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Abstract: In this article, for a > 0, we characterize several versions uncertainty principles of

self-adjoint operators and linear operators for the a-fock space F2 in the complex plane. By using
!

f

the general result from functional analysis, we find two linear operators T'f = “— and T" = zf to
construct two self-adjoint operators A and B such that [A, B] is a scalar multi%le of the identity
operator on F2, and obtain some more accurate results about the uncertainty principles for the
a-fock space F2, where T* is the adjoint of T, [A, B] = AB — BA is the commutator of A and B,
which extends and completes the results of Qu [1] and Zhu [2].
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1 Introduction
Let C be the complex plane, for any positive parameter «, we consider
Q@
dAa(z) = —e I dA(z)
T

be the Gaussian measure on C, where dA(z) = dzdy is the Euclidean area measure on the

complex plane. We define the a-fock space F? as follow:
F? = L*(C,d\,) N H(C),

where H(C) is the space of all entire functions. It is easy to show that F? is a Hilbert space

with the following inner product inherited from L?*(C,d)\,):

(f.g) = / (29 da(2),

accordingly define the norm || f||2,, by

e = (& [ @R 0r(2)
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It is well know that the Fock space has become one of the vitally important mathematical
tools of quantum physics. Thus, it is significative to study the uncertainty principle for the
Fock space. In fact, it was an extensive interest in study of uncertainty principles for fock
space F'2. In particular, some versions uncertainty principles of self-adjoint operators for
the fock space F? were obtained, for some details, see [1, 2]. In addition, an inequality of
uncertainty principle about the average value and the covariance of self-adjoint operators for
the fock space F'? also was proved in [1], and this result is due to the uncertainty principle of
signal analysis, see for example [3]. On the other hand, The uncertainty principles of linear
operators for the fock space F? also can be found in the article [4]. Moreover, we invite the
interested reader to see [5-7] for other perspectives in the study of uncertainty principles see
[8-13]. Based on these work, our goal here is to introduce a positive parameter o and extend
uncertainty inequalities on two fronts. For one thing, we introduce a positive parameter «
and obtain two different forms uncertainty principles of self-adjoint operators for the a-fock
space F2, see Section 2. For another thing, we study the uncertainty principles of linear
operators for a-fock space F?, see Section 3.

Note that all results discussed in this article are on the complex plane C, there is no

explanation below.

2 Uncertainty Principles of Self-Adjoint Operators

In [14], an uncertainty principle about self-adjoint operators from functional analysis is
stated as follows.

Theorem 1 [14] Suppose A and B are self-adjoint operators, possibly unbounded, on
Hilbert space H. Then

(A —anfIl(B~bDfI > 5 | (A, BIF,£) | (21)

for all f € Dom(AB) N Dom(BA) and all a,b € C, where Dom(AB) and Dom(BA) are
the domains of the operators AB and BA, respectively. Here [A,B] = AB — BA is the
commutator of A and B, and [ is the identity operator. Furthermore, equality in (2.1) holds
if and only if (A —al)f and (B —bI)f are purely imaginary scalar multiples of one another.
Proof This result is very useful and widely known, see page 27 of [14] for a proof.
Later, a sharper inequality about (2.1) was provided in [15].
Theorem 2 [15] Suppose A and B are self-adjoint operators, possibly unbounded, on
Hilbert space H. Then we have

I(A—an)f B ~o0) 7| > S ITA B DE+ (A —al B b1 (22)

for all f € Dom(AB) N Dom(BA) and all a,b € C. Here [A —al,B —bl]y = (A—al)(B —
bI) 4+ (B — bl)(A — al) and I is the identity operator.

Proof This is proved. See [15] for some details.

Combining with the above theorems, we construct two natural self-adjoint operators

A and B such that [A, B] is a scalar multiple of the identity operator which based on the
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operator of multiplication by z and constant multiple of the differentiation operator on F?2,
then an uncertainty principle arises. Next, we collect two lemmas which provided a crucial
evidence in proving Theorem 3.

Lemma 1 Let T : F? — F? be the constant multiple of the differentiation operator,
that is (T'f)(z) = f/%, then its adjoint T* is given by (T*f)(z) = zf(z).

Proof This is proved. See [16] for some details.

