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Abstract: We study the nonlinear Chern-Simons-Schrodinger system with superlinear non-
linearities. By the concentration compactness principle combined with the Nehari manifold, we
prove the existence of positive ground state to this problem. Moreover, we obtain that the ground
state has exponential decay at infinity.
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1 Introduction and Main Result

We are interested in the existence of ground state v € H'(R?) to the following Chern-

Simons-Schrodinger system (CSS system)

2
—Au+u+ Agu+ Y Adu = [ulP?u,
i=1

81A0 = A2|U|2, 82A0 = —A1|U|2, (11>

014y — DAy = —u?, 014 + Ay =0,

2

where 0; = 8%1, Oy = 3%2, and p > 6.

The CSS system comes from the study of the standing wave of Chern-Simons-Schrédinger
system which describes the dynamics of large number of particles in a electromagnetic field
and the physical background of the high-temperature superconductor, fractional quantum
Hall effect and Aharovnov-Bohm scattering. For the more physical background of CSS sys-
tem, we refer to the references that we will mention below and references therein. Recently,
many scholars paid much attention to the CSS system proposed in [1], [2], and [3]. Berge,
De Bouard, Saut [4] studied the blowing up time-dependent solution and Liu, Smith, Tataru

[5] considered the local wellposedness. Byeon, Huh, Seok [6, 7], Huh [8, 9] investigated the
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existence and non-existence of standing wave solutions by variational methods. Authors in
[10-13] obtained a series of existence results of solitary waves. Wan and Tan proved the exis-
tence, non-existence, and multiplicity of standing waves to the nonlinear CSS system with an
external potential V(z) without the Ambrosetti-Rabinowitz condition in [14], the existence
of nontrivial solutions to Chern-Simons-Schrodinger systems (1.1) with V' (z) be a constant
and the argument of global compactness with p > 4, V(z) € C(R?) and 0 < Vy < V() < Vi,
in [15], and the concentration of standing waves to Chern-Simons-Schrédinger systems with
p > 6, V(z) satisfying the same condition as [15] in [16].

Inspired by [6, 14-15, 17-18], the purpose of the present paper is to study the existence
of ground state for system (1.1) where p > 6. We consider this problem on the standard
Nehari manifold, which is different from the idea in [15] where they use a constraint manifold
of Pohozaev-Nehari type and [16] where V' (x) cannot be constants. The components A;, j =
0, 1,2 of the gauge field yield p > 6. The main characteristic of system (1.1) is that the non-
local term A;, j = 0,1,2 depend on u and there is a lack of compactness in R?. By using the
variational method joined with the Nehari manifold and concentration compactness principle
[17], we can obtain the following result.

Theorem 1.1 If p > 6, then (1.1) has a positive ground state which has exponential
decay at infinity.

The paper is organized as follows. In Section 2, we introduce the framework as well as
show some important propositions of A;, j =0, 1,2 and some technical lemmas. In Section

3, we prove the compactness result and Theorem 1.1.

2 Mathematical Framework

Let H'(R?) denote the usual Sobolev space with

ul| = (/ IVl + fuf? dz) 2,
R2

Define the functional

1 1
J(u)—2/ (190l + ul? + A3l + A3)ul?) dx—p/ lul? da. (2.1)
R2 R2

From (1.1), integrating by parts, we have
/ A0|u|2 dr = 2/ AO(&AQ — (92A1) dzx
R2 R2
R2 R2
We obtain the derivative of J in H'(R?) as follow

"(u), n)
/Rz (Van +un + (A3 (w) + A3 (uw))un + Agun — |u|p_2u77) dx (2.3)

<
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for all n € C5°(R?). Specially, by (2.2), we have that

(J'(u), u) = /R2 (|Vu|2 + |ul* + 3(Af(u) + A%(u))|u|2 — |u|p) dx. (2.4)
Notice that
AA, = 52(%)7 AAy = —al(gl
which give
Ay = Ay(u) = Ky # (@) = R |“|22(y) dy, (2.5)
Ay = Ay(u) = — K * (g) = % /}R “;1_*;/'12 |“|22(y) dy, (2.6)
where K; = ﬁ for j = 1,2 and * denotes the convolution. The identity AAy =

01 (Azlul?) — 02(A1|ul?) provides
Ag = Ag(u) = Ky * (Ar|ul?) — Ko * (As|ul?). (2.7)

As [15], we have that J is well defined in H'(R?), J € C'(H'(R?)), and the weak
solution of (1.1) is the critical point of the functional J by the following two properties.

