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Abstract: In this paper, we study a kind of optimal problems related to the exact synchro-
nization for a controlled linear ordinary differential system. We establish a necessary and sufficient
condition for the optimal control. Moreover, we give the numerical approximation of the optimal
control and present some examples to test the effectiveness of the algorithm.
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1 Introduction
1.1 Background

Synchronization is a widespread natural phenomenon. It was first observed by Huygens
in 1967 [1]. For instance, pacemaker cells of the heart function simultaneously; thousands
of fireflies may twinkle at the same time; audiences in the theater can applaud with a
rhythmic beat; and field crickets give out a unanimous cry [2-4]. The theoretical studies on
synchronization phenomena from the perspective of mathematics were started by Wiener in
the 1950s [5].

Mathematically, the exact synchronization for a controlled system is to ask for a control
so that the difference of any two components of the corresponding solution to the system
(with an initial state) takes value zero at a fixed time and remains the value zero after the
aforementioned fixed time. The exact synchronization in the PDEs case was first studied for
a coupled system of wave equations both for the higher-dimensional case in the framework
of weak solutions in [6-8], and for the one-dimensional case in the framework of classical
solutions in [2] and [9]. A minimal time control problem for the exact synchronization of

some parabolic systems was studied in [10].
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In this paper, we consider an optimal control problem related to the exact synchroniza-
tion for a kind of linear ordinary differential system.

1.2 Formulation of the Problem and Hypotheses

Let A € R"™™ and B € R™*™ be two constant matrices, where n > 2 and m > 1. Let

Yo € R" . Consider the following controlled linear ordinary differential system

(1.1)

y=Ay+ Bu, t>0,
y(O):y()a

where u € L?(0, +00; R™) is a control. Write

y(t;yo.w) = (V1 (Yo, w), y2(tyo,w), -+, yn (B Yo, u) "

for the solution of (1.1). Here and throughout this paper, we denote the transposition of
a matrix J by JT. It is well known that for each T' > 0, y(-;yo,u) € C([0,T];R"). Given
To >0, yo € R" and y4 € L?(0, Ty; R™), we define an optimal control problem as follows

®)  Lmin / "l yo,u) — wa(®)|2n + Jut)2) dt.

2 uel 0
where
UZE {uc L*0,+oo;R™) : u(t) =0 for a.e. t> Ty,
and y1 (-390, u) = -+ = Yn( Yo, u) over [Tp, +00)}.

Two concepts related to this problem are the null controllability and the exact synchroniza-
tion. Let us recall them. First, the system (1.1) is said to be null controllable at time T, if for
any yo € R", there exists a control u € L?*(0, +00; R™) with u(t) = 0 over (T, +00), so that
y(t;yo,u) = 0 for all t > T. Second, the system (1.1) is said to be exactly synchronizable
at time T, if for any yo € R", there exists a control u € L?(0,+00; R™) with u(t) = 0 over
(T, 400), so that

y1(t;yo, w) = y2(t; Yo, uw) = - - - = yn(t; yo,uw) for all t > T.

Mathematically, the exact synchronization is weaker than the null controllability.

XN, 1I) S

1 -1 0 0
o1 -1 o
p&l . (1.2)
0 0 1

(n—1)xn

We shall use (-, -) to denote the inner product of R™ or R™ if there is no risk of causing any
confusion.
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In this paper, we assume that A and B satisfy the following hypothesis (H;) or (Hs).
(Hy) The pair (A, B) satisfies that

Zaw = Zajg for all 4,5 € {1,2,--- ,n}; (1.3)
=1 =1

and that rank(DB, DAB,--- ,DA"2B) = n — 1. Recall that D is given by (1.2).
(Hy) The pair (A, B) satisfies that

n

Zaiof # Zajol for some 1ig,jo € {1,2,--- ,n}
{=1 =1

and that

rank(B, AB,--- ,A""'B) = n.

The main result of this paper is as follows.

Theorem 1.1 Suppose that A and B satisfy either (H;) or (Hy). Then problem (P)
has a unique optimal control. Moreover,

(i) If A and B satisfy (H;), w* is the optimal control to problem (P) if and only if
u* € U and there exists a function q € C([0,To]; R™) so that

u*(t) = BT q(t) for a.e.t € (0,T) (1.4)

and

(1.5)

g+ATg=y"—y4 te(0,Tp),
(I(To) = qo,

where go = (qo1, 402, -+ ,qon) ' satisfies > go; = 0, and y* is the solution to (1.1) corre-
i=1
sponding to the optimal control u*, i.e., y*(-) = y(+; Yo, u*).