It is very easy to check that

[T,1T7]f = <Zf) %zg (2.3)

Thus we consider the following two self-adjoint operators on F2:
A=T+T*"B=i(T-T"),

that is

I !
Af:—+zf,Bf:i(——zf> (2.4)
a a
!
It follows from [1,2] that, for a function f € F2, if * € F? then both Af and Bf

/ /! !

are well defined. If both — + zf and L — zf are in F?2, it’s obvious that L and zf are in

F2. Therefore, the mterbectlon of the dornalnb of A and B consists of those functlon f such
/

that = (or zf) is still in F2. It’s possible to identify the domains of AB, BA, and their
interseaction as well.

Lemma 2 For the operators A and B defined above, we have [A, B] = —%H, where [
is the identity operator on F? and i is the imaginary unit.

Proof From (2.3) and (2.4), we have

AB — BA = 2(T*T — TT*) = — 24l
(0%

This proves the desired result.

We now derive the first version of the uncertainty principle about self-adjoint operators
on F2.

Theorem 3 Let f € F2? and f’, f” € F?, then we have

R oz [+ (L)

i(2F )~ (b az><f T~ = air ) v abl i3] ] (25)

for all a,b € C. Here f” is the second derivative of f.
Proof From (2.4), we get

/

—I—zf—af

(07

(4= an) e = | £+ 2f

"‘(a‘zf>

(B = b1) 2.0 = £

2,
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4
Also from Lemma 2, we have |([A, B|f, f)|? = §||f||§’a,

[A—al,B—0bI), = (A—al)(B—bI)+ (B — bI)(A—al)
= AB + BA — 2bA — 2aB + 2abl
= 2i(TT — T*T*) — 2b(T + T*) — 2ai(T — T*) + 2abI.

This implies that
([A—al,B —bI],f, f) :<[22(% —z2f) —2b<fgl+zf> —2m(fgl —zf) +2abf},f>
:2i<£—l2l,f> C 202, f) — (2b+2az’)<g,f>
— (20 = 2ai)(zf, f) + 2ab| f]]3 -

From the above, the inequality in (2.5) follows from (2.2).
This completes the proof of the theorem.
In order to prove Corollary 1, a discussion about the minimization is also needed.
Lemma 3 If fix some function f € F2, for any a,b € C and the operators T and T

defined above, we have

(T +T)f )P
1F13.

min (7 +77)f = af 30 = |(T+T)fI3, -

and the minimum is attained when

(T+1)1 1)
(AP

Similarly, we have

(T =T D1

min |[(T — T*)f +ibfll3, = (T — T fll3., —
nin [|(T —7") 5.0 = (T = T*)513 .

Also the minimum is attained when

(T =T)f 1),
IMBa

Proof The conclusion is obviously established. We omit the details.

b=

If f is a unit vector in F2, we obtain the following corollary of the uncertainty principle.

Corollary 1 If f is a unit vector in F?, f', f” € F2, then we have
)

(15 +=11. - K& #2201 =11, - (5 - =09)
> () e - (L) v wernny|

a? o

Proof Since f is a unit vector, from Theorem 3 and its proof, we get

1A BIf AP = 5.
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Also

([A—al,B — bl f,f) =2 <f;/,f>—2z(sz> (2b+2az)<f, f>

— (2b —2ai)(zf, f) + 2ab,
which easily implies that

[ ver-a],

!

o
2} 3
Then it follows from combining this with the minimization argument of Lemma 3 and

a—<f + f,f>,b:<f—/—zf,f>

This completes the proof of corollary.
Corollary 2 Let f € F? and f’, f” € F?, then we have

130 174" o pl)
> (= () - )

Proof This follows directly from Theorem 3 by setting a = b = 0.

> [5 ‘<f;/,f>—z( 20 1) — (b+ai)<fgl,f>—(b—az’)(zf,f)+ab

I<

o ..

In fact, we can improve the argument above to obtain a more interesting result of
uncertainty principle.
Corollary 3 Let f € F? and f', f” € F2. For any § > 0, then we have

2 1£112.0 g 2

2,0 = ( T ‘<?’f> — &L

Proof From Corollary 2, we have the following estimates

150 /1" f

( a22’ )< 2’f> (f.0) ) H +Zf2

.
=[[va(G ++7)

@ 2,a

<3|V +=r)].
St
—5Ha+

f/

2);

2’ 275“04

)

(5
2 +H<~zf>

f/

..