Proposition 2.1 (see [15]) Let 1 <s <2and 1 — % = 1.

(i) Then there is a constant C' depending only on s and ¢ such that

([ Iru )t < e [ uekan)*,

where the integral operator T is given by

Tu() = /R u(y)

y.
2 |z —

(i) If w € H'(R?), then we have that for j = 1,2,
143 (W)l 2arey < CllullZe g2)

and
| Ao ()|l Lare) < C||u||2L2S(]R2)||u||2L4(]R2)'

(iii) For ¢’ = q%l, ji=1,2,
|4 (wull 2gey < 1[4, (@) [ Lae) [[ullF o0 g2y

Proposition 2.2 (see [15]) Suppose that u,, converges to u a.e. in R? and u,, converges
weakly to u in H'(R?). Let A;, := A;(u,(x)), j =0,1,2. Then

(i) Aj;, converges to A;(u(z)) a.e. in R?.
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(i)  foo A7 uquda, [o, A7, |ul*dx, and [o, A7 |u,|?dx converge to [, A?|ul?da for
i=1,2; [ Agnupudr and [, Agp|u,|? dz converge to [, Aolul? d.

(i) fgo [Ai(un = w)Plug — ulPde = [o, [Ai(un) Plunl® do — [p, [Ai(uw)uf® dz + 0,(1)
fori=1,2.

Next, we define the Nehari manifold related to the functionals above and discuss the

property of the least energy of the critical points. Set X := H'(R?) and
Y ={ue X\{0}: (J'(u),u) =0}

Lemma 2.3 If p > 6, then ¥ is a smooth manifold.
Proof Set
w(u) = (J'(u),u), uwe.

Then
(W' (u),u) = 2/ (IVul]® + u? + 9ATu* 4+ 9A3u?) dx — p/ |ul? dz.
R? R

2

By u € ¥, we have
/ (IVul* +u* + 3ATu® + 34%u?) da = / |u|P dz.
R? R?
Therefore, if p > 6 we have
(W' (u),u)y = 2/ (IVul]® + u? + 943u* + 9A5u?) da — p/ |ul? dz < 0.
R? R?

By the implicit function theorem, ¥ is a smooth manifold.

Now we can define critical values of the functional on the Nehari manifold. Let

Rt MR & S e
where ' := {y € C([0,1],X) : v(0) = 0, J(7(1)) < 0}. These critical values have the
following property which is similar to Lemma 2.4 in [16]. For the reader’s convenience, we
show its proof.
Lemma 2.4

c=c"=c", if p>6.
Proof First, we show ¢ = ¢**. Indeed, this will follow if we can prove that for any
u € X \ {0}, the ray R, = {tu : t > 0} intersects the solution manifold ¥ once and only
once at fu (0 > 0), where J(0u), 6 > 0, achieves its maximum.

1
(tQ\Vu|2 + t2u? + 3t° (K, * §u2)u2

(J'(tw), tu) = /

R2
1
+ 3t5(— K * §u2)u2 - tp\u|p> dx

:R(/ (|Vul* +vu?) do + 3t4/ (ATu® 4+ AZu?) da — tP—Q/
R2 R2

R2

|ul? dx).
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Let
h(t) = A+t'B—t"2D, te|0, +oq],

where
A= / (IVul* + u?) dz, B = 3/ (Alw® + Aju?) dz, D = / |u|P da.
R2 R2 R2

We claim that there exists a unique tq € (0, +00) such that h(ty) = 0. In fact, by computing,

we have that

1
" o 12B p=6
" >0, t<t;:= (7@72)@73)» ;

1
" o 12B p=6
h' <0, t >t := (7@72)@73)17) .

1
Also, there exist t = 0, t3 = <ﬁ) e satisfying to < t; < t3, such that h/(t) = 0
and h(t) is strictly decreasing for ¢t > t3 as well as strictly increasing for ¢ < t3. Since
h(ty) = A > 0 and h(t) — —oo as t — 400, there exists a unique to > t3 such that h(tg) = 0.
Therefore, the ray R; intersects X only once. We obtain that ¢ = ¢**
Next, we show c¢* = ¢**. It is easy to see that ¢** > c¢*. Let us prove ¢** < ¢*. For

u € X \ {0} fixed, let ¢ be the unique point such that tu € ¥. Then, we can write

= inf J

S
with

K={u=tu:ue X,u#0,t<o0}.

