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Abstract: In this paper, we obtain the quasi sure local Chung’s functional law of the iterated
logarithm for increments of a Brownian motion. As an application, a quasi sure Chung’s type
functional modulus of continuity for a Brownian motion is also derived.
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1 Introduction and Main Result

Let (B, H, 1) be an abstract Wiener space. The capacity is a set function on B with the
property that it sometimes takes positive values even for u-null sets, while a set of capacity
zero has always p-measure zero. As we know, capacity is much finer than probability. An
important difference between the capacity and probability is that the second Borel-Cantelli’s
lemma does not hold with respect to capacity C, , while it holds with respect to probability.
Therefore, an interesting problem is to find out what property holds not only almost sure
but also quasi sure. In this paper, we discuss this topic.

Many basic properties of Wiener processes were studied by authors (see [1-6]), such
as the functional law of iterated logarithm, the functional modulus of continuity and large
increments hold not only for p-a.s. but also for the sense of C; ,-a.s.

In recent paper [2], Gao and Liu established local functional Chung’s law for increments

of Brownian motion. In the present paper, we discuss similar results, but the probability is
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replaced by (r,p)-capacity. The exact approximation rate for the modulus of continuity of
Brownian motion can be viewed as a special case of our results.

We use standard notation and concepts on the abstract Wiener space (B, H, i), includ-
ing the H-derivative D, its adjoint D* and the Ornstein-Uhlenbeck operator £L = —D*D.
Let D™ r > 0,1 < p < oo be Sobolev space of Wiener functionals, i.e.,

D= (L= L) 5L, |Fllp = (1~ £)FF|10, F € P,

where LP denotes LP-space of real-valued functions on (B, u). For r > 0, p > 1, (r,p)-
capacity is defined by C, ,(O) = inf{||F||? ; F' > 1, p-a.s. on O}, for open set O C W, and
for any set A Cc W, C,,(A) = inf{C, ,(0); AC O C W, O is open}.

Let us consider classical Wiener space (W, H, i) as follows

[w@®]
t

W = {w € C(]0, 00), R"); w(0) :0,tlir£10 =0},

t
H={heW; h)= / h(s)ds, h € L*([0,00), R},
0
1 is Wiener measure on W

lw(t)| TR
lwllw = sup ==, w e W; [hll7 = [ (h(t), h(t))dt.
t>0 1+1 0

Let C? denote the space of continuous functions from [0, 1] to R? endowed with usual supnorm
||l == sup |f(t)| and denote by C¢ := {f € C% f(0) = 0}, by H? := {f € C& f(t) =
0<t<1

fot f(s)ds, I f113,4 == f01 |f(t)]2dt < oo}, K := {f € H%:2I(f) < 1}, where

I(f) = { %fol |f(t)|2dt, f is absolutely continuous;

~+00, otherwise.

Throughout this paper, let a,, b, be two non-decreasing continuous functions from (0,1) to
(0,e™1) satisfying

(i) a, < b, for any u € (0,1) and i:r% a, =0,

(ii) Z—; is non-increasing.

Let w e W, for u € (0,1), 0 <t <1, A(t,u) denotes the following path

A(t,u)(s) = w(byt + ays) — w(but), s € [0,1].

Set
b, logb;!

u

l, = log

and
K = {p € Col0,1] : 21() < 1}.

The following theorems are results of this paper.
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Theorem 1.1 If conditions (i) and (ii) hold, then for any f € K with 2I(f) < 1, we
have

liminf?, inf [[B,A(t,u) — fl| =b(f), Crp-as..

u—0 te(0,1— 3]

where b(f) = (%)2/(1 — 2I(f))~'/2, ¢4 is a positive constant.

log(b./a

Under the additional assumption (iii) hm 2) — 50, we get

—,0 log logb
Theorem 1.2 If conditions (i), (ii) and (iii) hold, then for any f € K with 2I(f) < 1,

we have

lim ¢, inf |[B,A(t,u) — fll =b(f), Cyp-as.
u—0  t€[0,1— 4

-2

Corollary 1.1 Let M, p(x) = —witrhe)—wl®) <2< 1,0<t<1—h. For any f € K

\/2hlog(2e—2h-1)’
with 2I(f) < 1, we have

lmlogy _inf M)~ FOI =b(f), Gy a5 (1.1)

h—0 te[0,e=2—h]

