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Abstract: In this paper, we study the existence of infinitely many large energy solutions
for the superlinear fractional Schrédinger equations via the Fountain Theorem in the critical point
theory. In particular, we do not use the classical Ambrosetti-Rabinowitz condition, which extends
the result in [12].
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1 Introduction and Main Results
In this article, we consider the following fractional Schrodinger equations
(=A)u+V(z)u= f(z,u), zecRY, (1.1)

where s € (0, 1), (—=A)?® stands for the fractional Laplacian, and f € C(RY,R), N > 2s.
Here the fractional Laplacian (—A)® of a function u € S is defined by

F((=A)u)(€) = [ F(u)(§), Vse(0,1),

where S denotes the Schwartz space of rapidly decreasing C™ functions in RY, F is the

Fourier transform, i.e.,

1 .

FW(©) = [ e
(27T>7 RN
If u € C°(RY), it can be computed by the following singular integral
. B u(z) — u(y)
(—A)°u(x) = ey P.V. /RN Tz~ g2 Y
* Received date: 2014-10-27 Accepted date: 2015-04-07
Foundation item: Supported by NSFC (11371282) and Natural Science Foundation of Jiangxi
(20142BAB211002).

Biography: Zhang Jinguo (1980-), male, born at Zaoyang, Hubei, associate professor, major in

nonlinear functional analysis and PDE.



336 Journal of Mathematics Vol. 39

here P.V. is the principle value and cy s is a normalization constant.

In recent years, equation (1.1) was widely studied under various conditions on f, for
example [4, 5, 8-14]. Specially, in [9], Felmer, Quaas, and Tan studied the existence and
regularity of positive solution of (1.1) with V(x) = 1 when f has subcritical growth and

satisfies Ambrosetti-Rabinowitz condition, i.e., there exists # > 2 such that

0<OF(x,u) <tf(x,t) Vt>0 ae xRV, (AR)
where F(z,u) = / f(z,t)dt. As is well-known, (AR) condition implies that the nonlin-
0

earity f is super-quadric at infinity. In [12], Secchi obtained the existence of ground state
solutions of (1.1) when V(z) — +o00 as |z| — 400 and (AR) condition holds, and Chang [4]
investigated the existence of ground state solutions of (1.1) when f(z,t) is asymptotically
linear with respect to t at infinity.

In this article, we use the Fountain Theorem to find infinitely many large energy solu-
tions to eq. (1.1) when the nonlinearity f does not satisfies (AR) condition. We give the
following assumptions.

(V) The function V € C(RY R) satisfies hnlgf V(x) > a > 0, where a > 0 is a constant.
z€RN

Moreover, for every M > 0, meas({x € RV : V(z) < M}) < oo, where meas denote the
Lebesgue measure in RY;
(f1) f(x,—t) = —f(z,t) for any z € RY;

(f2) f € C(RY x R,R) and for some 2 < p < 2} := 2 ¢; >0,
|f(z,t)] < ([t + [tFh), for ae. z € RN

and lir% @ = 0 uniformly in 2 € R¥;
t—

(f3) lim Fl(f‘;t) = +o0, uniformly in x € RY and F(z,0) = 0, F(z,t) > 0 for all

[t]—o0
(z,t) e RN x R.
(f4) There exists a constant § > 1 such that

0H (x,t) > H(xz,rt)

for all z € RV, ¢t € R and r € [0, 1], where H(z,t) = tf(x,t) — 2F(z,1).

Remark 1.1 Obviously, (f3) can be derived from (AR). Under (AR), any (PS) sequence
of the corresponding energy functional is bounded, which plays an important role of the
application of variational methods. Indeed, there are many superlinear functions which do
not satisfy (AR) condition. For instance, the function f(z,t) = ¢In(1 + |t|) does not satisfy
(AR) condition.

The main result is as follows.

Theorem 1.1 Assume that (V), (f;)—(f;) hold. Then eq. (1.1) has infinitely many
solutions {u,} C H*(R") satisfying

3 [1elin@pde+ 5 [Vienias - [ Fou)ts -+,
RN

RN RN
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where @ := F(u) denotes the Fourier transform of w.
The paper is organized as follows. In Section 2, we introduce a variational setting of the
problem and present some preliminary results. In Section 3, we apply Fountain Theorem to

prove the existence of infinitely many weak solutions of eq.(1.1).

2 Variational Settings and Preliminary Results

In this section, we collect our basic assumptions and recall some known results for future
reference. In this paper, the symbols C, C; will be used to denote various positive constants.
Br(0) denotes the ball centered at the origin with radius R.