Let v € T be a path. If for all v € T, yN K # (), then the inequality is obtained. If there
exists v € I such that v(t) € K for all ¢ € [0, 1], then we have

/ (IVA]> +~° + 3AT(7)7* + 343 (v dx>/ Iy|P da.
R2

If p > 6, then

0
VS

1
VA2 4+ 9% + AT(7)7? + 45(7) 72> dx—p/ [y [P dx
R2

N = l\DM—‘

@\H%\,%\

VAP + 4 + AT (V)7 + A3 (v W) dx

2

/ IWI2 + 97+ 3AT ()Y + 3A§(7)72) dx
R2

which contradicts J(v(1)) < 0. Hence ¢* = ¢**

3 The Proof of Theorem 1.1

First, we should obtain the following compactness result to prove Theorem 1.1.
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Lemma 3.1 Let {@,} be a minimizing sequence of ¢. If p > 6, then
(i) there exists {u,} C X such that J(u,) — ¢, J'(u,) — 0, and |ju, — ,||x — 0 as

n — oo;
(i) there exists {£,} C R? such that {v,} is precompact, where v, (-) := u, (- + &,).
Proof (i) It is a direct consequence of the Ekeland’s variational principle (see [18]).

(ii) We are going to use the concentration compactness principle given in [17]. Since

J(u,) — casn — o0, u, € X, and p > 6 for n large, we have
13 2 2 2 2
(A u;, + Agmun) dx =c+o(1),
]R2

1 1
<_> /R (Va2 + u2) do + <2—p 2 2

2 p
where A, ,, := Ay(u,) and A, ,, := As(u,). Then, {u,} is bounded in X. For any n € N, we

consider the following measure
L1 2 2 L3 2 .2 2 .2
MH(Q) =\|l5 = (|vun| + un) dx +{5—= (Al nUnp + A2 nun) dzx.
2 p)Jq 2 p)la ’

From the concentration compactness lemma in [19], there is a subsequence of {u,}, which

we will always denote by {1, }, satisfying one of the three following possibilities.
Vanishing Assume that there exists a subsequence of {u,}, such that for all p > 0,

lim sup/ dp, = 0.
n—00 4 cR2 B,(y)

Dichotomy Suppose there exist a constant ¢ with 0 < ¢ < ¢, sequences {£,} C R?,
{pn} such that |&,|,{pn} — oo and two nonnegative measures u’ and p? satisfying the

following
0< b+ 42 < i,
50 (),

supp(tty,) C By, (€x),supp(ps,) C Bs,,
pt(R?) — ¢, p2(R?) —c—¢ as n— oo.
Compactness There is a sequence {£,} C RY such that for any § > 0 there exists a

(3.1)

radius p > 0 such that
dpn, > ¢ — 9§ for all n.

BP(£7L)

Step 1 We show vanishing is impossible.
If {4, } is vanishing, then {u, } is also vanishing. Namely, there is a subsequence of {u,, }
such that for all p > 0,

lim sup
n—oo yERQ

/ (IVun|* + u2) do = 0.
B, (y)

By the Lion’s lemma [17], u,, — 0, in L*(R?), s > 2. Because
(T (n), un) = / (1wl + u2 +343 w2 + 343 w2 ~ Ju, ") da
R2

— 0 asn — o0,
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and [0, [u, [P dz — 0 as n — oo, we have

lim <|Vun|2 +ul 4+ 347 ul + 3A§nui> dx = 0.

n—oo [po

Consequently
0=t (G =5) [ (9l s )
T (- 3)/ (42 2+ 43, u2) d)
2 p R2 " "
=c > 0,

which is impossible.

Step 2 We prove dichotomy is impossible.

