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Abstract: We study the behavior of the solution to the full compressible Navier-Stokes fluid
in porous medium. By using standard energy and two-scale convergence, we prove the strong
convergence of the density and the temperature with characteristic size of the pores € in R" for
n = 2 or 3 and obtain the homogenized for this model, when ¢ — 0, which gives another explanation
to the results in references.
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1 Introduction

Homogenization is a mathematical tool that allows changing the scale in problems con-
taining several characteristic scales. Typical examples of its utilization are finding effective
models for composite materials, in optimal shape design, etc. Another important example,
which we are interested in, is the fluid mechanics of the flow through porous medium.

In porous medium, there are at least two length scales: microscopic scale and macro-
scopic scale. The partial differential equations describing a physical phenomenon are posed
at the microscopic level whereas only macroscopic quantities are of interest for the engineers
or the physicists. Therefore, effective or homogenized equations should be derived from the
microscopic ones by an asymptotic analysis. To this end, it is convenient to assume that the
porous medium has a periodic structure.

A number of known laws from the dynamics of fluids in porous media were derived
using homogenization. The most well-known example is Darcy’s law, being the homogenized
equation for one-phase flow through a rigid porous medium. Its formal derivation by two-
scale expansion goes back to the classical paper by Sanchez- Palencia [1], Keller [2] and
the classical book Bensoussan [3]. It was rigorously derived by using oscillating functions
by Tartar [4]. In other cases of periodic porous media, we refer the readers to the papers
by Allaire [5-8] and Mikelic [9, 10]. Other works can be seen in [11-13] and the references

* Received date: 2017-11-20 Accepted date: 2018-05-02
Foundation item: Supported by the research of high schools of Guangzhou (1201420925) and

GDNSF (2014A030313526).
Biography: Yuan Guozhi (1992-), male, born at Guangzhou, Guangdong, master, major at partial

differential equations. E-mail address: shenggaoxii@163.com.



530 Journal of Mathematics Vol. 39

therein. Besides the Darcy law, Brinkman [14] introduced a new set of equations, which is
called the Brinkman law, an intermediate law between the Darcy and Stokes equations. The
so-called Brinkman law is obtained from the Stokes equations by adding to the momentum
equation a term proportional to the velocity (see [7]).

Inspired by the work from Feireisl [11], we consider the asymptotic behavior of a com-
pressible fluid in a periodic medium. Before stating the system, let us recall the domain we
consider. A porous medium is defined as the periodic repetition of an elementary cell of size
e (we assume that % to be an integral) in a bounded domain © of R™ with n = 2,3. The
solid part of the porous medium is also taken of size e. The domain (). is then defined as
the intersection of §} with the fluid part. We consider the density dependent fluid governed

by the full compressible Navier-Stokes equations. So, we have the following equations

ﬁ%+&w%%ﬁw in Q. x (0,7),

< ot

g2 8(%5:5) + div(peue @ u.) — div(pVue) + Vpe = p-f in Q. x (0,7), (11
QQ{ (‘us|2+ )}+d { ( |u€|2+ + )} |
€ ot Pe B €e IV Ue Pe 9 Pe€e T Pe

= div(kVT.) + div(uVue - u.) + peuc f in Q. x (0,7),

where u,, p., T, are the unknown quantities velocity, density and temperature. p. = p.(p., T:)
is the pressure, e. = e.(pe, T:) is the internal energy, f (the exterior force) is given on
Q x (0,7). We assume that f is smooth enough. T € (0, 00) is fixed; kK = k(T.), u = p(Te)
are positive for T. > 0 and «, u € WH>°(]0, 00)).

We also assume that wu, satisfies
u. =0 on 09 x (0,T), (1.2)

and in order to fix ideas we impose Neumann boundary conditions on T. namely

OT.
on

where n, as usual, the unit outward normal to 0f2,.

=0 on 00 x (0,7, (1.3)

In this paper, we assume that the initial conditions

p€|t:0 = Po,e; u€|t:0 = UQ,e, Ts|t:0 = TO,E? 68|t:0 = €0, (14)

are bounded in L>(€,).
In this paper, we also assume that the transport coefficients p(T.) and x(T.) satisfying

the following conditions

R, ,LLEWLOO[O7+OO>7 0<H(1+T6) SN’(TE)v (1 5)
0 < k(1+T?) < w(T.) <R+ T '

for all T. > 0. p, Kk, % are positive constants.



