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Abstract: In this paper, we discuss some inequalities for the sequence of martingale differ-

ences. By using properties of conditional expectation and elementary inequalities, we obtain the

basic inequalities of Bernstein, Kolomogrov, Hoeffding for the sequence of martingale differences,

which extend the results on the case of bounded random vectors. Moreover, we obtain classical

Kolmogorov and Rosenthal inequalities for maximum partial sums of martingale differences, which

complement the results on the case of independent and negatively dependent random variables

under sub-linear expectations.
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1 Introduction and Main Results

To prove limit theorems in probability theory such as laws of large numbers, central
limit theorem, etc., one need to use necessary probability inequalities, which attract atten-
tions of many authors. Ahmad and Amezziane [1] proved extensions of the basic inequalities
of Bernstein, Kolmogorov and Hoeffding for the sums of bounded random vectors. Li [2]
established Bernstein inequality of the sequence of the martingale differences. Bercu and
Touati [3] proved several exponential inequalities for self-normalized martingale by intro-
ducing a new notion of random variable heavy on left or right. Fan et al. [4] obtained
exponential inequalities of Bennett Freedman, de la Peña, Pinelis and van de Geer. Fan
et al. [5] proved martingale inequalities of type Dzhaparidze and van Zanten. Zhang ob-
tained Rosenthal inequalities for independent and negatively dependent random variables
under sub-linear expectations. Xu and Miao [6] proved almost sure convergence of weighted
sums for martingale differences. Yu [7] obtained complete convergence of weighted sums for
martingale differences. Wang and Hu [8] established complete convergence and complete
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moment convergence for martingale difference sequence. It is natural to ask whether or not
the basic inequalities of Bernstein, Kolmogorov and Hoeffding, and Rosenthal inequalities
for the sequence of the martingale differences hold. Here we give an affirmative answer to
this problem. We state the main results in this section, and present the proofs in Section 2.

Let {ξi,Fi, i ≥ 1} be martingale differences on the probability space (Ω,F , P ) such that
|ξi| ≤ B < ∞, i = 1, 2, · · · , where B is nonrandom. Set ‖ξ‖ = inf{c > 0, P (|ξ| ≤ c) = 1},
which is called the essential supremum of random variable ξ. Denote σ̄2

i = ‖E(ξ2
i |Fi−1)‖,

i ≥ 1, where F0 = {∅,Ω}. Let a1, · · · , an be positive real numbers such that m = max
1≤i≤n

ai

and A2
n =

n∑
i=1

a2
i σ̄

2
i . Write S0 = 0, Sn =

n∑
i=1

aiξi =:
n∑

i=1

Xi. The following are the main results.

Theorem 1.1 (i) For any x > 0, P (Sn ≥ x) ≤ exp(− x2

2(A2
n+xBm/3)

).

(ii) For any x > 0, P (Sn ≥ x) ≤ exp(− x2

2A2
n
(1− xmB3(

n∑
i=1

a2
i )/A

4
n)).

(iii) For any x > 0, P (Sn ≥ x) ≤ exp( x
Bm

)(1 + xBm
A2

n
)−( x

Bm +( An
Bm )2).

Remark 1.1 (i), (ii), and (iii) in Theorem 1.1 is called to be Bernstein inequality,
Kolmogorov inequality, and Hoeffding inequality, respectively. As pointed out in Fan et al.
[5], in Theorem 1.1 Bernstein inequality (i) is implied by Hoeffding inequality (iii).

Theorem 1.2 (Kolmogorov inequality) E[max
k≤n

(Sn − Sk)2] ≤
n∑

k=1

E[X2
k ]. In particular,

E[S+
n ] ≤

n∑
k=1

E[X2
k ].