_|_7

which proves the desired result.
Extraordinarily, we now consider several versions of the uncertainty principle which are

based on the geometric notions of angle and distance.
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Corollary 4 Let f € F2 not identically zero, and 61 are the angles between f and

/

“— +zf in F2. Then we have
a

f/

| £+, £ =], 1sint0ssino-
e |/ 2p o () () ]
S < )~ R = S | |
here f', f" € F2.
Proof In fact, we have
I e h s [ | erenn |
|5+ B, o™ ! ‘Ilf’/aJerlz,allfllz,a ]
- f—/—i-zfz (1 —cos?(64))
= Ll—l—zfz sin?(0,).

The same arguement shows that

[ S L 2 A7 N A |
I ==, 7. ] !
Applying Corollary 1 with
_ et zf f)
1£115.0
d
. yo Ua=zrp),
I3

Then we can obtain the desired result. ,

Corollary 5 Suppose f is a unit vector in F?, §, are the angles between f and — £z f
@
in F2, and f', f” € F2. Then for any ¢ > 0, we have

( T3 5‘ )|sin(9+) sin(6_)|

S \<f’;,f> <2f,f>-(<f’,f>) (et

Proof This desired result is clear by using the proofs of Corollaries 3 and 4.

!

Corollary 6 Suppose f a unit vector in F2, §. are the angles between f and S +zf
@
in F2, and f', f” € F2, then we have

(5.,
> [a2

+ H za) | sin(6, ) sin(6_)]

<f/;,f> @10 - ((£.9)) + s

1
2:|§
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Proof This follows directly from Corollary 5 by § = 1.

Motivated by Corollary 4, here we get the following results.

Corollary 7 Suppose f is any function in FZ, not identically zero, and f’, f” € F2,
then we have

! !/

aist(L 2, 1)aise (£ = 21.10)

I£113 (1 ) (ef, )2 ]
- [a? B, T, |

where [f] = Cf is the one-dimensional subspace of F? spanned by f and d(g, X) denotes

[ -

the distance in F? from g to X.

Proof This is an equivalent state of Corollary 4, because

dist(f/ +z2f,[ ]) = Hg

| sin(6)]
2«

and ,

dist(g—zf )-H——zf

Hence the result is clear from Corollary 4.

|sin(6_)).

Now we can do a significant extension. Actually, all conclusions above that we have
done for the a-fock space F? remains valid for any operator T' and its adjoint operator T™*
which satisfies [T, T*] = mI, here m is a positive constant.

Corollary 8 If f is any function in F2, Suppose T is any operator on F?2 such that
[T, T*] = mlI, then we have

|Tf+T"f F+ibflaa
> 2| fl8 o+ [i(TT = T*T*) f — b(T + T*) f — ai(T — T*)f + abf|*]2,

here m is a positive constant.

Proof This follows from the proofs of Lemma 2 and Theorem 3.

It is worth paying attention to the case that when the function f’ (or equivalently, the
function zf) also belongs to the a-fock space F2, which is not always the case, the interested
reader could see [1] for some details. When the function f’ is not in F2, each of the left-hand
sides of the inequalities above is infinite, Hence the inequality always becomes valid.

Next we will obtain a different version uncertainty principle of self-adjoint operators,
for this purpose, we first give the following definition which also be found in [1].

Definition 1 [1] If f € F2, suppose P is any self-adjoint operator on F2. Then the
average value and the covariance of operator P are defined respectively by

(P); = (PF. f) = / FPIdN(2) (2.6)

and

/ F(P — (P fdda(). (27)
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The following lemma plays an important role in proving Theorem 4.
Lemma 4 Let f € F2, not identically zero, and f’ € F?2, then we have

A = [Im(W)rwdAa(z)

[0 [ e
oA(f) = /C{Im(if'/o‘fZf)r|f|2dAa(z>
+/C Re(if'/o‘f‘ ) —/Cf(J;,—Zf)dAa(Z) PG

Proof By (2.6) and (2.7), we conclude that

) = [ A= (12 i / (A~ (A)D) A
N
=/C[Im(f;f)} FPdA(2) + /[Re(/}f) ()] IfPar()
= [ [ (FE)irpansce
+/C’Re<f//af+zf)—/(:f<g+zf>d>\a(z)2 2
The same procedure may be easily adapted to obtain that

ot = [ [m(ZH0) ran )

LRG( f/af zf) /Cf(ﬁ:_zf>d)\a(z)2

This proves the desired estimate.

a(2).

[ fI?dXa(2).

Carefully examining the proof of Lemma 4, we obtain the following characterization.