No. 4 Asymptotic behavior of compressible Navier-Stokes fluid in porous medium 531

Let us recall that the equation with temperature in (1.1), it is equivalent (at least
formally) to

aat(pseg) + div(peuce.) — div(kVT.) — pu|Vue|* + p.divu, = 0. (1.6)

For simplicity, in this paper, we consider the models in astrophysics and the state
equation for the pressure p. and the internal energy e. satisfying the Joule’s law (see [15])
a 1 3
pe = apl +bplTe,  ec= ——pl 7" + T2,
v —
where v > n for n = 2, 3, % < (B <7, a,b,c are positive constants. Then the specific entropy
reads,

-(pe, T.) _3cf——p§ g

We assume that the initial condition
pest(pe, T.) € C([0,4+00)?), pe(s:)”(x,0) is bounded in L'(Q.).

Let us also recall that, at least formally, the following identity holds

|Vu.[*

|VT.|?
T, ’

7) = M(Ts) K(Ts) T2

20 (p.s2) + div(pouzs.) — div( (17)

Our aim here is to investigate the asymptotic behaviors of p., u. and T, as ¢ — 0 under
the assumptions mentioned above. The main difficulty in this paper is how to pass the limit
in the momentum and energy equations. To overcome this obstacle, we have to regularize
the system both in time and in space before we can pass the limit. In this paper, we exert
the conditions on the entropy to get the estimates. Moreover, we rigorously proved that the
low boundary of v would be n when passing the limit to the convection term. At the limit
process, we fall back on the two-scale convergence method to obtain the homogenized model.
Those are quite different from [11].

1.1 The Domain

Let €2 be an open bounded subset of R™ with n = 2 or 3 and defined Y = [0, 1]" to be
the unit open cube of R™. Let ), be a closed smooth subset of } with a strictly positive
measure. The fluid part is then defined by Yy = Y — V. Let 6 = |)|. The constant 6 is
called the porosity of the porous medium. We assume that 0 < 6 < 1.

Repeating the domain Y; by Y-periodicity, we get the whole fluid domain Dy, we can
write it as

Dy ={z € R"|3k € Z" such that x — k € )y }.

Then the solid part is defined by D, = R" — Dy. It is easy to see that Dy is a connected
domain, while D, is formed by separated smooth subsets. In the sequel, we denote for all
ke Z" Y* =Y+ k and then yf = Y5y + k. For all €, we define the domain (). as the
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intersection of 2 with the fluid domain scaled by ¢, namely, (). = QNeD;. To get a smooth
connected domain, we will not remove the solid part of the cells which intersect with the

boundary of €. Now, the fluid domain can be also defined by

Q. =0 —U{edri ke zm Y C Q).

1.2 Some Notations and Preliminaries

Throughout this paper, we denote LP(0,T;L%(X)), the time-space Lebesgue spaces,
where X would be Q or Q.; W*P(X) is the classical Sobolev space with all functions, whose
all derivatives up to order s belong to L? and H*(X) = W*?(X); W,"”(X) is the subset of
WP(X) with trace 0 on X. We also denote W—*'(X), the dual space of W§"*(X), where
p’ is the conjugate exponent of p; C' is a constant that may differ from one place to another.
Throughout this paper, we use || - ||x to denote the modules for all vectors and matrixes if
there is no confusion.

Due to the presence of the holes, the domain 2. depends on ¢ and hence to study
the convergence of {u., pe,p:}, we have to extend the functions defined in 2. to the whole
domain. This can be done in two different possible ways.

Definition 1.1 For any fixed e € L'(€.), we define

~ @ in Q,
(p:
0 in Q—Q.

the null extension and

@ in Q,
p=9q 1

5 o(z)dr in QNeYk
FUJevy

the mean value extension.

The relation between the weak limits of both types of extensions is given by the following
lemma (see [13]).

Lemma 1.1 For all w. € L*(€2.), the following two assertions are equivalent

1. O, = win LYQ); 2. 0. — 6w in L'(Q).

A very important property of the porous media is a variant of the Poincare’s inequality.
Due to the presence of the holes in )., the Poincare’s inequality reads in [12].