(ii) If A and B satisfy (Hs), u* is the optimal control to problem (P) if and only if
u* € U and there exists a function q € C([0, To]; R™) so that

uw*(t) = B q(t) for a.e.t € (0,Tp)

and
Q+ATq:y*_yd7 te <0>T0)a

where y* is the solution to (1.1) corresponding to the optimal control u*, i.e., y*(-) =
y(:yo, u”).

Pontryagin’s maximum principle of optimal control problems for differential equations
was studied for decades [11-15] and the references therein. Recently, Pontryagin’s maxi-
mum principle of optimal control problems for the exact synchronization of the parabolic
differential equations was considered in [16]. However, the sufficient condition for the above-
mentioned problem was not derived in [16]. This paper is organized as follows. In Section
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2, we prove Theorem 1.1. In Section 3, we give the numerical approximation of the optimal

control and present some examples to test the effectiveness of the algorithm.

2 Proof of Theorem 1.1

Under hypothesis (H;) or (Hs), by the same arguments as those in [16], we can show the
existence and uniqueness of the optimal control of problem (P). We omit the proofs here.
Next, we continue the proof of Theorem 1.1.

(i) We start with the proof of “Necessity” part. For any v € U and X € (0,1), we set
uy 2 u* + A(v — u*). Then uy € Y. Denote

o () -y ()

Vitel0,Ty.
)\ 9 6[70]

ya(t) £ y(t;yo,uy) and z(t)

We can show that

z2=Az+ B(v—u*), te(0,Tp), (1.6)
z(0) =0. '
Since u* is the optimal control to problem (P), we get
L[ 2 2
L (T N PN
1 OTg (1.7)
5 [ Oy —all ) ez 0, ¥ ae (0.1),
0
Dividing by A and passing to the limit for A — 0% in (1.7), we have
T[) TO
/ <y*yd,z>dt+/ (W v—u")dt >0, Yvel. (1.8)
0 0
Let p be the solution to the following system
p+ATp=y"—ys t€(0,T0), (1.9)
p(To) = 0.

Multiplying the first equation of (1.9) by z and integrating it over (0,7}), by (1.6) and (1.9),
we get

T() TO
/ (Y* — yq, z) dt = / (p, B(v —u")) dt.
0 0
This, together with (1.8), implies that

To
/ (u*—=B'pv—u*)dt=0, Vvel. (1.10)
0

Let ¢(+; Ty, o) be the unique solution to the following system

(1.11)

¢+AT§0:0a te (07T0>7
e(To) = o,
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where ¢o = (o1, 02, ,Pon) . Define

i=1

Yo, & {BT<P<'§T07<PO) . o € R™ and Zwm = ()} C L*(0, To; L*(Q)™).

It is obvious that Y7, is closed. We now claim that
u* —B'pecYy,. (1.12)

Otherwise, we would have that u* — BTp € L%(0,Ty; R™)\Yy,. This implies that
T[) TO
0= [ gt send< [ g0 - BTp)d Ve Y,  (113)
0 0

where g € L?(0,Ty; R™). Especially, choosing f = B ¢(+; To, o) with >~ ¢g; = 0 in (1.13),
=1

we have that
O:/o 0<g(t)’BT‘P(';To,<po)>dt:/o (Bg(t). 0(: Ty, p0) di (1.14)

for all ¢y € R™ with > ¢o; = 0.
i=1

On one hand, let w(-) be the solution to the following system

p=A Bg
{'w w+ Bg, t>0, (1.15)

w(0) =0,

where g is the zero extension of g over (0, +00). Multiplying the first equation of (1.15) by
@ (3 To, o) and integrating it over (0,7Tp), by (1.11) and (1.15), we obtain that

To n
(w(Th), po) = / (Bg(t), p(t; To, o)) dt for all ¢ € R™ with Z%i =0.
0

i=1

This, together with (1.14), implies that
’LU1(T0> = w2<T0) == wn<T0>, (116)

where w(Tp) = (w1 (Tp), wa(Tp), - -+, wa(Tp)) "

On the other hand, by (1.3), we denote Y ay = Y. a; £ pand a £ (1,1,---,1)7.
=1 =1
Then we can directly check that