Theorem 1.3 (Rosenthal inequality) (a)

E[| max
0≤k≤n

(Sn − Sk)|p] ≤ 22−p

n∑
k=1

E[|Xk|p] for 1 ≤ p ≤ 2 (1.1)

and

E[| max
0≤k≤n

(Sn − Sk)|p] ≤ Cpn
p/2−1

n∑
k=1

E[|Xk|p] for p ≥ 2. (1.2)

In particular,

E[(S+
n )p] ≤





22−p
n∑

k=1

E[|Xk|p] for 1 ≤ p ≤ 2,

Cpn
p/2−1

n∑
k=1

E[|Xk|p] for p ≥ 2.
(1.3)

(b)

E[|max
k≤n

(Sn − Sk)|p] ≤ Cp{
n∑

k=1

E[|Xk|p] + Ap
n} for 1 ≤ p ≤ 2. (1.4)

In particular,

E[(S+
n )p] ≤ Cp{

n∑
k=1

E[|Xk|p] + Ap
n} for 1 ≤ p ≤ 2,

here Cp is a positive constant depending only on p.
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2 The Proof of Main Results

Proof of Theorem 1.1 For any α > 0, by Chebyshev inequality, we obtain

P (Sn ≥ x) ≤ E (exp(αSn))
exp(αx)

. (2.1)

As in the proof of Ahmad and Amezziane [1], Li [2], to prove the result in the theorem, we
first obtain an upper bound for E(exp(αSn) for all α > 0 and then choose α that the upper
bound is minimized. The ideas originally come from Bernstein, Kolmogoroff, Hoeffding [9],
Bennett [10]. Here the ideas also come from Bentkus [11], Ahmad and Amezziane [1], Li [2],
and Gao and Wu [12].

(i) For any real z, the power expansion of exp(z) is

exp(z) = 1 + z +
∞∑

j=2

zj

j!
. (2.2)

Note that E(αaiξi|Fi−1) = 0, E(|αaiξi|k|Fi−1) ≤ k!
2!

E(|α2a2
i ξi|2|Fi−1)

(
αaiB

3

)k−2
, k ≥ 2. For

αaiB
3

< 1, we have

E(exp(αaiξi)|Fi−1) ≤ 1 +
α2a2

i σ̄
2
i

2

∞∑
j=0

(
αaiB

3

)j

≤ exp

(
α2a2

i σ̄
2
i

2

(
1− αaiB

3

)−1
)

. (2.3)

By the properties of conditional expectations, for αaiB
3

< 1, we get

E

(
exp

(
α

n∑
i=1

aiξi

))
= E

(
E

(
exp

(
α

n∑
i=1

aiξi

)
|Fn−1

))
(2.4)

≤ E

(
exp

(
α

n−1∑
i=1

aiξi

)
exp

(
α2a2

nσ̄2
n

2

(
1− αanB

3

)−1
))

≤ · · · ≤ exp

(
n∑

i=1

α2a2
i σ̄

2
i

2

(
1− αaiB

3

)−1
)

.

Substituting (2.4) to (2.1), we obtain

P (Sn ≥ x) ≤ exp

(
−αx +

α2

2

n∑
i=1

a2
i σ̄

2
i

(
1− αaiB

3

)−1
)

. (2.5)

We choose

α =
x

mBx
3

+
n∑

i=1

a2
i σ̄

2
i

=
x

mBx
3

+ A2
n

,



708 Journal of Mathematics Vol. 39

the above inequality becomes

P (Sn ≥ x) ≤ exp

(
− x2

mBx
3

+ A2
n

+
x2

2
(

mBx
3

+ A2
n

)2

n∑
i=1

a2
i σ̄

2
i

(
1− xaiB/3

mBx
3

+ A2
n

)−1
)

≤ exp

(
− x2

mBx
3

+ A2
n

+
x2

2
(

mBx
3

+ A2
n

)
n∑

i=1

a2
i σ̄

2
i

mBx
3

+ A2
n − aiBx/3

)

≤ exp

(
− x2

mBx
3

+ A2
n

+
x2

2
(

mBx
3

+ A2
n

)
)

= exp

(
− x2

2
(

mBx
3

+ A2
n

)
)

.

(ii) For any t, | log(1 + t + t2

2
)− t| ≤ |t|3

2
, thus we obtain with probability one,

exp(αaiξi) = (1 + αaiξi +
1
2
α2a2

i ξ
2
i ) exp(Rn),

where
|Rn| ≤ 1

2
|αaiξi|3 ≤ 1

2
|αaiB|3.

Therefore
E(exp(αaiξi)|Fi−1) ≤ [1 +

1
2
α2a2

i σ̄
2
i ] exp(

1
2
|αaiB|3).