Lemma 1.2 Let 1 < p,q < 0o and u € Wy ?(€,), then

llul| g,y < Ce™ G2 |Vl 1o,

where C' depends only on Yy and p,q satisfies (1) 1 < p < n,p < g < p* = £ (2)

n—p’

p=mn,p<q<00;(3)p>n,p<q< oo
We also need the restriction operator constructed by Tartar (see [4]).
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Lemma 1.3 There exists an operator R. with the following properties

1. R. is a bounded linear operator on W, () ranging in Wy"*(Q.), p > 2;

2. R.[p] = ¢la. provide ¢ =0 in Q — Q;

3. divyp = 0 in Q implies div,R.[¢] = 0 in ;

4. R +elIVRIAN o) < Cllgllzr@ + el Velliaay).

In addition, we can find the restriction operator R. satisfies a compatibility relation

with the extension operator introduces in Definition 1.1, namely,

(Vo,p) = — / w divepdx = —/ w divR.[p]dx, Ve € C5 ().
Q )

€

Lemma 1.4 (Bogovskii operator) There exists a linear operator B, with the properties:
if f e LP(Q.), then ¢ = B.[f] such that

bW @), divo=f- o [ fie
9 Jo,

Moreover, the following estimates is satisfied
1B-[flllwirq.y < Ce I fllLey, 1<p<oo.
In addition, if f = divg with g € L(€2.), ¢ - n|oa. = 0, then
B [fllLa.) < CllgllLoa.), 1< q<oo.

There are many ways to construct B.. An explicit formula was proposed by Bogovskii
[16] on Lipschitz domains. Some properties of B, were discussed by Galdi [17]. In the domain
with porous medium, the relevant estimates were obtained by Masmoudi [13].

Finally, we define the permeability matrix A. For 1 < i < n, let (w;,m) € H* (V) x
L?*(Yy)/R be the unique solution of the following system

—Aw; + VT, =¢; in)y,
diV(A)i =0 in yf,
w; =0 on 0Y,, w;,m are Y-periodic,
where e; is the standard basis of R". Set wi = w;(%), mf = m;(£). Then we get the cell

problem
— 2 AwS +eVns =e; ine)ly,

divw; =0 ine)y,
wi =0 ond(e)s), w;,m are eY-periodic.

Lemma 1.5 Let wi,n; be the solution to the cell problem and be extended to zero

outside €2.. Then the following estimates hold

lwi llpa@ay < Cs i l[Lay/r < €, el|[Vw§liza@ay < C
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for any 1 < g < 400, C only depends on ¢ and Yy.
The construction of wi and the properties of w$, 7§ stated in Lemma 1.5 can be found
in Tartar [4] or Masmoudi [13]. Let us define

A= (Aij)ii=1, Aij :/ (wi);dz.
Vs

It is easy to see that A is a symmetric positive defined matrix. The form of the permeability
matrix has different form if ), has different forms. For more information about A, we refer
the interested readers to Allaire [7] for detail.

1.3 The Main Results

Now we introduce the definition of weak solution to the systems (1.1)—(1.4)

Definition 1.2 We shall say that a trio {u., p., pc} is a weak solution of (1.1), supple-
mented with the boundary and initial conditions (1.2)—(1.4) if only if

1. pe € L>=(0,T;L7(£2.)), v>n and u. € L?(0,T; H3(£.)), and the integral identity

T
/ / (52ps@t+psu5‘v¢)dajdt—_/ e%po.cp(x,0)dx
0 Q. Qe

holds for any test function ¢ € C5°([0,T) x Q.).
2. p. € L1Q. x (0,T)) for some ¢ > 1, and

T
/ / (€2 peticpy + pette @ ue 2 Vo + podive)dadt
0o Ja.

T T
—/ / uVue : Vpdzdt — / e2mo . p(z,0)dz — / / pe fodxdt.
0o Ja. Q. o Ja.

3. T. € L*(0,T; L°(Q.)) N L*(0,T; HY(Q.)), T- > 0 a.a in Q. x (0,T) and the integral
identity

r VT
/ / (e2pescipy + petiese - Vi — K(TE)T—EVgo)dxdt
0 Q. 5

T

Vug|? VT,|?

— [ [ o T k) N s+ [ p.as. (0,006t 000
o Ja. € : Q.

holds for any ¢ € Cg°([0,T) x Q).

With all the preparation above, we are now in the position to state our main result in
this paper.

Theorem 1.1 Let {uc, p., Tc}eso be a family of weak solutions to system (1.1). We

assume that v > n for n = 2,3 and

—

pe(x,0) — po(x), e.(w,0) — eo(x) strongly in L'(Q), respectively.



