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Abstract: In this paper, the generalized Birkhoff (0,m) lacunary interpolation problem for
the fractal function with proper perturbable parameters is investigated. An extrapolation algorithm

is proposed to obtain an approximate spline polynomial solution, and convergence estimates are

presented under the assumption of Hoz,(:)Hoo < W(k =1,2,---,N; r = 0,1,--- ;m). The

numerical results show that the interpolate perturbation method we provide works effectively.
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1 Introduction

Spline interpolation is often preferred over polynomial interpolation, because the inter-
polation error can be made small even when using low degree polynomials for the spline
[1-3]. Many research results were obtained about spline lacunary interpolation, such as,
spline (0,2,3) and (0,2,4) lacunary interpolation [4], Varma’s (0,2) case of spline [5] and
the minimizing error bounds in lacunary interpolation by spline for (0,1,4) and (0,2) case
given by Saceed [6] and Jawmer [7].

A fractal is a detailed, recursive and infinitely self-similar mathematical set in which
Hausdorff dimension strictly exceeds its topological dimension [8]. Fractals exhibit similar
patterns at increasingly small scales [9]. If this replication is exactly the same at every
scale, it is called a self-similar pattern [10, 11]. Fractal was widely used as a research tool

for generating natural-looking shapes such as mountains, trees, clouds, etc. There were
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increasing researches in fractal functions and their applications over the last three decades.
Fractal function is a good choice for modeling natural object [12], and fractal interpolation
techniques provide good deterministic representations of complex phenomena. Barnsley [13]
and Hutchinson [14] are pioneers in terms of applying fractal function to interpolate sets of
data. The fractal interpolation problems based on Hermite functions and cubic spline are
solved in ref. [15] and ref. [16]. Viswanathan [17] gave the fractal spline (0,4) and (0,2)
lacunary interpolation, and Viswanathan [17] also did research on the fractal (0, 2) lacunary
interpolation by using the spline function of ref. [5]. Inspired by their research, this paper
devoted to research the general fractal (0, m) lacunary interpolation with the scaling factors
based on the extrapolation spline.

The paper is organized as follows. In Section 2, by using extrapolation algorithm we
deduce the explicit formulas of generalized (0,m) lacunary interpolation spline function.
The error estimate is also given and numerical example is presented to demonstrate the
effectiveness of our proposed method. In Section 3, we use the spline function which has
been obtained in Section 2 to interpolate the fractal function. We find that when scaling
factors fulfill ||y ||, < W, there is fractal function T3 , € C™[0, 1] satisfying, Tgﬁb(”) (x) =
SX))(xk), p = 0,m; Tg7b<”(xN) = SX)(JTN), r =0,1,--- ,m. Approximation orders for
the proposed class of fractal interpolation and their derivatives are discussed. Numerical
simulations are also carried out to show the validity and efficiency of our proposed method.

The concluding remarks are given in Section 4.

2 Spline (0, m) Lacunary Interpolation

In this section, the spline explicit formula for the (0,m) lacunary interpolation func-
tion is constructed by using extrapolation algorithm. The method we adopt is similar to
those given in literature [19]. An example for illuminating the details and efficiency of the
procedure is provided, and the error estimate will be shown in Theorem 2.2.

2.1 Spline Lacunary Interpolation

For a given partition A : x; < 29 < -+ < N, Tps1 — Tk = hy, I = [x1,25], and real

m m m 1 m
values {y1, 2, yn—190 0™y vy e

We define the spline function Sa(z) in each subinterval such that

Sl ($)7x1 <£U<.'E2,
Sa(x) =< Sp(z),zp <z < w41,k =2,3,--+ ,N =2, (2.1)

SN—l (x)7xN—1 S x S TN,

where
m m—1 T m+1
_ (m) (£ — @) 3 (z — k) (z — )™t
Sk,(l') = Yk + yk | + — Ak r 1 + Ak m+1 ( T 1)|
(x — zp)™ "2
+ak.m 2.2
k,m+2 ( +2>' ( )
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Sa(x) has the following conditions

SA(xk):f(xk):yk7 k:172a37"' 7N_]-
S(Am)(xk):f(m)(xk):yl(cﬂl)a k:172737"' ’N_l (23>
S(AT)(I‘N):f(T)<xN):yJ(\77)7 7":0,1,2,'-' y M.

and satisfying
{SA (ZI?) € CTI’L(I% S (.’I}) € P(m+2)(.’17),$ € [xkvkarl] 7k = 17 27 T 7N - 1}
The coefficients of these polynomials can be determined by the following conditions