Hence by the properties of conditional expectations, we have

E(exp(αSn)) = E

(
E

(
exp

(
α

n∑
i=1

aiξi

)
|Fn−1

))

≤ E

(
exp

(
α

n−1∑
i=1

aiξi

))
[1 +

1
2
α2a2

i σ̄
2
i ] exp(

1
2
|αaiB|3)

≤ · · · ≤ exp

(
1
2
|αB|3m

n∑
i=1

a2
i

)
n∏

i=1

[1 +
1
2
α2a2

i σ̄
2
i ].

Because 1 + t ≤ exp(t) when t > 0, the right hand side above is bounded by

exp

(
n∑

i=1

1
2
α2a2

i σ̄
2
i

)
exp

(
1
2
mB3α3

n∑
i=1

a2
i

)
. (2.6)

Substituting (2.6) into (2.1), we obtain

P (Sn ≥ x) ≤ exp

(
1
2
α2A2

n +
1
2
mB3α3

n∑
i=1

a2
i − αx

)
.

We choose α = x
A2

n
. Thus the last inequality becomes

P (Sn ≥ x) ≤ exp


−

x2

2A2
n

+
x3mB3

n∑
i=1

a2
i

2A6
n


 = exp


−

x2

2A2
n


1−

xmB3
n∑

i=1

a2
i

A4
n





 .
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(iii) Note that exp(x) ≤ 1 + x + cx2 if and only if c ≥ (exp(x)− 1− x)/x2, we obtain

E(exp(αaiξi)|Fi−1) ≤ E(1 + αaiξi + cα2a2
i ξ

2
i |Fi−1),

where c is a bound on
exp(αaiξi)− αaiξi − 1

(αaiξi)2
.

Because (exp(x)− 1− x)/x2 is increasing in x and αaiξi ≤ αmB, we set

c =
exp(αmB)− αmB − 1

(αmB)2
.

By the properties of conditional expectations, the above inequality becomes

E(exp(αaiξi)|Fi−1) ≤ 1 + cα2a2
i σ̄

2
i ≤ exp(cα2a2

i σ̄
2
i ).

Hence

E

(
exp

(
α

n∑
i=1

aiξi

))
= E

(
E

(
exp

(
α

n∑
i=1

aiξi

)
|Fn−1

))
(2.7)

≤ E

(
exp

(
α

n−1∑
i=1

aiξi

))
exp(cα2a2

nσ̄2
n)

≤ · · · ≤ exp

(
cα2

n∑
i=1

a2
i σ̄

2
i

)
= exp(cα2A2

n).

Substituting (2.7) into (2.1), we obtain

P (Sn ≥ x) ≤ exp(cα2A2
n − αx). (2.8)

By choosing α = 1
mB

log
(
1 + mBx

A2
n

)
, (2.8) becomes

P (Sn ≥ x) ≤ exp
(

mBx/A2
n − log(1 + mBx/A2

n)
1

A2
n

(mB)2
− x

mB
log

(
1 +

mBx

A2
n

))

≤ exp
( x

Bm

)(
1 +

xBm

A2
n

)−
(

x
Bm +( An

Bm)2
)

.

The ideas of the proofs of Theorem 1.2, Theorem 1.3 come from that of Zhang [13].
Proof of Theorem 1.2 Set Tk := max{Xn+1−k, Xn+1−k + Xn−k, · · · , Xn+1−k + · · ·+

X1}. Then Tk = Xn+1−k + T+
k+1, T 2

k = X2
n+1−k + 2Xn+1−kT

+
k+1 + (T+

k+1)
2. It follows that

E[T 2
k ] ≤ E[X2

n+1−k] + 2E[E[Xn+1−kT
+
k+1|Fn−k]] + E[(T+

k+1)
2].

Note E[Xn+1−kT
+
k+1|Fn−k] = E[Xn+1−k|Fn−k]T+

k+1 = 0. We see that

E[T 2
k ] ≤ E[X2

n+1−k] + E[(T+
k+1)

2] ≤ E[X2
n+1−k] + E[T 2

k+1].
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Thus E[T 2
1 ] ≤

n∑
k=1

E[X2
n+1−k]. The proof is completed.