For any s € (0, 1), the fractional Sobolev space H*(R") is defined by

H(RY) := {u c L*(RY): dedy < —l—oo}

R2N

endowed with the natural norm

u 2 3
HUHHS(]RN) /|u| d.’L’—F/ | |N+23| dx dy> ’

where the term u(z) ( )|2 )
u(zx) — u(y 3
o) = ( Wflmd@)

R2N

is the so-called Gagliardo semi-norm of w.
Moreover, one can see that an alternative definition of the fractional Sobolev space

H*(RY) via the Fourier transform is as follows

@) = {ue 2®): [(1+IENaoRds < +oo},

RN

where @ := F(u) denotes the Fourier transform of u. The following identity yields the

relation between the fractional operator (—A)* and the fractional Sobolev space H*(RY),
sy = / € (e Pde) " = =) ul e,
for a suitable positive constant C' depending only on s and N.
Now, from Propositions 3.4 and 3.6 of [7], we have the norms on H*(RY),
w = |ul g @y,

1

s 2
wrs (NulBegeny + (=2 el )

wrs (el + [ Il Pe)

RN

(2.1)
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are all equivalent. Moreover, it follows from the results of [7, 11, 12] that we have the
following results for the fractional Sobolev space.

Lemma 2.1 The space H*(R") is continuously embedded into LP(R™Y) for p € [2, 2]
and compactly embedded into LI (RY) for p € [2, 27).

In this paper, we consider a Hilbert space

E= {ueﬂswﬂ / |m%x<+m}

with the norm by

Jull = ([ igonacera+ ufdr)’

Together with (V), it follows from (2.1) that the norm || - || is equivalent to the norm

ol = ([ ea@rde+ [ violusar)’

RN
Then throughout out this paper, we use the norm || - |[g in E. Obviously, the embedding
E — LP(RY) is continuous for any p € [2,2*], and is compact for any p € [2,27).
The energy functional I : E — R of eq. (1.1) is defined by

1
Iw) =3l - [ Pl
RN

Evidently, it is well-known that I is a C' functional with the derivative given by

/EFA @+/ me—/}@wwa (2.2)

RN
and its critical points are the solutions of (1.1). It is easy to know that I exhibits a strong
indefiniteness, namely, it is unbounded both from below and from above on infinitely dimen-
sional subspaces. This indefiniteness can be removed using the reduction method described
in [2, 15], by which we are led to study a one-variable functional that does not present such
a strongly indefinite nature.

For reader’s convenience, we introduce the Cerami ((C) for short) condition, which was
established by Cerami [3].

Definition 2.1 Assume that the functional ® is C'. For ¢ € R, if any sequence {u,, }
in F satisfying ®(u,) — ¢ and (1 4 ||u,||)||®'(un,)|| — 0 has a convergence subsequence, we
say ® satisfies Cerami condition at the level c.

To complete the proof of our theorem, we need the following Fountain Theorem.

Theorem 2.1 Let X be a Banach space with the norm || - || and let X, be a sequence
of subspace of X with dim X; < oo for each j € N. Further, X = @J ey Xj, the closure of
the direct sum of all X;. Set W), = @j:o X, Z, = @,~; X;. Consider an even functional
® € C'(X,R). If, for every k € N, there exist p, > r, > 0 such that
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(®1) ap:= max  P(u) <0,
uEWp, [lull=pk
(®3) by := inf  ®(u) = 400, as k — oo,

UE Zy, |lul|=rk
(®3) the Cerami condition holds at any level ¢ > 0. Then ® has an unbounded sequence

of critical values.
Remark 2.1 Cerami condition is weaker than (PS) condition. However, it was shown
in [1] that from Cerami condition a deformation lemma follows and, as a consequence, we

can also get minimax theorems.

3 Proof of Theorem

To obtain critical points of the functional I, first, we need to show that I satisfies (C).
condition.

Lemma 3.1 Under assumptions (f3)—(fy), the functional I satisfies the (C). condition
at any c € R.

Proof Assume that {u,} is a (C). sequence, that is, for some ¢ € R,

1
I(un):2|un|2E—/F(1:,un)dx—>c as n — 0o (3.1)
RN
and
(1+ Jun|le) ' (u,) — 0 as n — oo. (3.2)

From (3.1) and (3.2), for n large enough, we have

1+c¢>1(u, —7<I’(un) Up,)

/f T, Un undm—/ (, up)da. (3.3)

We claim that {u,}, is bounded. Otherwise there should exist a subsequence of {u,},

satisfying ||u,||[g — o0 as n — oo. Denote w,, = then {w,}, is bounded. Up to a

Hu e
subsequence, for some w € E, we obtain
w, = w in FE,
w, —w in L} (RY), V2 <p <27, (3.4)

wy(r) — w(z) ae. in RY.