Sk (Thy1) = Skt (Thg1) = Yny1, k=1,2,--- | N =2
Sl(cM)(xk+1) = Sl(crj:i(xk+1) = yl(c?:nk)lvk = 1727 T 7N - 27

(2.4)
Sl(cq)(xk+1) = Sl(c?k)l(xk+1)71 <q< mvk = 1727 T 7N - 27
S](\T]O)_l(xN):y](\?)?r:O7la , M.
For k=1,2,--- ,N — 1, we denote
2 (2 3 (3 m
ak,ozykﬂ—yk—hy;—%y;i)—%yé)—"‘—% ](gm)a
2 (3 3 (4 ,m—1
e = Yoy — Uk — byl = ) = S — = ™,
3 2 (4 3 (5 nl2 (m
arg =yl — v = by = Byt =y - = B, 23

Qp.m—1 = ?J;(::;l) - y](gmil) - hy](gm)v
arm = Yy — Ui

To obtain the unknown coefficients a;, ; (k=1,2,--- ,N—1,7 =1,2,--- ,m+2,j # m),
we take the following five steps
Step 1 For k= N — 1, we have

_ / h? " !
an-10="h (04N71,1 - yN_l) + 5 (O¢N71,2 - ?JN_l) T+t G AN-1,m—1
h'nL+1 h'm.+2 .
(m+1)IaN—1,7n+1 + (m+2)!aN—1,m+27
_ / h " 2
anN-—1,1 = (Olel,l - ?JN_l) + (OéNfl,2 - ?/N_l) +---+ 7(m_2)!041v71,m71

h'rn h'HL+1 A
+maN—l,m+1 + (m+1)!aN—l,m+27
_ " " pm8
QN-1,2 = (OZN—1,2 - yN_l) +h (OZN—1,2 - ?/N_l) +ot TN -1 m-t
h?nfl m

F DTN -1m41 T T ON—1m+2;

_ (m—1) h? h® .
AN _1,m—1 = <@N71,m71 —Yn_1 ) T FON—1m+1 T FTON—1,m+2;

2
ON—1m = hoN_1m+1 + %OéN71,m+2~
Step 2 Solving the equation systems of Step 1, we obtain

aN—1,r — y%)_l = Apran_10+ Aran—11+ - Apran_1,m, (2.6)
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an—1,s = Bosan_10 + Bisan—1,1+ - BpsQn_1,m, (2.7)
where r =1,2,--- m—1;s=m+1,m+ 2.
Step 3 For k=1,2,--- , N — 2, establishing the equations systems
oo = hlary —yp,) + % B (g —ypl) + -+ %(alﬁm 1— y;(fm V)
+(?,:r11) Qk,m+1 + (Z:;z) Ak, m+2,
g1 = (ar1 — yp) — (@eg1,1 — Yopq) + P(agr2 — yk) + (ak 3— y,ﬁ )>

m—2 m—1 pmt!
+ "“Fh(ak,m—l_yé ))+ ,ak m+1+ (m+1) 1Ak m+2,
Qg2 = (ak 2 — y;c’) (ak+1 1 y;c/+1) + h(akﬁ - yl(c )) + h2 (ax k.4 y’(c ))

m—3 m—1 m— m
+--+ (i’n Bl (@km—1 — y;(C )) + hak,m—&-l + 7 Qk,m+2;

(077 ;m—1 — (akm 1 y](cm 1)) (ak+1 m—1 — y](cm 1)) + Lak ,m—+1 + ak sm+2s

(693 m hak ,m—+1 + ak m—+2-.
Step 4 Combinating the equations of oy ¢ and ay ,, in Step 3, we obtain

akmt1r = Crmr(aey —yi) + -+ Cret g (Am—1 — y](cm 1))’

agmt2 = Dimyr(aey — ) + o + Dot ms1 (@ m—1 — y,im 1)>

Step 5 Solving the rest parts of Step 3.

The solutions from step 4 will be substituted by the remaining equations ag m+1, @k m+2,
starting with (aj; — y,(f)) — (ary1,5 — y,(izl) + ---. In view of the coefficient matrix of the
equation systems (2.6) is non-singular, thus the unknowns anx_11,an-12, ", AN—1.m-1
be solved and obtained. Repeating above iteration, all undetermined coefficients of Sa(z)
can be calculated. Therefore, we obtain the following conclusion for spline (0,m) Birkhoff
interpolation problem.

