = o+ o f+ 5 Tr{g 579"},

2’V
Ox?
Lemma 2.3 (sce [22]) For stochastic system (1.1), if there exist a function V' (z(t),t) €

C*Y(R" x [—d,00); Ry), two class-K, functions ay, s, and a class-K function as such that

where 1 Tr{g%-g"} is called as the Hessian term of L.

ar(jz(t)]) < V(2(t),t) < as( sup |z(t+ s))),

—d<s<0

LV (x(t),t) < —as(|z(t)]),

then there exists a unique solution on [—d, oo) for (1.1), and the equilibrium z(¢) = 0 is GAS
in probability.
Lemma 2.4 (see [23]) Let 7 € RZ,, , and x, y be real-valued functions. One has

2" =y | <rle—yl@@ "y <da—ylllz—y)" T+

where, if 1 <7 < 2, then ¢ = r; if r > 2, then ¢ = r271.
Lemma 2.5 (see [24]) For any =,y € R and a constant p > 1, then

_ 1 1 1
[z +yP <227 Ha? +oPl, (2| + yD)7 < 2|7+ [yl7
Moreover, if p is an odd integer, then
o —yl? <27 a? —yPl, Jar —yr| <20 Rle —yle

Lemma 2.6 (see [25]) For zi,--- ,x, being real variables and p > 0 being a constant,
then

(1 + -+ x,)? <max{n? ' 1} (2} + -+ 2P).

Lemma 2.7 (see [23]) Let z,y be real variables, for any positive real numbers a, b, m
and n, the following inequality holds

azx™y" < bla|™" + - MRy e b= [y
m+n m

3 Control Design and Stability Analysis
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In this technical note, we need the following assumptions

Assumptions 1 There are positive constants h and h, such that

0<h<hyt)<h0<h<h,(t) <h. (3.1)

Assumptions 2 There exist positive constants a; ,,, @i m, bim, bim (1 = 1,2, ,nym =
1,2,--- i), such that

OIS YD aimlamP + D0 dsmlam(t — )],

m=1 j=1 m=1 j=1
4 S 14p; @ S 1+p;
9IS bimlen T Y Y Bl (t - d(8) 7 (3-2)
m=1 j=1 m=1 j=1

Remark 3.1 This paper considers the state-feedback control of system (1.1) with more

general high-order terms > h;;(¢)2}7, which is more general than the single high-order term
j=1
case (see [22, 26-27]). Therefore, this paper contains more general results to some extent.
On this basis, we designed a state feedback controller of globally asymptotically sta-
ble in probability for system (1.1). At the first, we assume a set of virtual controllers

xi, @y, -+ x5 (1 <k <n) are defined by

lUIZO; 51:$1_$T:x17
Ty = —onéy, §2 = T2 — 75 = To + a1,
xy = —ap_1&k—1, & =) — T = T + o1&k, (3.3)

where a; > 0 (1 <14 < k—1) are design parameters to be chosen later. From (1.1) and (3.3),
it follows that

dgl = (Z hlj(t).%'gj +C()11f1(t,.f1,.f1(t*d(t))))dt+C()Jg:lr(t,i’l,.i'l(t *d(t)))dw,

Jj=1

s 1—1 s 7
dsi = O hy®aly +) cisin Y hagalyy + > cimaflt, 3, Tt — d(1))))dt
j=1 k=1 j=1 k=1

+ Z Ci—l,kgg<tai‘ka ik(t - d(t)))dw’ i = 23 39 e, 1,
k=1

n—1 s n
dé, = (hn(t)u+ Z Cn—1.k Z By, + Z -1k fr(t, T, T (t — d(t))))dt
k=1 j=1 k=1

5" gl (170, Bt — d() ), (3.4)
k=1
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where

Qi1 " O, k:1727"'7i_17
R k=i

Consider the following Lyapunov-Krasovskii functional

— 1) e / PRGOS (3.5)

S

where W (&) = é ;