No. 4 Asymptotic behavior of compressible Navier-Stokes fluid in porous medium 535

Then, there exist three functions u, p, = such that
pe — p in LP(0,T;LYRN)), 1<p<oo, 1 <g<~vy+1,
T. = in L*Q x (0,T)),

— —~wu  weaklyin L*(Q x (0,7)),

where = = E(t) is a spatially homogeneous function, pz,0) = po(x). Moveover, {u,p,=}

satisfies the following homogenized system
|0|0:p + div(pu) =0 in Q x (0,7),
w(Eu = A(=Vp(p,E) + pf) ontheset {p >0} Qx(0,T),

agf) =pu-f,

where p, e are given by

p=ap’ +bp’E, e= yilp”‘lﬂﬁg,

and A is the so-called permeability matrix. The specific homogenized entropy s related to

the homogenized pressure p and the homogenized inner energy e through Gibbs’ equation
1
EDs(p,E) = De(p, E) + p(p, E)D(;) on the set {p > 0},
where s is given by s = 3¢VE — %pﬂ‘l.

2 Uniform Bounds

In this section, we collect all available bounds on the family {u., p., T.}. Let us begin

with the basic estimates
2.1 Basic a Priori Estimates

In this subsection, we obtain some estimates for the solutions to system (1.1) which are

independent of . First, from the conservation of mass, we have p. € L>(0,T; L*(Q.)). We

/ pada?:/ po.cdx = M. (2.1)
Q. Q

=

set

Next, integrating (1.7) over . x (0,t) for any t € [0,7T], we have
e IVTel| 20 x0.m) < € &7 [ Vel 2@ x 01y < C. (2:2)

We then deduce the uniform bound of p.|s.|in L*°(0,T; L*(£2.)) and p. is uniformly bounded
in L*>°(0,T; L7(€.)). By Lemma 1.2 and the special s., e., we also have

e |uellz2 0. x 0,1 < C;

3 (2.3)
peluc|?, peec, p.T2 are uniformly bounded in L°°(0,T; L7 (€2.)).
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2.2 Refined Temperature Estimatess

In this subsection, we want to deduce the uniform bounds on T.. Note that we only
have the bounds of VT, and pa']I‘E% . The estimate on T, itself isn’t included. To fill this gap,
we fall back on the Necas’ lemma [18] and the Sobolev embedding theorem in the porous
medium

Lemma 2.1 Let © be a bounded Lipschitz domain in R? or R®. Let M, K be two

positive real numbers and p a non-negative function such that
0<M§Mp:/pd:r, /p”deK for a certain v > 2.
Q Q
Then there exists a constant C' = C (M, K) such that
1
llw—— [ wpdz||r2@) < C(M, K)||Vw||g-10)
M, Jqo

for any w € L*(9).

Proof see [11].

Following the idea in [11] and [12], we prove the Sobolev embedding theorem in the
porous medium has the form.

Lemma 2.2 Let v € W?(Q.). Then we have

[v]| Lo,y < C(I/ vdz| + €|V | Loga,))
Q.

WithCindependentofE,1<p§q§n”—_";)forn23andl<p§q<ooforn:2.

Proof Obviously, it is enough to show
l|v]|Laca.) < C’s"%*%)”VUHLp(QE), veWr(Q,), / vdx = 0.
Qe
By the definition of the module of LP and Lemma 1.2, Lemma 1.3, we have
olleey = sup / VoB.[gldx
1911 g €1.J, pdo=0J .

(L -2
N sup V0]l zo@ae ™7 "N VB¢l o o)
el g <1.[q, pdz=0

1.1
<Ce™q p)HV’UHLP(QE),

heret + L =1 14+ L =1,
Weeq+q’ ’p+p’

By Lemma 1.3 and (2.2), we obtain

(VT 9)| < Cl|VT: 120, (€l r2(0.) + €l Vel r2a.)) < Cellellmy .

which implies that
IVTellL2 0,750 1020y < Ce. (2.4)
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1 1
Ts = Ts v ele sTsd .
M. /Q 8 M. /Q peiett

In accordance with Lemma 2.1 and (2.2)—(2.4), we have

Next, we write

1 1
||T. — / pTodx|| 20 < Ce, E. = / peT.dz is bounded in L*>(0,T).
M./, () M./,

We deduce that ||T.||z2(0.x(0,7)) < C. By Lemma 2.2, we obtain

| Tel|z20,1328 000y < C (2.5)
with C independent of ¢.
2.3 Refined Density Estimates