Afa = pFa for all ke NT. (1.17)
Since w(t) = eAt=T0)aw(Ty) for all ¢ > Ty, it follows from (1.16) and (1.17) that

w(t) = wi (Ty)e"Ma, te [Ty, +o0).
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This implies that g + u* € Y. By (1.10), we get that

(1) - Bp(t). (1) dt = 0.

which leads to a contraction with (1.13). Hence, (1.12) follows, i.e., there exists a g =

(o1, qozs -+ »qon) | € R™ with 3" go; = 0, so that
=1

u*(-) = B'p(") = B (- To, qo)- (1.18)
Set q(-) = p(-) + ¢(-; To, o). Then by (1.9) and (1.18), we have that

q+ATq:y*_yda te <0>T0)a
q(Ty) = qo.

and u*(t) = BT q(t) a.e. t € (0,Tp).
Thus, we finish the proof of the necessity.
We next turn to the proof of “sufficiency” part. For any u € U, we denote

y(t) £ y(tiyo,u) and z(t) £ y(t) —y*(t), Vi€ (0,Ty],

where z(-) = (21(-), 22(-), - - - , 2n(-)). We can easily check that

2 =A B(u — u* T
z z+ B(u—u*), te(0,Tp), (1.19)
z(0) =0,
21(To) = 22(To) = -+ = 2u(To) (1.20)
and
1 To 1 To
3 [ Oyl + i) @t =5 [y = all + ) de
0 0
o * o * * 1 o * |12 * |12
= W —ya,z)dt+ | (W u—u)dt+ 5 (ly =y 120 + [l — w*[[Rn) dt
0 0 0
To To
2 / (Y" —ya, 2) dt+/ (u*,u —u*)dt. (1.21)
0 0

Multiplying the first equation of (1.5) by z and integrating it over (0,7}), by (1.19), (1.4)
and (1.5), we obtain that

T[) TO
Et).am) = [ -y des [ e
0 0
This, along with (1.20) and (1.21), implies that

I
3 [ Oy vl +
0

>(2(Tp),q(Ty)) = 21(To) ZQOi =0,

i=1

B ) dt

2 1 o * 2 *
&m) dt — 5 (ly* = yallzn + u
0



No. 3 Optimal control problem for exact synchronization of ordinary differential systems 363

which indicates that u* is the optimal control to problem (P).

(ii) By the same arguments as those in [16], under hypothesis (H2), we observe that

U= {uec L*0,400;R™) : u(t) = 0 for a.e. t > Tp,
and y(+;yo,u) = 0 over [Tp, +00)}.

We start with the proof of “Necessity” part. Let p and ¢(+; Ty, o) (where ¢y € R™) be

the unique solution to the equations

{ p+Ap=y* —ys te(0,Tp),

p(Ty) = 0 (1.22)

and

"P—l—AT"P:O? [AS (07T0)7
e(To) = o,

respectively. Define
Y, £ {B"@(5To. @o) - o € R"} C L2(0, To; L*()"™).

It is obvious that Y7, is closed. By similar arguments as those to prove (1.12), we have that
u* — B'p € Yy, i.e., there exists a gy € R", so that

u*(-) = B'p(-) = BT (5 Ty, qo)- (1.23)
Set q(-) 2 p(-) + @(-; Ty, o). Then by (1.22) and (1.23), we have that

q+ATq:y*_yda te <0>T0)a

q(Th) = qo

and u*(t) = BT q(t) a.e. t € (0,Tp).

Thus, we finish the proof of the necessity.

We next turn to the prove of “sufficiency” part. Its proof is similar to that of “Suffi-
ciency” part in (i). We omit it here.

3 Numerical Tests

In this section, we carry out two numerical tests. The tests concern the two cases
considered in Theorem 1.1, where (H;) is satisfied in Test 1 and (Hs) is satisfied in Test 2.
Test 1 For the framework of (i) in Theorem 1.1, we observe that the optimal control

u* and the optimal trajectory y* are the solutions to following equations

Yy = Ay + Bu, t € (0,7Ty),

y(0) = yo,
y1(To) = y2(To) = - - = yn(To),
u(t) = BTq(t), te (0,Tp), (1.24)

q.+ATq:y7yd7 te (07T0)7
q’L(TO) = 07
=1

K2
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where y(To) = (y1(T0), y2(T0), -+ 4 (T0)) ", @(To) = (a1(T0), 42(To), -+ 5 4n(T0)) s Yo, Ya
and Ty are given, A and B will be chosen to satisfy (Hy) .
Let (t;)i=0,1,-..,n be an equidistant partition of [0,75] with the time step At = 22 i.e.,

O:t0<t1<"'<tN,1<tN:T0.
Forl=0,1,--- N, i=1,2,--- ,n, we set
l

yi=vit), ¥ =whvh k), d=at), d =(d,d ., d).