Theorem 4 Let f € F2, not identically zero, and f’ € F2, then we have

o3 (Nop(f) =

[/‘ +of - / +zf>d)\ )f‘

Re( /af Zf) i/cf(];—zf>dAa(z)

for all f € Dom(AB) NDom(BA). Here z = z + iy.

mr

[ <ff> ff] [f [atef _ + f)dA (z)]d/\a(z)z
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Proof Recall that

2(f) = / [ 1sPara 23 ()

+/CRe<Bf) B

f
Hence we divide the proof into two steps.

*dAa(2)a (f)-

For one thing, we consider the inequality that

/C[Im(f;f)} FRdA(2)o ‘/ re(Z) 7] [f/afﬂf

2

—/Cf(J; +zf>d>\a( )]d)\a( )|

Actually, we have

| I (ED)] 1rea o <f>=/c[ w(ZD)] 1Fad(e) [ 1A= (DR (e)
zfc[lm(%}f@“ wnsan)| =| [ [m(% )]|f|2 (AF — (A Nax )|
:/C w(B) (2 \/Imef ()|
| [ 5ims - fo)(f}f <A>)dx<>
)i ) - oo
3 [ (L —amr+ L z5) (5L - <A>)dA ()|
_‘/ ﬁ _ ff f/a+zf + f)d/\()]

For another thing, we consider the another inequality that

/(f +2f - / +zf)d)\ 2)/|
e[zf/ozf zf} _Z./Cf<_zf (%)
| [1ar = @fre(E 20 < [7(2 - sr)ansta o }
< [1ar=spane [ re(i2=) - /( oF)ax,

_ f)/C’R f/o‘f Zf) i/@f(f; zf)dAa() ().

This completes the proof of the theorem.

2

FldA( }

A

a(2)
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3 Uncertainty Principles of Linear Operators

In this section, we turn out our attention to the uncertainty principles of linear operators
on F2. To achieve that end, we let A* and B* be the adjoint of the operators A and B

respectively. Throughout the article, we shall use the notation
Dom(A|B) = Dom(AB) N Dom(BA) N Dom(A*) N Dom(B*).

Definition 2 [17] Suppose A is linear operator with domain and range in the same
complex Hilbert space H, for any nonzero f € Dom(A), we defined

A 2\ 3
asa) = (jasp - " LEEY, (5.
which is equal to
_ (Af, f)

More interestingly, as a generalization of Lemma 3, we have the following lemma.
Lemma 5 If fix some function f € F2, suppose A and B are linear operators on F2.

Then for any a,b € C, we have

min | (A — al) flla0 = As(A), (33)
min [[(A" — @) fllz.a = Ay (A7) (3-4)
A
Furthermore, the minimum of (3.3) and (3.4) are attained when a = <|| fﬂ;f> Similarly, we
2«

have
min [[(B — bI) fll2.c = Af(B), (3.5)
min [[(B” = bI) fl2.a = As(B7). (3.6)

Also the minimum of (3.5) and (3.6) are attained when

(B
I

Proof A direct calculation shows that

I(A = aD)fl5,, = {(A—al)f,(A—al)f)
= [AfI.0 + lal®lf13.0 — (AL f) — alf, Af)
Re(a(Af, f>)] ,

= [Afl.0 + I/13.q |lal* -2 >
11120
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which easily implies that

(AL, £)I?
1F13.0

or equivalently by (3.1) and (3.2), we have mig |(A—al)fll2,a = Af(A) and the minimum
ac

min [(A = al)f[5. = | Af 50 —

is attained when

2 _ oRe(@Af, f))
o =2

(Af, 1)

1£113.0
This finishes the proof of the lemma.

that is a =

. The same argument may be valid to obtain (3.4)—(3.6).

The following theorem on the commutator is another generalization of the Heisenberg
uncertainty principle.
Theorem 5 [17] Let A and B be linear operators with domain and range in the same

complex Hilbert space H, for any nonzero f € Dom(A|B), there holds
[{[A,BIf, )l < Ap(A)AH(B") + Ap(A)As(B). (3.7)
Proof It is very casy to verify that for any nonzero f € Dom(A|B),
([A,Blf. f) = (ABf, ) — (BAf, f) = (Bf, A" f) — (Af, B" ).
This implies that
([A, BIf, A < KBF, A" H) + (AL B )l < AFIIB* fI| + 1A FII B (3.8)

For any a,b € C, we replace A and B above by A — al and B — bl, respectively to obtain
that
[([A, BIf, /)l < (A= al) fI[|(B* = bI) fI| + (A" —al) f|[|(B — bI) f]-