Theorem 2.1 Assume that f(z) € C™(I). For a uniform partition A := {z, 22, -+ ,Zn :
Tp < Tpy1, k=1,2,--- N —1} of the compact interval I = [z, 2], there is a unique spline
function Sa(z) € Sim2)(A), satisfying the (0, m) lacunary interpolation conditions

Salw) = fla), S8 (@) = f™ (@) (1< k<N = 1);
SX)(xN) = f(T)(xN)v r= 0717 e, M
2.2 Approximation Theory

From the Theorem 2 of ref. [20], we can get the following approximation theory.
Theorem 2.2 Assume that f(z) € C™[—1,1], Sa(z) is the (0,m) lacunary spline
function defined by eq.(2.1). When 0 <r <m and —1 < z < 1, we have

1 () = Sa(@)lle < CAR (@)W (f™, Ao (),
where C' is constant independent of z, A,, o(z) = HE=2> 4 (m+2)2, 1 fllcc = max{|f(x)]| :

m+2
€ [-1,11}, w(f™,8) = max{|f"(z1) — f(z2)] : |21 — 22| < 6} is the maximum norm
modulus of continuity of f((x) on the interval [—1,1].
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2.3 Numerical Example
Assume f(x) = x x cos(x) —sin(z). For a uniform partition A := {z1, 29, -+ ,zx : 2 <
ZTga1,k=1,2,--- N} of the interval I = [—1, 1], applying the result of spline (0, m) Birkhoff
interpolation, we take m = 2, and consider the absolute error ey, = |ax, — y,(cp)| and the

error curve R(z) = |f(x) — Sa(zx)]| for the nodes x;. We list a table and present error curve
graphs. The numerical results are listed in Table 1, and the function fitting graphs are listed

in Fig.1-2. It is observed that our proposed spline function is effective and stable.

Table 1 The absolute error ey,

N €1,1 €21 €3,1 €41 €51
N =4 3.082(-2) 3.715(-3) 3.127(-3) 4.164(—4) — —
N =5 5200(—2) 3.782(—3) 6.481(—3) 2.617(—3) 1.567(—4) -
N =6 6582(—2) 1.620(—2) 7.452(—4) 1.879(—2) 1.879(—3) 7.085(—5)

€6,1

(a): The error curve, N =5 (b): The error curve, N =7

Figure 1 The error curve of R(z) = f(z) — Sa(z)

(c): The error curve, N = 10

(d): The error curve, N = 20

Figure 2 The error curve of R(z) = f(z) — Sa(z)

3 Fractal (0,m) Lacunary Interpolation

For positive integer N > 2, consider a data set {(z,,,y,) € R? : n=10,1,2,..., N}, where

Tg < 1 < Ty < - < xy. Let I = [xg,2n], [n = [Tn-1,2,]), n € J = {1,2,--- ,N} and
L, : I — I, be homeomorphic affinities such as

|Ln (%) — Ly (27)] < Iy]o — 27|
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forall x,z* € Il and 0 <1, < 1.

Consider N — 1 continuous maps F), : I x R — R satisfying the following conditions

‘Fn(xvy) - Fn(xvy*” < Tn‘y _y*|7 Fn(.fl')o, yO) = Yn—1; Fn(xNv yN) = yn(’l’l € J)

for all x € I,y,y* € R, and for some 0 <r, < 1.

Defining functions w,, : I xR — I, x R C I xR, w,(x,y) = (L,(x), F.(x,y)), n € J.
The {I xR, w, : n=1,2,..., N} is called an Iterated Function System (IFS) [13]. From ref.
[17], we know that the IFS has a unique attractor G(g) which is the graph of a continuous
function ¢ : I — R satisfying g(x,) = y, (n = 0,1,2,--- , N), and function ¢ is the fixed
point of the Read-Bajraktarevi¢ (RB) operator T : Cy, , (I) — Cy, (1) defined

T(9)(x) = Fu(L, " (2), 9(L,"(2))), x € I, n=1,2,--- ,N.

The above function g is called Fractal Interpolation Function(FIF) corresponding to the data
{(#n,yn): n=0,1,2,--- N} and it satisfies

9(@) = Fa(Ly ' (z), 9(L, (%)), x € Lo, n€ J (3.1)

For a partition A := {zg, 21,22, , &N : Tn_1 < Ty,n € J} of I = [xg,2n], T, —
Zp_1 := hy, and the data set {(x,, f(z,)), n = 0,1,2,--- , N}, suppose that F,(z,y) =
an(y—b(x))+ f(L,(x)), where a, is called scaling factors, satisfying |, | < 1,and b: I — R
is a continuous function, such as b # f, b(xg) = f(xo), b(zn) = f(zN)-

Thus, we ensure the existence of a fractal function (T'f)(x,) = f(z,) (n =0,1,2,--- ,N).
From (3.1), we can obtain

(Tf)(@) = f(2) + an(Ly " (@) - (f = b)(Ly (), € Ln,n € J.
The most widely studied functions L, (x) so far are defined by the following,
L,(x) =d,z +b,

with
Ty — Ty
d, ="l g

) n
TN — Zo TN — Zo

INTp—1 — Tplo

In many cases, the data are evenly sampled h = z,, — x,,_1,xny — xg = Nh.