The discretization of (3.1) gives the following system by an implicit finite difference scheme

I+1_ 1
yAty :Ayl+l+BBqu+17 12071727"'>N_17
4+1_ 1 1+1
g Atq +Aqu+1 :yl+1_yd+ , 120’1’2’“' ,N—l,
y =yy ==yl (1.25)
NN
Z g; =0.
i=1
This can be reformulated as a linear system of (2N+1)xn equations MY = b, here
y()
yl At
5 0
y .
: 0
y" 0
Y = 0 ) b= _yé ) 0= )
? Yi 0
~Ya
q' ,
: N
qN —Yq
0
and M is a (2N 4 1)n x (2N 4 1)n matrix given by
% —A 0n><n 0n><n Oan Oan BBT Oan Oan Oan
7A_Igl . i . : : Onxn
0n><n 0n><n : Oan Oan
Onxn : : o Opxn
Onxn Onxn 7A—I;L % —A Onxn O0,xn 0,xn BB"
M = _In 07L><7L 07L><7L e Onxn % + A Xgl Onxn Onxn e Onxn s
07L><7L _—In Oan :
0n><n T i . 0n><n : Oan . T . Oan
Oan . . . T t. Oan
0n><n 0n><n 0n><n 7In 0n><n 0n><n % +A 7A_Itn

0n><n 0n><n F 0n><n 0n><n 0n><n G



No. 3 Optimal control problem for exact synchronization of ordinary differential systems 365

where I, is the n-dimension identity matrix, 0,,x, is the n-dimension zeros matrix,

—
—_
o
o
o

F=|: oo : and G =

o O
o
o -
—
\
—

nxn
nxn

Finally, we can solve (3.2) for different choice of N to obtain the numerical solution y2,
then compare them with the exact solution of y* to check the convergence of the algorithm.
We carry out the test with n=2, m =1, Ty=1,

() (1) (3 1))

Clearly A, B satisfy (H;), and the exact solution y* = (y%,93)" can be obtained by direct
computation
e—e V2 —e+ eV?

* _ \/§t 7\@25 * — t
y1<t)_e\/§_e_\/§e +8\/§—6_\/§e ) y2<t) €.

Taking N=10, 20, 40, we can illustrate the numerical solution y* and the exact solution of
y* in the following figures

3 3
O @]
4 1 A
) o v // 25| (ORI //
s s
o P >
) -
- 7 N o
2 ~ 7 P
= o = o
o g
1.5 - 1.5 =t
o o
o e
—"" o
1 —— L L L ] 1 = L L L L i
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 1: the empty circle is the numerical solution y® = (y£,%5") ", and the solid line is the

exact solution y* = (yf,y3)" when N=10.

3 3
o = (@]
Y4 s Y2 s
A A vz
o o Y i 2.5 o % &7
b o
o ,
» [o%
— ~ ~ >
> 2 }}/‘) > 2 o
o o
> i ///@//
1.5 /;a/ 4.5 /Q/;/
o e
= -t
1 L= il . . . . 1 === . L . . ,
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 2: the empty circle is the numerical solution y® = (y2,y5*) ", and the solid line is the

exact solution y* = (y%,y3)" when N=20.
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3r 3
Y, Vo .
vy - o vy o
2.5 & Y (,z?/ 25F | O Y2 QQ'/
> &
= 2 oF o S 2 /C)Q/
o -
- o
15} = dealr =
_eF o e
,;/@//e,(y” o Ror
1 Lese®™ ‘ ‘ ‘ ‘ 4 Loz ‘ ‘
o 0.2 0.4 0.6 0.8 1 0 0.2 0.4 06 08 1
t t

Figure 3: the empty circle is the numerical solution y® = (y2,y5") ", and the solid line is the
exact solution y* = (y%,y3) " when N=40.