We get the uniform bound on p. in L>(0,7; L7(£2.)). This is not enough when we

consider the strong convergence of the density. In this part, we want to obtain some more

delicate estimates. To this end, we choose the test function v. = ¥(¢)B.(pe — \Q%I / pedx),

€

where ¥(t) € C5°(0,T), ¥(t) > 0, B. denotes Bogovskii’s operator introduced in Lemma 1.3.
For any t € (0,T"), we have

[0l]20.) < Cel|Vlli20.) < Cllpell 2.y,

(2.6)
o]l .y < CellVollLra.) < Cllpelle
Multiplying the second equation of (1.1) by v., we get (we drop the dzdt)
T
/ d)( / aszrl / / 5 peue atve / 7/’(15 / ps/ pe
0 [
/ | oer vt / | w9 / v [ b
(2.7)

+ /w(t)/ bp?T. / Pe — / / Pelle @ U, : VU,
1€%] Jo
7
=3I
i=1

The first term is the most technical and requires some spatial regularization of v. (see

[13]). Let us explain how the difficulty related to I; can be solved. The estimation of rest
terms are the same as [13]. Set x(z) € C§°(R™) such that x(z) > 0, / X(x)dz = 0. For all

n

6 € (0,1), we denote xs(z) = 5=x(%). Next, we denote p. s = p. * xs(x), where p. is defined

in Definition 1.1. Then we have the following relation

5 aps&

ot + le(Pe 6“5) = Te,5, (28)
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where 7. s is nothing but a commutator, r. s — 0 in L?(0,T}; L%(Q)) as 6 — 0. Now we

take v. 5 = VY(t)Bo(pes — lel/ pesdx) in stead of v.. Taking the time derivative of ¢ of
Qe

Ve 5, We have

dves Opes 1 Ope,s / ~ 1/ ~
at _w(t)B( at |QE| a. at ) + dj (t>BE(pE,5 ‘Qg| o, pa,&d‘r)
=(t)I11 + ' (t) 1o

It is easy to check that

T
|/ / e2peue - Y () o] < CE‘|p6||2L°°(O,T;L“/(QE))||us||L2(O,T;LP(QE)) < CE3+"(5_§),
0o Ja.

Where3—|—n(%—%)Z2forn:3and3—|—n(%—%)>2forn:2.

Next, after a straightforward manipulation we have
Oy e g~ ~ 1
Iy = — e "B(div(pe sue)) + Be(res — m Tesdx) = I11 + Iio.
el Ja.
By Lemma 1.2 and Lemma 1.3, we deduce that

T
/ / 5205“5 : 7#(t)Illl
0 Q.

To 1112, we have

T
/ / e2peue - (t) 112
0 Jo.

T
where L2.(Q.) = L*(0,T;L*(Q.)). Then we let § — 0 and deduce that / / e2p.u. -

o Ja.
¥(t)I112 also tends to 0.

From above, we get the estimate

2n
|u6||2L2(o,T;Lp(QE)) < Cett

< C||PEHQLOO(0,T;M(QE))

2y-—n
< Ce 7 ||peucllrz ) llre sl

2y 5
L2(0,T5L7+2 (Q.))

p- is bounded uniformly in L7 (9, x (0,T)). (2.9)

With those estimations, we can also obtain p. converges strongly to p in L*(0,T; L*(9))

for some s > 1, see [12].

3 Proof of Theorem 1.2

We divide three steps to finish the proof.

Step 1 Passing the limit in the continuum equation. As in [13], we can prove that
9p-
ot

+ e 3div(p.u.) = 0. (3.1)
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Multiplying above equation by ¢ € C§°(€2 x (0,7]) and integrating over Q2 x (0,7"), we have

T T ~
—/ /ﬁgatgodxdt—/ /Z);u;-Vgodxdt:/ﬁe(x,())go(x,())dm.
o Jo o Ja ¢ Q

Passing the limit and using the strong convergence of p. and po ., we obtain

T T
—9|/ /patcpda:dt—/ /pu-Vgpd:cdt = |0|/p0(:c)g0(a: 0)dz
0o Ja 0o Jo Q

We then recover the homogenized equation and the initial condition
800+ div(pu) =0, p(x,0) = po(a). (3.2)

Step 2 Passing the limit in the momentum equations.
To pass the limit, we have to regularize the second equation of (1.1) both x and ¢. To

this end, we set x1(z) € C3°(R™) such that x;(z) > 0, / X1(z)dr = 1. Let n; € (0,1) and
Rﬂ.