Take a cut-off function ¢,, € C§(R?) such that ¢, = 1in B, (£,), ¢n = 0in Bs, (&),
0<¢, <1, and |V¢,| < 2/p,. Write u,, := uy,, + us,,, where

Urp = d)nun) U2 pn = (1 - d)n)u'm

Define
I(u) = (% — ;)/ (IVul]® + u?) dz + (% - 3)/ (Alw® + AJu?) da.
R? D Jr2
We know that us,, converges to 0 a.e. in R?, and A;(uz,,) — 0 a.e. in R2.
If [|(1 — ¢n)unll is bounded and supp((1 — ¢,)u,) C Bj , then the Holder inequality
yields

[4;((1 = $n)un)l < Cllull 4 e () /B;nm ud_yw dy)*
< Cli/2 20
and
| /R K (@ = y)(1 = dn)bulun(y) > dy|
SR ) < opl/ 0,
where
Qn = Bap,, (§a)\ By, (&n)- (32)
By ||un] < C, we have
Jim A,((1 = 6u)un) =0, (33)
lim Ay (ur0)Ar (ug.0)|u)n|? dz = 0. (3.4)

n—0o0 [po
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| [ o) ] < A e [l

< ClluznlZze @2y lluaml 720 gy

Then

n—oo

lim |A; (g ) w1 0] dz = 0. (3.5)

It is clear that liminf I (u; ,) > ¢ and liminf I (uy,,) > ¢ — ¢. Furthermore, we have

n—oo n—oo

pn () — 0 as n — oo,

namely,

/ (|Vun|> +u2) dv — 0 as n — oo,
Qp

(3.6)
/ (Afnui + Agnui) dr — 0 as n — oo.
Qn
Then we obtain
/ (|Vurn|® +ui,,) dz — 0 as n — oo,
Qn
/ (|Vug,, > +u3,,) dz — 0 as n — oc.
Qn
Thus we have
/ (|Vun|2 + ui) dx :/ (|Vu1,n|2 + u?n) dx
R2 R2
+ / (\Vu27n|2 + ugn) dzx + 0,(1), (3.7)
R2
|un|P dz = / |uq [P da + / [ugn|P dz + 0,(1). (3.8)
R? R2 R?

We note that

Aln: L xQ—le

)

Qdy

- % - ‘,’L‘—y|2 2|u1,n+u2,n

1 To —
=A;(u1,n) + Ai(uzy) / 27y21L1,nU2,n dy

2m R |7 =yl

:Al(ulﬁn) + Al(u2,n) =+ On(1)7
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then
/ A2 () 2 dz = / (Ar () + Ar(ttzn) + 00 (1)) e + tgnl?
R2 R2

= / [AT (ur ) [ur n|* + AT (g n) [z n]* + 241 (w1 ) Ar (z0) ([ua,nf* + [uz.0]?)
R2

+ A%(ul,n)|u2,n|2 + A%(u2¢n)|u1,n|2 + Q(A%(ul,n) + A%(U/Q,n))ul,nuln
+ 4A1 (ul,n)Al (u27n)u17nu27n] dx + On(]-)

By (3.3), (3.4), (3.5), and (3.6), we have
/ A2 (up)|un|? dz = / A3 (ug ) |ur o] do + / A3 (ug.n)|ugnl? do + 0,(1). (3.9)
R2 R? R?
Similarly, we get
/ A2 (up)|un|? dz = / A3 (ug ) |ur o] do + / A3 (ug.n)|ugnl? dx + 0,(1). (3.10)
R2 R2 R2
Thus, by (3.7), (3.9), and (3.10), we have

I(u,) = I(urn) + I(uz,,) + 0n(1).

Then
c= lim I(uy,) > liminf I'(u; ) 4+ liminf I (us,) > ¢+ (c —¢) = c.
Hence
lim I(uy,) =¢, lm I(uz,)=c—¢ (3.11)
Let

g(u) = (J'(u), u) :/

R2
By (3.7)—(3.10), and u,, € 3, we obtain

(|w2 o 34202 4 3AZP |u|”> d.

0= g(un) > g(ul,n) + g(u2,n) + On(l)' (3'12)
By Lemma 2.4, for any n > 1, 36,, > 0 such that 0,u,, € ¥, and then
62 / (|Vu1,n|2 + V(x)ufn) dx + 6° / B[Af(ul’n)uin + Ag(uln)ufn} dx
R2 R2
= 00| |up,|Pde. (3.13)

R2

Case 1 Up to a subsequence, g(u;,) < 0. By (3.13) and p > 6, we obtain
(62— 62) / (1Vural +12,) da
RQ