Test 2 For the framework of (ii) in Theorem 1.1, we see that the optimal control u*

and optimal trajectory y* are the solutions to following equations

y= Ay + Bu, t € (0,Tp),

y(0) = yo,
y(Tp) =0, (1.26)
u(t) = B'q(t), t € (0,Tp),

Q+ATq:y—yd7 te <0>T0)a

where y(Ty) = (y1(To),y2(To), -+ ,yn(T0)) ", ya and Ty are given, A and B will be chosen

to satisfy (Hs).
Analogously we take the same scheme as in Test 1 to obtain the discretization of (3.3)

as the following system

yt -yt _ I+1 T 141 _ .
R AN A el
At +A q =Y —Yq > 12071727"'7]\[717 (127)

This can be reformulated as a linear system of (2N+1)xn equations:

MY =b,
Here .
Yy
yl At
5 0
Y .
yN 0 ’
Y g 0 s b g fyé s 0 g : s
e -y 0
q* o
: N
-y
qN d
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and M is a (2N 4 1)n x (2N 4 1)n matrix given by

—I,

At

07L>< n

Oan

,In
07L>< n

Oan

07L>< n

07L>< n

I
ﬁ - A 07L><7L

07L>< n

Oan

Oan Oan

_—In

07L>< n

07L>< n

07L>< n

Onxn Onxn

Onxn

Onxn

o~ A Opxn

Onxn Z+A
Onxn

Onxn

Onxn

—I,

I, Onxn

BBT
Oan

07L><7L

0n><n

07L><7L

Oan

07L><7L

0n><n

Oan
0n><n
0n><n
0 Lo 1 A
nxn At +
Oan

07L><7L

07L><7L

07L><7L

BB'T

0n><n I

0n><n

0n><n

—In

At

Oan

where I,, is the n-dimension identity matrix, and 0,,«, is the n-dimension zeros matrix.

Finally, we can solve (3.4) for different choice of N to obtain the numerical solution y2,
then compare them with the exact solution of y* to check the convergence of the algorithm.
We carry out the test with n = m = 2, To=1,

Yo = )

Ya =

and B =

Clearly A, B satisfy (Hsy), and the exact solution y* = (yi,v3)"

computation:

*

yi(t) = 1o’

1

\/§t+

62\/5

62\/5—18 9 yQ

7\/525 *

1

) =T—25°

1 0
01

can be obtained by direct

\/5t+

62\/5

251"

,\/515'

Taking N=10, 20, 40, we can illustrate the numerical solution y* and the exact solution of

*

y* in the following figures:
1 \\\ 1 \
S — Y, N\« Yo
0.8 > A 0.8 < & A
\\\ Y1 \\ o Y,
N ‘\
0.6 \Q\ 0.6 [ N
=T s Sl ~Q
0.4 N 04| e
. ~Q.
. -0
0.2 RN 02 ~0
L - \\g\,\\
0 L L L L \\\a) 0 L L L L \\\e)
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 4: the empty circle is the numerical solution y® = (y2,y5") ", and the solid line is the

exact solution y* = (y%,y3)" when N=10.
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1 ~ 1
\\ Y \ v
0.8 9 o ¥ 08F W o vy
S &
0.6 S 0.6
QL Q
=3 QL =l <
0.4 e 0.4 Q.
Q_ R
S g,
0.2 S 0.2} S
~aL @
e R =
0 0 0 e
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 5: the empty circle is the numerical solution y® = (y£,y5") ", and the solid line is the
exact solution y* = (y§,y5)" when N=20.

1 s 1
\&\ Yy ) Y2
0.8 8 o YA 0.8 \9\ o v
%o 1 ' 2
S,
0.6 g o6 3 ;
= QQS‘\ S -g\
AT
0.4 - Sag, 0.4} QQQ\Q
e Seg
r “Sag, r TSog
0.2 OSeg, 0.2 Seae,
13)@& S e
0 ‘ ‘ ‘ ‘ e 0 5 ; ; L Oegg,
(0] 0.2 0.4 0.6 0.8 1 (0] 0.2 0.4 0.6 0.8 1

Figure 6: the empty circle is the numerical solution y® = (y£,45") ", and the solid line is the
exact solution y* = (y§,y3) " when N=40.

From these figures, we observe that the error between the numerical solution and the
exact solution decreases with the increase of V. So, if we take the value of N large enough,
the exact solution can be approximated nicely by this method.
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