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Abstract: In this paper, we discuss some inequalities for the sequence of martingale differ-
ences. By using properties of conditional expectation and elementary inequalities, we obtain the
basic inequalities of Bernstein, Kolomogrov, Hoeffding for the sequence of martingale differences,
which extend the results on the case of bounded random vectors. Moreover, we obtain classical
Kolmogorov and Rosenthal inequalities for maximum partial sums of martingale differences, which
complement the results on the case of independent and negatively dependent random variables
under sub-linear expectations.
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1 Introduction and Main Results

To prove limit theorems in probability theory such as laws of large numbers, central
limit theorem, etc., one need to use necessary probability inequalities, which attract atten-
tions of many authors. Ahmad and Amezziane [1] proved extensions of the basic inequalities
of Bernstein, Kolmogorov and Hoeffding for the sums of bounded random vectors. Li [2]
established Bernstein inequality of the sequence of the martingale differences. Bercu and
Touati [3] proved several exponential inequalities for self-normalized martingale by intro-
ducing a new notion of random variable heavy on left or right. Fan et al. [4] obtained
exponential inequalities of Bennett Freedman, de la Pena, Pinelis and van de Geer. Fan
et al. [5] proved martingale inequalities of type Dzhaparidze and van Zanten. Zhang ob-
tained Rosenthal inequalities for independent and negatively dependent random variables
under sub-linear expectations. Xu and Miao [6] proved almost sure convergence of weighted
sums for martingale differences. Yu [7] obtained complete convergence of weighted sums for

martingale differences. Wang and Hu [8] established complete convergence and complete
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moment convergence for martingale difference sequence. It is natural to ask whether or not
the basic inequalities of Bernstein, Kolmogorov and Hoeffding, and Rosenthal inequalities
for the sequence of the martingale differences hold. Here we give an affirmative answer to
this problem. We state the main results in this section, and present the proofs in Section 2.

Let {&;, F;,i > 1} be martingale differences on the probability space (€2, F, P) such that
€] < B < 00,1 =1,2,---, where B is nonrandom. Set ||£|| = inf{c > 0, P(|¢| < ¢) = 1},

which is called the essential supremum of random variable £. Denote 7 = |E(£2|F;_1)],
i > 1, where Fy = {0,Q}. Let ay,--- ,a, be positive real numbers such that m = 1I£18,<X a;

and A? = Z a?a?. Write Sp =0, S,, = Z a;&; =: Z X;. The following are the main results.
i=1 =1 i=1
Theorem 1.1 (i) For any z > 0, P(S,, > z) < exp(—m).
(ii) For any = > 0, P(S, > ) < exp(— 54z (1 —amB3(> a2)/A)).
i=1

(iii) For any 2 > 0, P(S, > ) < exp(55;) (1 + £55)~ ( + (5
Remark 1.1 (i), (ii), and (iii) in Theorem 1.1 is called to be Bernstein inequality,

An )2)

Kolmogorov inequality, and Hoeffding inequality, respectively. As pointed out in Fan et al.

[5], in Theorem 1.1 Bernstein inequality (i) is implied by Hoeffding 1nequahty (iii).
Theorem 1.2 (Kolmogorov inequality) F [I}?&X(S - Sp)?] < Z E[X?]. In particular,

k=1
B[S < 30 EIX}].
k=1
Theorem 1.3 (Rosenthal inequality) (a)
E[|Or<nka<x (S, — Sp)[P] < 2% ”ZE|Xk|p for1<p<2 (1.1)
and .
B[] max (S, = Si)["] < Cyn?> ! Z E[|Xyf]  forp>2. (12)
=1
In particular,
ZQPZE\X;CP’] for 1 <p<2,
E[(S7)"] < (1.3)
C, np/2 ! Z E[|Xy|P] for p> 2.
(b) )
Ef|max(8, — 8,)"] < Co{d E[Xi|+ An} for1<p<2. (1.4)

k=1
In particular,
E(S1)) < Co{ D E[XiP] + A} for1<p<2,
k=1

here C), is a positive constant depending only on p.
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2 The Proof of Main Results
Proof of Theorem 1.1 For any a > 0, by Chebyshev inequality, we obtain

E (exp(aSn))‘

P Sz a) < exp(ax)

(2.1)
As in the proof of Ahmad and Amezziane [1], Li [2], to prove the result in the theorem, we
first obtain an upper bound for E(exp(a.S,,) for all & > 0 and then choose « that the upper
bound is minimized. The ideas originally come from Bernstein, Kolmogoroff, Hoeffding [9],
Bennett [10]. Here the ideas also come from Bentkus [11], Ahmad and Amezziane [1], Li [2],
and Gao and Wu [12].