2 Proof of Theorem 1.1

Proof of Theorem 1.1 is completed by the following lemmas.
Lemma 2.1 (see [3], Lemma 2.2) Let 1 < k € Z, q1,¢2,€ (1,00) be given so that
l:qil—&—q%. For any f € K, put

\/}Ti

where 0 < t; < 00,h; > 0,i=1,2,---,n. Then there exists a constsnt ¢ = ¢(k, p, q1, f,d) > 0,
for any § € (0,1],e € (0,1], we have

FO(w) = ||e( Y= fll,i=1,2,---,n,e >0,

Crp([( {20 < FO(2) <bPVP < e “Fnbu({zia: — 6 < FO(2) < by + 6})1/ .

i=1 i=1

Lemma 2.2 (see [3], Lemma 2.4) There exists a positive number ¢, such that for any
h>0,7>0, f e K, we have

w(t +h) —w(?)
Vh
w(t + h) —w(t) i
Vh €

Lemma 2.3 For any f € K with 2I(f) < 1, we have

lim c2log ., | Ly <en

= lim ()" | < er) = —car™® ~ I(f).

liminff, inf ||ﬁu (t,u) = fll = 0(f). Crp-as..

te[0,1— 3=

Proof Case 1 hmsup10 » b r < 00. Ifhmsup1 r < 00, thenb, - 0asu— 0

u—0 u—0

b

and there exists a 0 < M < oo such that Z—Z < (logb;, )M. Let I(u) = a,(log %)_3, and
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take u, such that a,, = (eXp((log#))’l. Set k, = [1(3211)], t; = il(upy1),7=0,1,... k,.
Then
Oériliglin HBUnJrl (w(ti + aun+1') - w(tl)) - f”
<2 sup sup  |w(t+ s) —w(t)|Bu,,, (2.1)
t€[0,bun] s€[0,l(un+1)] ’
inf u t wnatt) —w(t)) — [l
F o W (0t ) = w(t) ]

For any 0 < € < 1, choose § > 0 such that n = —2§ + 2I(f) + 1(131(];)

oz > 1. By Lemma 2.2,

for n large enough, we have

CT,P(eunJA min H/Bun+l (w(tl + aun+1') - w(tl)) - f” < (1 - 6)b(f))

0<i<kn

< Z C”';p(gu'rH»l ||/8'an+1 (w(tl + aun+1') - w(tl)) - f“ < (1 - 8>b(f))

0<i<ky

w(t; + ay, ") —w(t;) 2

= Crp(| 2 S € = (1 — £)B([))

O@%ﬁ:n P A /aun+1 - 2£un+1
€ (L4 ky)exp{(2log e 08y Ca 1)+ )}
< n)expi(2lo - -

& 4(1 - 2)2(b(f))?
bu,,, logb, ! 1—2J
= (1t k) exp{(— log 08Py oy g5 4 L2,
au”+1 (1 — 6)
< bun + l(un+1) a’un+1 )7]7
Hupit) bu,.: logby !

by Borel-Cantelli’s lemma,

liminf ¢, ., min ||B,,,, (w(t; + @u,,,-) —w(t;)) = fl = b(f), Crp-as.. (2.2)

n— 0<i<kn

On the other hand, for any Jg > 0,

Cﬁp (2€un+1 sup sup |w(t + S) - w(t)|ﬂun+1 = 50)
0<t<bun 0<s<(Un41)

2£un+1

= Crp( sup sup  |w(t+s) —w(t)| = o)
Qupyr 0<ESbun 0K (Uny1)
2£un+1

= Cry( sup  sup |w(l(tn41)t + Uunt1)s) — w(l(tn1)t)] = o)
Qs o<t —tn_ 0<s<1

Sl(upy1)

[buin]