53““ By (3.4), one gets

n—1 s
LV < Eha(t)u+ Z Z & hi; ()], + Z & Z Ci—1,k Z hij sy
=2

+ 8 ik filt, T Tt — d(t)) + ; Z sf(Z Cim1kgn(t, Zr, Zr(t — d(t))))”
i=1 = =1 k=1

FW(E) — (1 - BW(E — d(1)))

n—1 s n—1 s n i—1 s
= Eha(tu+ Z > Ehat + Z Z Ehiy(all, —ba) +> &8> i Y gl
=2 k=1 j=1

+Z§326i71,kfk(t7jkafk(t_ ) + = Zg Zcifl,kgk(tufk;jk(t_d(t))))2
+W(£) - (1 — W)W (E(t —d(t))).

Next, we estimate the right side of (3.6). The following propositions supply these
estimates, with their respective proofs located in Appendix.
Proposition 1 There exists a positive constant 3; such that

> & (hiatiy — haily) < Zg“”ﬂ + Bin ng’if’f,i =1,2,--,n—1. (3.7
j=1
Proposition 2 There exists a positive constant 7; such that
1—1
3 3+p; 3+pg S ..
fi;cl 17€Z;hijk+l—4 h);z;fk +n Zf = , . (3.8)
j -

Proposition 3 There exists a positive constant v; such that

D S I D D ILLRE > 9) LA B TL)

k=1 kl]l k=1 j=1

+’Yizgf+pjﬂi:132>"'7n' (39)
j=1

(3.6)
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Proposition 4 There exists a positive constant p; such that

7

;51'2(261'*1&916(@@7%@—d(t))))2 < ZZS}Z’“’]+ 2253“’1 —d(t))

k=1 kl]l k=1 j=1

Y €T i=1,2, n. (3.10)

We can obtain the following formula by combing (3.6) with (3.7)—(3.10)

£V<§ B ( u—l—ZZf h:t:Z+1 Z h)Z§3+pJ —i—@ﬂZfﬁfZ

i=1 j=1
+Z ZZSIPSH?] +ngs+p] +Z Zngﬂ)J
k=1 j=1 par it
+= Z Z£3+p1 — ) (’Yz + W Z£3+ZD1 + W(f) — (1 — h)W(f(t _ d(t)))
k 1 j=1 =
n—1 s n—1 s
= Qha(But YD Chails + ﬁ PR
i=1 j=1 =1 =

+Z@Zég“’ﬂ+2 DPICIED WD ILRED Dome D Wi
+Z”‘Z“Zs3“’1 o d) Y ) S
=1 i=1 j=1

Jrz Z+1Z§3+p]* B )Z Z+1Z€3+pj B )

= [hn(t) = A&+ &l + (%h + B A 1+ Yo fin) Zéﬁj]

1 .
j=1
s 5 |
+E7 D hay” + (4(17% + o+ )] (3.11)
j*l
+Z§3 Z T+ (M + Bi A i v+ )&

41— h)

According to the above inequalities, one obtains the virtual controllers

* 5n 1
%Z*iQﬁnﬁjm+m+MMM&=—m& (3.12)
where a1 = (5(\ + 7% +m + 1)), e = min pj,
1 5(n—i+1) 4 .
i1 =—(CN+————+ B+t p) &2 <i<n-—1, :
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where a; = (%()\Z 4 St Bi+mi + v + ,uz))f% (2 <i<n-—1), and the controller

A(1—h)
u:—Z(l()\ +L+ﬂn+nn+%+un e = - Za”ﬂé (3.14)
= b
where a;, = (5 (An+7 1h+ﬂn+?7n+'yn+,un))m Ai > h(i=1,2,---,n)are positive constants.

According to [h (t)—h]€3u < 0, we can obtain the following 1nequahty by substituting (3.12),
(3.13), (3.14) into (3.12)

LV < - zn: Z N (3.15)

i=1 j=1

Based on (3.5) and (3.15), we state the main result in this paper.