set X1y, (z) = %Xl(;—l) We also set x2(t) € Cg°(R™) such that x»(t) > 0, /+ X2(t)dt = 1.
R

Let 1y € (0,1) and set xa,,(t) = —XQ( —). Take 10, (p) * X1y, * X2, W5 @s the test function,
where T, is the truncated function by integer m and T, (pz) * X1n, * X21, is prolonged by
zero outside Q x (0,7), wg be the solution of the cell problem and ¢ € C§°(€2 x (0,7)). We

have

/ / ) Vue : V(T (p2) * X1y * Xonwi@)dadt
:/ / pete @ ue 2 V(T (pe) * X1 * Xon, Wy ) dxdt
o Ja
T
+é° / / pette - Wy, O (To(pe) * Xan, * Xag,p)dxdt
0o Jao
T
b [ o @) oo
0o Jao

T
+ / /pe(paa Ta)dlv(’]ra(//);) * X1ny * X2172wiﬁ0)dxdt
0 Q

:Il +IQ +I3 +I4
To pass the limit in I; and Iy, we can easily deduce that I; — 0, Iy — 0 as € — 0. Now, we

can pass the limit in I3 and I, since p. converges strongly,

T
Is — A, / / pf - Te(p) * X1ny * Xan, pdadt (3.4)
0 Q

and

T
L=y [ [ 0l DT (0) 10 xa

= - A / / vp :07 ) * X1ny * X277290dxdt
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Finally, we consider the limit on the left-hand side. We write it as

/ | HEV V) a0 xsio
/ / Ve 1 Vw;, To(pe) * Xig, * Xan, pdadt
/ / Vet Te(pe) * Vxin, * Xon, @ wi, @dxdt

/ / )Vt wi, @ Vo To(pz) * Xy, * Xon,dzdt
:L1 + LQ + L3.

It is easy to check that
|Ly + L] < Ce — 0 as € — 0.

On the other hand,

S

L =— (T )ue - Awy, Te(pe) * Xin, * Xan, pdrdt

~

p (Te)VT. @ u, : Vw;, Te(p2) * Xin, * X2, pdzdt

Nﬁc\h

(T )ue @ To(pe) * VXin * Xan, : VWi, odxdt

~

S— S — —

M(Ts)us ®@ Vo : Vuw, Ts(ﬁf) * X1y * X2?72dxdt

:Lll

+

Lis+ Lig + Lia.

We also have
‘L12+L13+L14| < Ce —0as ¢ —0.

To L1, by virtue of the cell problem, we have
Ly —/ / “2u. e, T.(p) * X1m * Xon, pdadt

- / / (T2 )u. e 'Vr® [T (pe) * Xin * X2ns — T.(pe)] pdxdt
0 Q

T
- / / w(THuTe(pz) - e 'Vn® pdadt
0o Ja

=Ly11 + Li12 + Liis.

We continue discussing the convergence of those three terms.

|L112 + L113| — 0 as ¢ — 0.
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Finally, passing the limit with € — 0, the limit of L1, is given by

T
/ / M(Ts)g_Qus “en Te(pe) * Xin * Xag, pdxdt
0 Ja (3.6)

T
_>/ / N’(E)u : enTm(p) * X1y * X2n2 (Pdl‘dt
0 Q

Let n1,m2 — 0 and m — +o00 and by using the arbitrary property of ¢, (3.4), (3.5) and (3.6)

lead to the homogenized system of the momentum. That is
w(E)u = A(=Vp(p,E) + pf) ontheset {p > 0}. (3.7)

Step 3 Passing the limit in the energy equation.

Integrating the energy equation in Q x (0,¢) and passing the limit, we have

9(pe)
ot

=pu-f ae inQx(0,7). (3.8)

We also have

2 b
pe—p=ap’ +bp’Ee. »e= —— 1P771+CE%,85—’S:3C\/§—T : A=t
/7_ J—

Then the following Gibbs’ equation holds
1
EDs(p,=) = De(p,=2) + p(p, E)D(;) on the set {p > 0}. (3.9)

Now we finish Theorem 1.2.
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ZILNEP A EHENavier-Stokesi BN ITHN

REE, B
(MR B 5E BARE 2B, 4R M 510006)

WE AR T 2N P54 dE 2 1 Navier-Stokes it BT AT A . FiFHFRHER GE 8 DA ASUR FEUR
S, T e = SR, IR T AR SR R s S, 3 — PRI T M N e — O, IR
RIS R I — A ZH R T STk 46 1.
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