Example 1 Consider function f(z) = (22 — 5z + 3) sin(10z). For a uniform partition
A = {xo,x1, ,T6 : Tpog < Tp,m = 1,2,--- 5} of [0,1] with step size h = %, b(x) =
2 f(x). The left graph of Figure 3 shows the fractal function with a,, = 0.3 (n =1,2,--- ,5).
The right graph presents the fractal function with scaling variable a; = 0.4 + §, az =
03— 6y = 0.6 — 2, @y =03+ =0 a5 =034+ L.

4

3.1 Interpolation Theorem

We denote o = (ay, v, - -+ ,ay), ||| = rnax{||oz§f)\|OO :p=0,1,r}.
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(a) The fractal function with «,, = 0.3 (b) The fractal function with different a,
Figure 3 y = (222 — 5z + 3) sin(10x) with N =5
Theorem 3.1 Assume that f € C™(I), A := {xg,21, -+ , &N : Tn1 < Tp,n € J}

be an arbitrary partition of I = [xg,xy]| . There are suitable smooth functions b and «,,

when scaling factors «,, fulfill ||a, |l <  ax {|%|™}, the corresponding fractal function

<n<N
TR, € C™(I) satisfies
T3 o(n) = Sa(wa); TR, () = ST (wn), 1S < N~ 1
with boundary conditions,
T2, (o) = 8L (x0) (p = 0,m); TR, (an) = 5 (@), 7 =0,1,-- ,m.

Proof For convenience, in the following £ = 0,1,2,3,--- /N — 1. Let Sa(x) be
prescribed in eq.(2.1), we choose smooth function b € C™(I) to satisfy

b (20) = SV (o), ) (xn) = SV (an), 7=0,1,-- ,m.
Consider the operator T': C™(I) — C™(I)
(TF)(@) = Sa@) + an(Ly (@) [f (Ly  (2) = b(Ly (2)], # €Ly, me S (3.2)
We can deduce that

i

TN =L@+ Y (D) -0 el @) 6

Using the conditions on b and the properties L, (xy) = Ly+1(z0) = zn(n € J) of L, we
obtain (T'f)") (x}) = (Tf)(z;) = SX)(xn) for r =0,1,--- ,;m. From (3.2) and (3.3), we
get

(T (@) = S8 (@), (THD(@n) = S (@n); 7=0,1,-- ,m.

For f,ge C™(I),r=1,2,--+ ,m, x € I,,, we have

(@0 = @9 =13 (7)1 - 9 el 1 )

—r - "
<1d;" Mol = gll > ()
i=0

(3.4)
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When r =0,
[(Tf) (@) = (Tg)(@)]leo < lltlloollf = glloo,

dy,
2

Therefore, when [|a|lo < max{|%|™ :n € J}, T is a contraction, by the Banach fixed point

theorem, T" has a unique fixed point TX , that satisfies
(TR p)(2) = Sa(@) + an(Ly (@) [TR (L (2)) = 0(Ly ' (2))], @ € I, n € J.
It is apparently seen from the above discussion that
T30 (@n) = 8L (), p = 0,m: T3, (an) = S (@),
r=01,---,m;n=0,1,2,--- /N —1.

3.2 Approximation Estimates

we will give error estimates for ||(TR , — Sa)"|l and obtain convergence results while
choosing suitable perturbation parameter «,. Consider I = [0,1], 0 =2¢ < 21 < -+ < xy =
l,and h =z, — x,_1 = %, N >3n=012--,N. I, = [22 2], n€{1,2,--- N}

NN
w. We have the following convergence

Let homeomorphic affinities L,, be L,(z) =
estimates.
Theorem 3.2 For the uniform equidistance partition of I = [0, 1], the following bounds

for the fractal function and its derivatives hold:

lv]] oo

”Ta _SAHOO < HSA—bHOOv
a0 1—[laf

2+ — D)N"[|a|,
1= Nrflefle
Proof From the equation (T% ,)(z) = Sa(z)+ar(L, ' (2))[TR ,(L, ' (z))—b(L, ' (x))], = €

n

||((Tz,b)_sA)(r)||oo S HSA—bHra 7‘:1’2,... ,m.