Theorem 3.1 Under Assumptions 1 and 2, there is a state feedback controller (3.14)
such that the closed-loop stochastic system consisting of (1.1) and controller (3.14) has a
global unique solution, and the equlhbrlum at the or1g1n is GAS in probability.

Proof By V =; 254 +Jiau W({( ))do > & E{f and Lemma 2.6, one has
=1

I, 1
— D
42;51_471(

According to Lemma 2.3, there is a Ko, function a;(§) = -=&* such that ay([¢]) < V(€).

Furthermore, by mean value theorem, one obtains

e
Define another Ko function as(§) = 1&* + oTe h) Z &3P we have
1 nd > )
az( sup [t +s)]) = =( sup [€(t+s)) + 57— Z( sup |&(t + s)])*"7,
—d<s<0 —d<s<0 2(1—-n)  —dss<o

then V(&,1t) < an( 5up [€(t+5)]). By ar(|€]) <V (€) < ay( jup |€(t+s)|) and (3.15), we

can know that the conditions of Lemma 2.3 are founded, so there is a global unique solution
for the closed-loop system consisting of (1.1) and (3.14), meanwhile, the equilibrium & = 0
is GAS in probability.
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Remark 3.2 In the procedure of design and analysis of controller, the main obsta-
cles are the appearance of high-order terms, time-varying delay, nonlinear assumptions and
Hessian terms, which will unavoidably produce many more nonlinear terms and inequalities,
and how to deal with them is not an easy work.

4 A Simulation Example

In this section, a example is given to illustrate the effectiveness of the proposed design
approach.
Consider the following stochastic nonlinear system

doy = (11 +0.1sin(t))s + (105 + = sin(t))z] + %1:1 sinz; + %:vl%(t — d(t)))dt
1 8
+iad (e dt)ae

dry = (12 +02co8(t)u+ (o] +ad) + 32 (¢ — d(e))dt + 23 (¢ — d(1))do, (41)

) = B0, fit e a(t - d(b) = feising + Lo (t — d(1)),
fo(t, @2, Z2(t = d(1))) = g(2] + )+ Log (t—d(t)) and gi(t, @1, 21 (t - d(t))) = La; (¢ —d(1)),
92(t, Ta, To(t — d(t))) = 3 f(t d(t)). Since s = 2 in (4.1), obviously, the previous methods
are not applicable to system

That is,

(4.1). It is easy to verify that Assumptions 1 and 2 are satisfied.

itz ea(t = dO))] < ghnl? + gl (6 = dO)]¥,

[t B, Tt — A < ¢ (ral? + ool ) + laalt — d(D)]F,

930,24t = d(O))] = gloa(e = dO)I,

~loo

9200, 22, 72(0 — d(O))] = lealt — )

Choosing h = 0.1, by following the design procedure in ‘Control design and stability analysis’,
we obtain the controller

u = —8.54(zy + 3.9521) — 48.27 (25 + 3.9521)7. (4.2)

In the simulation, we choose A\; = Ay = 1 and the initial values z1(0) = —1, 25(0) = —1.
Figure 1 and figure 2 give the system response of the closed-loop system consisting of (4.1)

and (4.2), from which, the efficiency of the controller is demonstrated.

5 Conclusion

The main work of this paper is to give the state-feedback controller for the stochastic
nonlinear systems with high-order terms and time-varying delay. This controller ensures that
the equilibrium point of the whole system is globally asymptotically stable in probability.
In the future work, there are still a lot of problems to be solved. One is to consider more
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figure 1: system states figure 2: control input

general systems with weaker assumptions. Another is to design an output feedback controller

for system (1.1). The third is to deal with the stability of such a type of upper triangular

system. These will be the focus of the next work.
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Appendix

In Appendix, we give the proofs of Propositions 1-4.
Proof of Proposition 1 With the help of (3.3), we can know that — Z &z > 0.