(i) For any real z, the power expansion of exp(z) is

exp(z) =14z + g i (2.2)
j=2 7"

— 2!

Note that E(aa;&|Fi—1) = 0, E(|aa;& || Fisi) < BE(|o?a2?| Fisy) (aagB)’“‘Q, k > 2. For
aa; B
3

a2a252 X [ aa; B\’ o?a?5? aa; B\
E(exp(aa;&;)|Fi1) <1+ 21 12( 3 > Sexp( 211 <1— 3 ) . (2.3)

=0

< 1, we have

aa; B
3

E (exp (aZai@-)) =F <E (exp (aZai@) |.7-'n_1>> (2.4)
- (exp (aZaz- . <a2a2iai <1 - oza;B)_ ))

" 024252 aa; B\
< ) T (g Q% .

i=1

By the properties of conditional expectations, for < 1, we get

IN

IN

Substituting (2.4) to (2.1), we obtain

a? — aa; B\
P(S, >z < — — 2521 - — . 2.
(Snx)exp< ar + 5 Z:azaZ < 3 ) ) (2.5)

We choose
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the above inequality becomes

x? x? - za;B/3 \
> ) <exp | - 252 (1 _ T
P(Sn - x) > eXp ( mBm + A2 + (mf‘r + A2)2 — a;o; (1 mBx + AQ)

x? & %251'2
I’)’LB‘L +A2 (mBz +A2) g mBz + A2 —alB.I'/?))
2

| /\

exp

o
( mB£+A2 2("%?{3f+,43)>
§

2 me + A2)> .

(ii) For any ¢, |log(1+t+ %) -t < %, thus we obtain with probability one,
1

exp(aa;&;) = (1+ aa§ + 50%aie) exp(Ry),

where

1 )
|R,| < §\aai§i|g < ~|aa;BJ*.

[N

Therefore

1 1
E(exp(aa;&)|Fio1) < [1+ iazaf(?f] exp(§|aaiB|3).

Hence by the properties of conditional expectations, we have

E(exp(aSn)) =FE (E (exp (azai£i> |-7:n1>>

n—1
1 1 .
<E (exp <aZai§i>> 1+ 503@?&3] exp(§|aaiB|3)

i=1

1 ) n n
< ... <exp <2|O¢B|‘3m2a§) H 1+ a a U
i=1 i=1

Because 1+ ¢ < exp(t) when ¢ > 0, the right hand side above is bounded by

n 1 1 n
exp (Zl 20?@?0?) exp <2m33a3 Zlaf) .
Substituting (2.6) into (2.1), we obtain

1 1 .
P(S, > x) <exp <2a2Ai + imB?’a3 Zaf — ozx) .

We choose a = . Thus the last inequality becomes

, r’mB® Z a? ) xmB?* " a?
P(S, >xz) <ex _r 4 =1 —exp | = [ =t
e YT 246 Pl o2 At

(2.6)
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(iii) Note that exp(x) <1+ x + cz? if and only if ¢ > (exp(z) — 1 — x)/2?, we obtain
E(eXp(aaifz‘ﬂfi—l) < E(1 + aa;&; + ca2a?€i2|~7:i—1)7
where c is a bound on
exp(aa;&;) — aa;&; — 1
(aaifi)z

Because (exp(z) — 1 — z)/2? is increasing in x and aa;&; < amB, we set

_exp(amB) —amB — 1
B (amB)?

By the properties of conditional expectations, the above inequality becomes

E(exp(aa;&)|Fis1) < 1+ ca?a?6? < exp(ca’a?a?).
(exp( 10 p 10

5 <exp (Zg)) 5 <E (m (Zg) W)) o)

Hence

n—1
< E (exp (aZai@-)) exp(ca’a?a?)
i=1
< - <exp (ca2 Zafa?) = exp(ca’A?).