(upy1)
2,
<Y Gy = sup sup [w(l(un )t L(uns)s) = w(l(ung1)t)] > 6o),
o Aoy yq i<E<i+H1 05K
moreover
20y, .,
p(y) = sup sup (U )t + Wng)s) = w(lungn)t)] > bo)

Unyr <E<iH1 0<s<1
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2
= 5 sup sup |w(t+s)—w(t)| > do)
(Cupi1)? i<t<it1 0<s<1

t . t
- v 2 a ) - > = -
1( L 021121 ||w(2 + 2) w(2)|| 2 b0) = p( (gunH)Qw €A,
where A = {f € W; sup ||f(:+3)— f(E)| = do}. For f € A, sup f (s)|2ds > 02,

<< <t<1

. 1 0
thus }relg 511fI7 = 3. By Theorem 1.1 in [5], we have

Crply| =% sup sup [w(l(tnt1)t +U(tn41)8) = w(l(ps1)t)] = o)
Aoy 0K 0K
P ot S s
bu, ., logb, ! |

. . by logb,, L
Taking into account log ————"+L — 0o, asn — oo, thus

Qupyq

cp—1
bun+1 log bun+1

Z by, + U(tnt1) Ay, ., )éég log —"1— < o
I(Un41) bu,,, loghy,? | ’

n

by Borel-Cantelli’s lemma

limsup2¢,,., sup sup  |w(t+s) —w(t)|Bu,,, =0, Crp-as.. (2.3)
n— o0 0<t<bun 0<s<l(un+1)
By (2.1)-(2.3), we get
lim Gy i B, (00 G) —w(0) — £ 3 b(F), Cop-as. (24)
n—o0 Ogtgbun_aun+1

Remark that u, — 0, so for any small enough u, there is a unique n such that u €

(Uns1,un]. Let ¢ry(s) = Bu(w(t + ays) — w(t)),s € [0,1],t € [0,b, — a,]. We define

X(u) = £, [inf ]||q5t7u(-) — fOIL,Xn = inf X (u). By the definition of infimum,
te[0,u—ay,

Un+41 <uULUp

for any € > 0, there exists T}, € (41, u,] such that X,, > X(T,,) —
For any r € [0,1], let = % Then we have, for 0 < < 1.

aT,

inf Bl + au,) = w@®)] = fll

t€[0,bun —Qup, gy

g inf sup ¢, (1) — f(r)]

t€[0,bry —aTn] 0<r<1

. ar, ar,
= inf sup |t ( ) — f( )
te[0,brn —aTn ] 0<z < n+1 U 41 Aoy iq
2.5)
ﬁun ar, (
g inf sup |[—"=¢u 1, () — f( = z)|

t€l0.brn—arn] 0<z<1 BT, Qg

inf Dt () = () 4 P

t€[0,b1n —aTn] ﬁ BT,L aunJrl

<ﬁ“"“( U)X (T) 4 |2 = [ FO ) = f))

ﬂTn aun Ty aun+1

—UIFON+ I1FC) = F(—Ey)
w, log b1
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Noting that

1

_ —1
o buniog bon au, IOg bun;og boun a, ay
1> - = “n o> s, (2.6)
log bUn+; log b“n+1 - log b“n-%—(ll log bun+1 Ay, Ay,
Yn+1 Un+1
IB’U, +1 ﬁu +1 au ]- 1 1

n < n g n < . — 1 y 27
Br, S Bu eXp((log ) = Gogny T Gogmy 7

au un+1 1 1 1/2
e < V2 , 2.8
) = FOI € V2 1= 225 < Vs ol ) (28)

b, logb !

logg < (M +1)logloga,’. (2.9)

Ay

by (2.4),(2.5), (2.7)—(2.9), we get

n

liminf X (7,) > b(f), Cyp-q.s..

n—oo

Since
liminf X (u) > liminf X,, > liminf X(T,,) > b(f) — ¢,

u—0 n— 00 n—oo

which ends the proof.