It follows that

253 AR hx:ﬁ) < Z |£3h1]$z+1 ffﬁx:ﬁﬂ < Z |£3h1]$z+1 513h13$:£]1

IN

hz & (= Ty — l’le = hz & AT xﬁjl
By p; > 1, Lemmas 2.4, 2.7 and (3.3), one has

—1 p—
hZ P12t — 2| < hel&il? (€| Z €+ 2

Jj=1
= R j—l R = . = j—l .
< ’wZ &Pl (€ 7+ ol TGP ) = D el [P + ) heal T [P il
Jj=1 j=1 j=1
1 : . 5 .
< ngﬂ)ﬂ + Biv11 ngjfj 81—h) Zfigﬂ)ﬂ + Biv1,2 Zﬁ?:f]
j=1 j=1

= ngﬂ)ﬂ + Biv1 Zﬁ?:f] (Bit1 = Biv1,1 + Bit1,2),

where 3;11.1, Bit1,2 are positive constants.

Proof of Proposition 2 By Lemma 2.5 and (3.3), one has
D lwiaa P = 1 — bl < sl € ), (5.1)
j=1 j=1 j=1

where s; = 277~ max{1, |a; [P’ }, and define sy = 1. According to (5.1), we deduce that

i1

513 Zcz 1,k Z hk]fE]H_l < |§z|3 Z Zcz 1, khsk |£k|pﬂ + |£k+1|p])

k=1 k=1 j—1
= Zzlmlalﬂfkw
k=1 j—1
where
cio1khsg, k=1,
lix =94 ci—ikhsg +cicip—1hsp—1, k=2,3,---,i—1,

Ci—1,k—1hSk—1, k=u.
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By Lemma 2.7, one has

le &P lenp < Z 4y Z o

So we have
i—1 s 1—1 s s
) 1 ) )
3 ) . Pi 3+p; ) 3+p;
gi Zczfl,kzhkgx]wrl S ZZ 4(1—h)£k +7712§z )
k=1 Jj=1 k=1 j=1 j=1
i—1
where n; = l;; + > nik, and 7, is associated with ; k.
k=1

Proof of Proposition 3 We prove (3.9). By (3.2) and (5.1), one can obtain

3 cimnfult, 3, Tt — d(1)))

k=1
< laf Zcz MZZ (@l [P + gl (= d() )
j=1 m=1
% S
= Z[Z @, Cim1,1] Z &l P+ Z Zak,jcifl,k] D L&yt = d(e))
Jj=1 k=j j=1 k=j m=1
S 1
< S o SIS a3 e — i)
k=1 m=1 k=1 m=1
where
i i
Sk—1 2, QjkCi1j T8k Y, Qjrt1Cio1y, k=1,2,--- i1,
=k =ka1
Dik = i
Sk—1 Y, GjkCi—1,5, k =1
=k
( i i
Sk—1 Z (Ljﬁkciflyj + Sk Z aj1k+1ci,17j, k= 1, 2, cee ,i — 1,
=k j=kt1
Qik = i
Sk—1 Y QjkCio1,j kE=i.
=k

From Lemma 2.7, such that

s 1 S id
. 13 Pmo< T 3+pm =~ 3+pm
Pik Z |£1| |£k| = 4(1 — h) z_:lgk +p1,k Z_l gz )

m=1

s 1 ) s
G D0 6P It — o) < 3 ST €~ d(t)) + G 30 €5
m=1 m=1

m=1

So we have

& Z Ci1,kfu(t, Th, T (t — d(t)))

k=1

Z Z aome )3 Z e =)+ Y
m=1

klml
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where v, = > (Pik + i), Dik is associated with p; . and §; x is associated with g; .
k=1
Proof of Proposition 4 We prove (3.10). Similar to Proposition 3. According to

(3.2), Lemmas 2.5, 2.6 and 2.7, we deduce that

i

S0 enegnlts T, mult — d(0)?

k=1
- I;; ﬁ S ,;,; ifgﬂ)’"(t —d(t)) + mn;s?”m,

where p; is a positive constant.