=1

Substituting (2.7) into (2.1), we obtain

P(S, > z) < exp(ca®A? — az). (2.8)

By choosing a = -5 log (1 + ”ﬁ“), (2.8) becomes

mBz /A% —log(1 + mBuxz/A2) A? x mDBx
P(San)Sexp< / gl( / )(mB)2 —mBlog <1—|— yE >>

n

x xzBm ~(#at(35))
<o () (14 '

The ideas of the proofs of Theorem 1.2, Theorem 1.3 come from that of Zhang [13].
Proof of Theorem 1.2 Set T} := max{X, 11 &, X1t + Xty -, X1k +--+
Xy}, Then Ty = Xpi1 g+ Tifyy T2 = X214 42X 1 T35, + (T35,)% Tt follows that

E[Tlg] < E[beﬂ_k] + QE[E[Xn+1flej+1|fnka + E[(T,:rl)Q].
Note E[Xn+1_kT,j+1|fn_k} = E[Xn+1_k|j’:n_k]T,j+1 = 0. We see that

BITY] < BIX 1 ) + EI(T0)°] < BIX00 ] + BT )
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Thus E[T}] < Z E[X?2,,_;]. The proof is completed.

Proof of Theorem 1.3 (a) Let T} be defined as in the proof of Theorem 1.2. We first
prove (1.1). Substituting = X,,41_4 and y = T}, 1 to the following elementary inequality

|z +y|P < 2°7PlzfP + |y|” + paly/’ 'sgn(y), 1<p<2
yields

E(|Tl") < 2P E[| X 1—il”] + BT P1 + pE[E[X 01—k Fai (T0)
< 27PE[|Xn1iP] + ElIT )

by the property of martingale differences. Hence

n—1

BTy < 2°77 Y " B[ Xna-kl"] + B[ X4]7).
k=1

So (1.1) is proved.
For (1.2), by the following elementary inequality

[z +y|P < 2°p°|2|” + [y + px|y|P~'sgn(y) + 2P paP |y, p > 2,
we have
Tel” < 2°p%| Xsr P + [ Thia [P 4+ p X1 (T )P + 2007 X0y (T )72

It follows that

n—1 n—1
T <902 S X 4l 4 S X T 4 297 S X2 (T3P (29)
k=1 k=1 k=1
Therefore by Holder inequality
n—1
E[|T;P] <2? ZEZ [ Xni1-sl”) 40> BIEX sl Fu il (T )P
k=1 k=1
n—1
+ 2Pp? Z E[X721+17k(T;-+1)p72]
k=i

<2rp? ZE | X1l + 2°p? Z [ Xos1-ilP])* P (B[ Tesa [P 27

n—1

Let D, = max E[[Ty["). Then D, < 27" z E[|Xi[P) + 27p% Y- (B[| X1k 7)) >/7 D077,
k=1

From the above inequalities, we obtain

n—1

Dy < G E(Xi) + O (Bl Xnpa—nPD¥P)P?) < Cune/21> " B[ X4/,

k=1 k=1 k=1
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(1.2) is proved.

(b) From (2.9) it follows that

n n—1
E(T,)"] <2*p* Y E[|Xni1 x] + 1) E[Xui1 (T )P
k=i k=i

n—1
+ 2Pp? Z E[E[X721+17k|’7:n—k] (T/j+1)p72]
k=i

n n—1
<2 S Bl Xopr il + 9 Y EIEX r i Fuci (1)
k=1 k=1

n—1
+ 2pP2 Z aiJrlflcaerLJrlka[(Tl;:—l)piﬂ
k=i
n n—1
§2pp2 Z EHXn—i-l—klp] + 2pP2 Z a’l2’7,+17k76.7%+17k(E[(T]:_+1)p]>172/p'
k=1 k=1

Let D,, = max E[|Tk|P]. Then

D, <27p* Y E[|XilP] + 27p? AZDL /.
k=1

By the above inequality, we see that

Du < C{3" BIXeP] + A7),

k=1

(1.4) is proved.

1]

7]
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