log g3 log g3
Case IT limsup —*—~ = oco. If limsup T = 09, then we can choose a non-
log log by * log log by,
u—0 u—0
log buy 1
. . . b d au O, n
3 . > —un — . = n = g
increasing sequence {u,;n > 1} with ;**= =n d > 1. Let h(n) alos T = Toglegp=T then

bl = exp{n%} and h(n) — oo as n — oo. Let l(u), k, and t;,i = 1,2, ..., k, be defined by
Case 1. Then for some constant C' > 0, if d is chosen in a suitable way, then

o0 a oo
E Un Un, n < C —d(n—-1) 1 3 < .
- [(tny1) (bun log b;nl) ;n (logn)” < oo
Furthermore,
a by, (n+ 1)d (n + 1) )
_PUn _ ZUn — 1)d/h(n+1) _ d/h(n)
G, me by, e ((n+1) I0)

1
< (1+ E)dexp (n(@/rm)=1)

— 1+ 1) ! !
_( +ﬁ> ( +nl—(d/h(n)) +O(n1—(d/h(n))))7

which implies that
b, loghb ! " lo u
log . 1080, (1 _ a n+1) _ d(log + gn> <1 a n+1) N O7 n — o0o. (210)
Ay, Ay, h(n) Qu,,

Similarly to the proof of Case I, the proof of Lemma 2.3 is completed.
Lemma 2.4 For any f € K with 2I(f) < 1, we have

liminf?, inf [[B,A(t,u) — fl| < b(f), Crp-as..

u—0 te[0,1—+]
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bu

Proof Set p:= hm . If p<landb, —b#0asu— 0, then 11 +1;lg()7gr;“:oo.
In this case, see Lemma 3 2. Therefore we only consider the following two cases

(I) p<landb, —0asu—0,

(I1) p=1.

Casel p<landb, —0asu—0Ifp<1andb, — 0asu— 0, then we can choose
{ur,k > 1} such that b,,,, = by, — ay,, k > 1. For any ¢ > 0, choose 6 > 0 such that

1-21(f) 2I(f) 4+ 26 < 1. Set k = [r] + 1, by Lemma 2.1, we have

(1+e)?
! a
Cr Q (b, 180, 5 (1 - b—u) — £ = b() (1 +29))
(U 2 ) LOICEONeYS
<A n(l(n ﬁ 1l > =)
< clk( —2k%—k H {1 — u( M—fﬂ < b(f )(1+5))}1/q2

QCLu gun Eun

n=mao

moreover, by small deviation,

A0 ) MDA e,
NG Kun F bu,

1 1-2(5)
= p(lw — \/%f” < 2b(f)( +E)) > (b Qu,, ) Gis )2+21(f)+25’

20,,, u, 108 0!
thus
i a
Cra [] (1B, AQ = T2, ua) = f1] 2 B + 26

n=mgq "

l 1-21(f)

l 2624k 1 a oz T2I()+26
< k(s _t ($>
D=0 L Dl v
n=mgq n

Noting that, there exists A = A(m) > 0 such that

n

L2210 Lo1(f)+25 ,
(71) u >W > A(logb, )7,

M-

u,, 108 b;j

where ¢’ =1 — (1280 1 97 (f) 4 26) > 0

(1+e)
We discuss as follows

(a) If lim 'sup % < 00, then for some 0 < M < oo, we have 2= < (log b, ')M. Take

0> 2/ ug = e~10el)’ there exists ly large enough, we can prove that

logb,' > (logl)?, 1> 1o,
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we get
(logb,)* > (log1).

When [ is large enough, for constant ¢’ > 0, we can also prove that ¢'l > logb, . Thus

we have

l
Crp( [ (G180, AL — B un) = Fll 2 61+ 2¢))) /7

n=mao

2 A , *(logl 2k2+k
< l*(log log bz ")+ exp(— 2 (log b)) < S0 UoBD™ ™

— 0(l — o0),
) exp(q%(logl)z) ( )

where ¢q is a constant. We get

Crp((J (€, 180, AL = T2, 0a) = £ = b(F)(1+22)) =0,

I=1n=l tn
consequently
timinf Cu, 16, A1 = £, u,) = £ < b(F), Crp-as,
we have
liminf £, 8,A(1 - ‘;J,u) — I <b(f), Crp-as.