(07 -08) [ 3[4kt + A ] dr <o

R2
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which yields that 6,, < 1. Hence, for all n > 1,
c < J(Onurn) =1(0nu1) < I(u1,) = ¢<c asn— oo,

which is impossible.
Case 2 Up to a subsequence, g(us,,) < 0. We can have the argument as in Case 1.
Case 3 Up to a subsequence, g(uy,,) > 0 and g(us,,) > 0. By (3.12), we have that
g(u1,n) = 0,(1) and g(uz,) = 0,(1). If 6,, < 1+0,(1), we can repeat the arguments of Case
1. Assume that lim 6, =6y > 1, we get

n—oo

1) =g(u1,n)
_ / (1F010P + 02, + 34 (w10, + 343 )0, — )
R2

On(

1
(1 - 6272

) / (Vurnl? + V(epd,) de
RZ

1
3= ) [ (ARGt + A ) de
Hence, u;, — 0 as n — oo in X. Then, we obtain a contradiction with (3.11).

Step 3 We show the strong convergence. By the proof above, we have that there exists
a subsequence of {u,,} such that it is compact, that is, there is a sequence {£,} C RY such
that for any § > 0, there exists a radius p > 0 such that

/ dpn, > ¢ — 9§ for all n.

By (&n)

We define the new sequence of functions v, () = u,(- — &,) € X. We have that A;(v,(+)) =
Aj(un(- —&)), 7 = 1,2 and thus v, € 3. Furthermore, from (3.1), we have that for any
0 > 0, there is a radius p > 0 such that

[Vl 1 (B) < 0 uniformly for n > 1. (3.14)

By {u,} is bounded in X, {v,} is also bounded in X. Then, there exist a subsequence of
{vn} and u € X such that
v, — u weakly in X (3.15)

v, — u in L (R?) for 1 < s < 400 (3.16)

as n — oo. According to (3.14), (3.15), and (3.16), we obtain that, taken s € (2, +00), for
any d > 0, there exists p > 0 such that for any n > 1 sufficiently large

[on — ulls@2) <llvn — ullLe(B,) + llvn — ullL(sg)
<0+ C(llonllmr(ss) + lulla(ss))

<(1+20C)6,
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where C > 0 is the constant of the embedding H'(BS) C L*(BS). We have
v, — u in L*(R?) for any s € (2, +00). (3.17)
Thus
v, — u a.e in R% (3.18)
We have
(J' (vn), v, —u) — 0 as n — oo.

From (3.15), (3.17), (3.18), and Proposition 2.2, we have ||v,|| — |lu| as n — oo, which
yields v,, strongly converges to u in X.

The Proof of Theorem 1.1 From the proof of (ii) in Lemma 3.1, we get v € ¥ and
J(u) = c. Thus, u is a ground state solution of (1.1). Next, we show that u € H'(R?) does
not change sign. Let u, = max{u,0} and u_ = max{—u,0}, then v = uy —u_. We have

that
1 1 1 1
J(u) = (2 — 6) /R2 (IVul]® + u?) dz + (6 - p) y |ul? dz.

J(uy), J(u-) < J(us —u),

We obtain

which implies u_ = 0 or uy = 0. We suppose that u > 0. Combining the Sobolev theorem
with the Moser iteration to weak solution u € H'(R?) of (1.1), we know that u is bounded in
L>(IR?). Hence, for all ¢ € [2,00), there exists C; such that ||u|lw1.qge2) < Ci. Furthermore,
we obtain that u € C*(R?) for some a € (0,1). Then, we have u € ()2, W>%(R?) by the
standard bootstrap argument. Consequently, we obtain u € C1*(R?) for some « € (0, 1) by
the classical elliptic estimate. From the maximum principle, we achieve that u > 0. Last, we
show the ground state u has exponential decay at infinity. Let W(x) = Me%(2I=1) where
M = max{|u(x)|: |z| = L} and 0 < § < 1. Then we have AV = (62 — l%)\ll Define

0, =€ B3,
PR = 2\ 10
bju— ¥, ze€R*\BY

with b; > 0. From (2.3), choosing 1 = ¢, we obtain

/ (IVorl® + |or|*) dz < / (G i) —1)U¢p dr +/ bilulP"*u¢r dz + or(1).
R2 R2 R

] 2

Let R > 0 such that |u[P=2 <1 —6? for |z| > R. Then

/| qs;dxg/l (IVorl® + |¢rl?) dasg/ (byu — ¥)(1 — 0*)pg dx + og(1)
z|>R z|>R

|z|>R
:(1—02)/| R(ﬁ%dx—i—oR(l).
x|>

Consequently, ¢r = 0. It implies exponential decay at infinity.
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