We claim that w # 0 in E. In fact, if not, we assume that w = 0. Then for any m > 0, we
define
w,, = v2mu7" = V2muw,.

[un |z

By (f3), we obtain

F(x,t) < %|t|2+ﬂ|t|p, Vz e RY and t €R. (3.5)
p
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Therefore, due to (3.4) and (3.5), we get

n—oo
RN

lim [ F(z,w,)dz < lim a;/|wn2dm+cl/|wn|pd:r = 0. (3.6)
n— 00 D
RN N

Moreover, the function I(tu,) is continuous in ¢, and there exists {¢,} C R such that

I(t,u,) = max I(tu,). (3.7)
te0,1]
Then for n large enough, there exists m such that ﬁ [0, 1], taking account of (3.6) and
(3.7), and we have
I(t,uy) > I(wW,) =m — / n)dz > m, (3.8)

which implies lim I(¢,u,) = +00. Thus by (f;) we obtain

n—oo

I(un)—-;<1%uﬂ),un>::b/1[;jfm,un)un——FKx,unﬂ do

1 1

= — >
2/H(m,un)dm_ 29/H(x,tnun)daﬁ
RN RN

— 1 / [1f(x,tnun)tnun - F(x,tnun)} dx
0 2
RN
1 1,
=§@mmn—§auwmxwu)
— +o00.

This contradicts (3.3). So w # 0. Let Q = {x € RY : w(x) # 0}. Dividing by |lu,||% in
both sides of (3.1), we obtain

/F(sc,un)dx _1 I 1 + 0,(1). (3.9)

lun 1% luallz 2

Then by (f3) for all x € Q,

F n
/(xu)dx—>—|—00 as n — oo.
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This contradicts (3.9). So {uy}, is bounded. In view of Lemma 2.1, up to a subsequence,

we can assume that u, — u in £ and u,, — w in LI (R") for any p € [2,27). By (2.2), we

easily get
lun =l = (' (un) = I'(w), un — u) + /(f(l“,un) — f(@,u))(un — u) da.

It is clear that
(I'(up) — I'(uw),up —u) — 0 as n — +oo.

Moreover, according to assumption (fz) and Hélder inequality, we obtain

/ (F () — (s w))(un — ) do

RN
! ! p—1 p—1
< [ gl +luh+ 2 (fnl"= + [P~ 1) | e — ] dao
RN
! 1 - -
<5 (lwnllze + llulze) lun — ullZ: + o (luallze + llffe") lun — wllzo.

Since u,, — win LY (RY) for any p € [2,2%), we have

/(f(x,un) — f(z,u))(up, —u)dz — 0 as n — oo.

RN

Then ||u, — u||p — 0 implies that I satisfies (C). condition for any ¢ € R.
Due to Lemma 3.1, the functional I satisfies (C). condition. Next, we verify that I
satisfies the rest conditions of Theorem 2.1. To complete the proof of our theorem we choose

an orthogonal basis {¢;} of E and define
Wy == span{@y, -, o}, Zp:=Wi,.

Then from the Lemma 2.5 of [6], we have
Lemma 3.2 For any 2 < p < 2%, we have that

Br:= sup |lullrr =0 as k— +oo.
u€EZy,|lullp=1

Proof of Theorem 1.1 First, we verify that I satisfies (®1). It follows from (f5) and
(f3) that there exist C; > 0 and C5 > 0 such that

F(z,u) = Ci|ul” = Cslul

for any z € RY and all u € R. Hence we have

1
I(u) < §||u|\%E —Cl/|u|2dm+C’2/|udaz.
RN RN
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Since, on the finitely dimensional space W), all norms are equivalent, we have that
1
I(u) < (5 - 01M1> ull2, + CoMsljullp, Vu € Wy,

where M, and M, are positive constants. Now since %—ClMl < 0, when (] is large enough,
it follows that

= max  I(u) <0
w€Wi, ||lull p=pk

for some pg > 0 large enough.
Second, we prove that I satisfies (®3). By using (f2) and (f3), for any € > 0, there is
C. > 0 such that
|F(z,u)| < elul + CclulP,  Vp € (2,2).

Then we have

Vv

1
I(u) 2 5llulf — ellullz: = Cellullz,

1 e
> (5 =) lully - C-B Nl

where @ > 0 is a lower bound of V(z) from (V) and §; are defined in Lemma 3.2. Choosing
e = (C-pBY)Y =P we obtain

by, = inf I(u)

UEZy,||lul| ="k
> nt (5 2) iy - Cp ]
T u€eZy,|lullp=rk 2 a

2

> (1 - Z - ;)(Cspﬁi)”-

for enough small e. This proves (®,). Now, we apply Lemma 3.1 and Fountain Theorem 2.1

to complete the proof of Theorem 1.1.
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