(b) If lim sup % = 00, then see Lemma 3.2.
’L,LA)O u
Case II Set p = 1. By applying Lemma 2.1, similarly to the corresponding that of

(3.3) in [2].
3 Proof of Theorem 1.2

Proof of Theorem 1.2 is completed by the following lemmas.
Lemma 3.1 If condition (iii) also holds, then there exists an non-increasing {u,,,n > 1}

for any f € K with 2I(f) < 1, we have

limsupl,, —inf |G, (B(t+au,) — B(t)) —¢|| <b(f), Crp-as..
n— o0 t [O,bun+1 *aun]
o b
Proof Owing to lir(I)l % = 00, there exists a subsequence {u,;n > 1} such that
u—04 108 1og by
(I;?—" =n?. Let
. . bu, . IOgZuJ dlogn
ti =iay,,1=0,1,--+ k,=[—=]—1 and h(n)= = ,
’ Gy, loglogb,!  loglogb,!
then b,! = exp{nﬁdm} and h(n) — oo as n — oo. And for any small enough a >
D) 00, 1< bb“" = exp ((n—}—l)h“ﬁrl) —n#d")) < exp (nﬁfl) — 1 and aa’”‘ —1
Up g1

? log buyiq Up 41
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as n — 00. Choose § > 0 such that ny := 1(;-2:5()];) +2I(f) +26 < 1. Take k = [r] + 1, by

Lemma 2.1 and small deviation, for n large enough, we have

Cral() te[o,bf’ifl —aun] 1B, (w(t + @, ) = w(t)) = fl| = b(F)(L +2¢))"/?
S Crp( i |8, (w(ti + au, ) —w(ts)) = fll > Wy/p
< ce(l+ kn)k(bf%;s)%%k (0<Zg}€ Bu., (w(t; + au, ) — w(t;)) — f|| = W)l/@
- Pl o) — VI > IRy
=l B = ) - /2] < 2 ;f )y e
< c(1+ k) <bf;)5)2k2+k( _ (M)l(liigé) +2I(f)+25)“;7’2m
< conf¥(log n)2(2k2+k) exp{—qu(b%j#b;}) e *21(10)*25([1):::1])}

Qy b

n Mo ([ Un+1

= con™(log n)2 R exp{— —

n

where ¢g is a constant. If d is chosen in a suitable way, then

2 b
kd 2p(2k2+k) A Qu,, o (1 QUnt1
; el (g n) R expl— (e )" (D) < oo
by Borel-Cantelli’s lemma
limsup 4, eon inf | | Bu, (w(t + ay,, ) —w(t)) — fI <b(f)(1+2¢), Crp-as..
n— 00 WOupy 1 7 Gun

Lemma 3.2 If conditions (i), (ii) and (iii) hold, then for any f € K with 2I(f) < 1,

we have

thUp gu tE[Olglf H/Bu(w(t + au') - w(t)) - f“ < b(f)v CT'J) -q.8..

u—0 _a/’l

Proof Let ¢;,(s) = Bu(w(t + ays) — w(t)), u, is defined as in Lemma 3.1. Since
bru(s) = '6 =Pt ( s) we have

inf g () = FOI < inf Hsbtu( )= f(*)ll

tE[O,u—au] te[oabun+1 _aun] 'u,
Bu Qy
+  sup |ﬁ bt =+ sup ) = FO)
t€[0bu, —Aun] MPun Un, t€[0,bu,, —Qun] Ay, (3 1)
. Ay, Ay, '
< inf 166, () = fON+ sup L= —[|dru, ()|
te[o’b”n+1 70’1”1] te [O,bun+1 —aml] a?lm, a’u.n

1) = Ol

Un
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Moreover
au aun 1
1F (=) = £O)ll <21 — =2 (3.2)
b, logb ! G, logn y,
log ——=tn)(1 — —2H1) L (1 1 — —=4), 3.3
(log 2122821 — 22522 < dflogn + 2201 — 222 (33)
We can conclude Lemma 3.2 from (3.1)—(3.3) and Lemma 3.1.
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