I,, n € J, we have
(TR p) = Sal < llallso[IT2 5 = Sallloo + 152 = blloc]-

Then
llolloo

(TR ) = Sallse < 77— 1152 — bl|oo- (3.5)
o 1= el

It’s evident that the following equality holds

T

(1300 =500 + N3 (1) (@30 - 00 @)ay I @) r =01,

=0

Therefore, we have

(T8 ,)" — S|

IN

{NT(”O‘nHrHTX,b - b||rfl(2r -1)+ HO‘TLHOOHH(TX,b)(T) - b(r)HOO)
N™(llell-[IT8 p = Sallr—1 + 154 = bllr—1](2" = 1) + [lall (TR )
—SX oo + 158 = 57 ] - (3.6)

A\
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It can be easy deduced that

-
|<Tg’b)(r) _S(AT)| < - N HOZHT

—— Wt ror — 1)|T2, — Sall,—1 +27[1Sa — b|l,]. :
_Nr”a”w[(? WAy — Sallr—1 +27(|Sa — bl|,] (3.7)

When r = 1, using (3.7) and (3.5), we have

Nllels 3Ny
T8, — s < ML (179, — Sallse + 2/1Sa — bll] € ——T 1S4 — b5
(T5)0) = SE1 < TN T 1780 = Sall + 20185 = #lh] < T2 g 1152 bl
(3.8)
On account of [|a|le < 3N||all1, it follows that
] o e 3N||Ck||1
175, — Sall = mas{I(T5,)") — S8, 175, — Sall} < Tt M55 — .
el
Similarly, when r = 2, we obtain
N[ TN?||afl
T8 ) —sY) < — 2318, - 8 4)[Sa — blla) < ——T2 155 — b||s.
|( Atb) A |— 1_N2||a||oo{ || ALb A||1+ H A ”2] = 1_N2||a||oo|| A H2
TN?|lalls
TY,)— S < ——— = ||SA — bl|5.
||( A,b) A||2 = 1—N2HOZHOOH A ||2

Summarizing the above process, we can obtain the result.
Theorem 3.3  Assume that f € C™([0,1]). TR} , is the fractal interpolation function
given in Theorem 3.1. For uniform equidistance partition on [0, 1], when the scaling factor

o, satisfies ||l || < W, r=20,1,---,m, we have
(TR = 1)l < CN™D 4 CLAT (@) (F™, Ao ()

as N —-o00,r=0,1,--- ,m.

Proof Using the triangle inequality [[(T8, — /)" [l < (TR, — Sa)leo + |(Sa —
/)|, and from result of ref. [17], for n > j, k = 0,1,2,---,j, [f®)(z) — PP (2)| <
C; NF(2)w(f9), A, (), we have

1f(2) — SO ()] < CATTH (@)W (F™), Apa(2)),

where A, 12(x) = anl:;z + m When ||Oé7(1r)||oo < W(r =0,1,---,m), from Theorem
3.2, we get
1

(T8 = 88) o < Crrer,

here C,. is the constant only dependent on 7.

Example 2 Taking m = 2, consider function f(z) = (22% — 4z + 3)V (sin(2))",
b(x) = cos(z)f(x), and the uniform partition of [0,1], A : 0 =2 < z; < - < axy =1
with step h = 2, —x,_1 = 1/N,n = 1,2,--- /N, Sa(x) is the spline function defined by
eq.(2.1). We only consider N = 5, and take scaling vector ay = 0.01z, ap = 0.005z2,
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0.09 0.09

o 01 o2 03 04 05 06 07 08 09 1 o o1 o2 03 o04 05 06 07 08 09 1

(a) The curve of spline function (b) The curve of FIF TR , ()

Figure 4 The comparison between the spline function and FIF, N =5

asz = 0.01(z — sin(x)), ay = 0.01sin(z), as = 0.01(x — “”2—2) Obviously, o = (a1, g, ,as)
satisfies Theorem 3.2. The left graph of Figure 4 is spline function Sa(x), and the right
graph is the fractal function Tx , ().

4 Conclusion

In this paper, we use spline function to solve the fractal (0,m) lacunary interpolation
problem which is the general case of (0,2), (0,4) and so on, the explicit formulas of spline
function are deduced by extrapolation algorithm. We find that there is fractal lacunary
interpolation function with proper perturbation parameters, satisfying interpolation prob-
lem. The error estimates and convergence analysis were presented. The numerical examples
demonstrate that our proposed method is efficient and viable. A more general theory of
fractal Birkhoff interpolation and numerical simulations appear in our later work. The non-

constant case of scaling function is expected to be resolved in future researches.
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