Proof of Theorem 1.3 (a) Let Tk be defined as in the proof of Theorem 1.2. We first
prove (1.1). Substituting x = Xn+1−k and y = T+

k+1 to the following elementary inequality

|x + y|p ≤ 22−p|x|p + |y|p + px|y|p−1sgn(y), 1 ≤ p ≤ 2

yields

E[|Tk|p] ≤ 22−pE[|Xn+1−k|p] + E[|T+
k+1|p] + pE[E[Xn+1−k|Fn−k](T+

k+1)
p−1]

≤ 22−pE[|Xn+1−k|p] + E[|T+
k+1|p]

by the property of martingale differences. Hence

E[|T1|p] ≤ 22−p

n−1∑
k=1

E[|Xn+1−k|p] + E[|X1|p].

So (1.1) is proved.
For (1.2), by the following elementary inequality

|x + y|p ≤ 2pp2|x|p + |y|p + px|y|p−1sgn(y) + 2pp2x2|y|p−2, p ≥ 2,

we have

|Tk|p ≤ 2pp2|Xn+1−k|p + |Tk+1|p + pXn+1−k(T+
k+1)

p−1 + 2pp2X2
n+1−k(T

+
k+1)

p−2.

It follows that

|Ti|p ≤ 2pp2

n∑
k=i

|Xn+1−k|p + p

n−1∑
k=i

Xn+1−k(T+
k+1)

p−1 + 2pp2

n−1∑
k=i

X2
n+1−k(T

+
k+1)

p−2. (2.9)

Therefore by Hölder inequality

E[|Ti|p] ≤2pp2E

n∑
k=i

[|Xn+1−k|p] + p

n−1∑
k=i

E[E[Xn+1−k|Fn−k](T+
k+1)

p−1]

+ 2pp2

n−1∑
k=i

E[X2
n+1−k(T

+
k+1)

p−2]

≤2pp2

n∑
k=1

E[|Xn+1−k|p] + 2pp2

n−1∑
k=1

(E[|Xn+1−k|p])2/p(E[|Tk+1|p])1−2/p.

Let Dn = max
k≤n

E[|Tk|p]. Then Dn ≤ 2pp2
n∑

k=1

E[|Xk|p] + 2pp2
n−1∑
k=1

(E[|Xn+1−k|p])2/pD
1−2/p
n .

From the above inequalities, we obtain

Dn ≤ Cp[
n∑

k=1

E[|Xk|p] + (
n−1∑
k=1

(E[|Xn+1−k|p])2/p)p/2] ≤ Cpn
p/2−1

n∑
k=1

E[|Xk|p].
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(1.2) is proved.
(b) From (2.9) it follows that

E[|Ti|p] ≤2pp2

n∑
k=i

E[|Xn+1−k|p] + p

n−1∑
k=i

E[Xn+1−k(T+
k+1)

p−1]

+ 2pp2

n−1∑
k=i

E[E[X2
n+1−k|Fn−k](T+

k+1)
p−2]

≤2pp2

n∑
k=i

E[|Xn+1−k|p] + p

n−1∑
k=i

E[E[Xn+1−k|Fn−k](T+
k+1)

p−1]

+ 2pp2

n−1∑
k=i

a2
n+1−kσ̄

2
n+1−kE[(T+

k+1)
p−2]

≤2pp2

n∑
k=1

E[|Xn+1−k|p] + 2pp2

n−1∑
k=1

a2
n+1−kσ̄

2
n+1−k(E[(T+

k+1)
p])1−2/p.

Let Dn = max
k≤n

E[|Tk|p]. Then

Dn ≤ 2pp2

n∑
k=1

E[|Xk|p] + 2pp2A2
nD1−2/p

n .

By the above inequality, we see that

Dn ≤ Cp{
n∑

k=1

E[|Xk|p] + Ap
n}.

(1.4) is proved.
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鞅差序列的概率不等式和Rosenthal不等式

徐明周,程 琨,丁云正,周永正

(景德镇陶瓷大学信息工程学院, 江西景德镇 333403)

摘要: 本文研究了鞅差序列的一些不等式. 利用条件期望性质和基本不等式, 获得了鞅差序列

的Bernstein, Kolmogorov和Hoeffding不等式, 推广了有界随机向量相应的结果. 另外, 得到了鞅差序列的最

大部分和的经典Kolmogorov和Rosenthal不等式, 补充了次线性期望下独立和负相依随机变量的相应结果.
关键词: 鞅差序列; Bernstein不等式; Kolmogorov不等式; Hoeffding不等式; Rosenthal 不等式
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