According to Lemma 5, we conclude that

min{[|Af —af|[|B*f = bf| + [ A"f —afll|Bf = bf[}
= Ap(A)Ap(BY) + As(A")As(B)

A
from which (3.8) follows. and the minimum value is attained uniquely at a = <|| f‘]|c|’2f> and
2,
B
b= <|| fJ|c|’2f> . This completes the desired result.
2,«

From Theorem 5, we know that if we find out two linear operators and their adjoint
on F2 then an uncertainty principle arises. To this end, we still consider the operator T
and its adjoint T Whic/h defined from Lemma 1. To simplify notation, let A = T, and
B =T* namely A = I and B = zf. It is obvious that A and B are linear operators on
F?2 and A*f = Bf, B* ]9 = Af. Then we characterize the first uncertainty principle of linear

operators on F? as follows.
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Theorem 6 Let f, f' € F2, for any a € C, then we have

=

2 _ 1
|, e =l = IS (3.9)

1
Proof From Lemma 1, we have [A, B]f = — f. Following the method used in the proof
e

of Theorem 5, we have

([A, BIf. )] < IIAf = aflls.0 + 1A f = GfIf3.0-

More specifically
Loz f ? 2
SN < | S —as|) e -afiB.
« (6] 2,

This proves the desired result.

Note that when f’ is not in F2, the left-hand sides of the inequality of (3.9) is infinite,
so the inequality becomes trivial.

When f is a unit vector in F? , then we obtain the following corollary.

Corollary 9 Suppose f is a unit vector in F? and f’ € F?2, then we have
/2 / 2 1
Wl 2 =0
2, « (6

2
Z o T )
210+ |5
Proof Since f is a unit vector, by Lemma 5, we get

| f
«

i (4 — D)1, = 478 — a5, 0P = | £~ [(L.r)f

and

min [[(A" —al) fl[3,, = [A"fl5.0 — (A", )
2 I 2
— 1t = et D = Nl = [( 1))
Then the desired corollary can be proved by Theorem 5.

The results in Theorem 6 and Corollary 9 rely upon Theorem 5, on the other hand, the
proof of Theorem 5 rely upon (3.8). While in [13], the author try to find two operators U
and V to reduce the upper bound in (3.8) and require that f € Dom(A|B) N Dom(A|U) N
Dom(B|V) N Dom(V|U) and such that

[A,Ulf = [B,V]f = [V,Ulf =0, (3.10)

then we need find two linear operators on F? which satisfies (2.17), this is a formidable task.
For any a, by, b; € C, we might as well suppose V to be a multiple of the identity, namely
V = al, and let another operator U = byl 4+ by A. Then, it is very easy to check that

[B,V]f = (aB — aB)f = 0.
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Also

4,01 = A7) - Uan) = A(wor + 25) ~u (L) =0,

«
[V,U]f = (aU — aU) f = 0, which shows that U and V satisfies (3.10). Hence we can obtain
the following theorem.

Theorem 7 Let f, f' € F2, for any a, by, b; € C, then we have

{‘Ji’_bof—blzf Zf_bof_blf’ M};
{Hf‘nﬁ’ﬁ % <f|ﬁ2j>f ¥ =i,

for all f € Dom(A|B)NDom(A|U) N Dom(B|V)NDom(V|U), and a, by, b; € C.
Proof By (3.10), we get

([A, BIf, ) =([A, BIf, /) + (B, VIS, /) + (U, Alf, f) + (V. ULS, )
=(Bf, A f) = (Af, B f) + (Vf, B"f) = (Bf,V"[)
+(ALU) —(ULA )+ ULV ) = (VAU S)
=(Bf ~Uf,A"f = V*f) —(Af =V}, B"f ~U"f).
This implies that
([A B, O < IBf = Ufll2alllA™f = V™ fllza + IIAf = V2l B f = U fll20-

It is very easy to verify that

1A BI. 1) = 11

b !
1BF =Sl = Jof —bof = 2L,
1A f =V fll2a = IIZf—asza,
[Af =V l2a = K
1B f = U fll2,0 = —blzf
Then we conclude that
1 b f’
“Nf3. < l2f —afllaal|zf —bof — =
(6% 2,
+H*_ af|,. ——bof—blzf (3.11)
From Lemma 5, we have
(2f, f
i I L
1130
f' _‘f’ (f/Oé,f>
min ||y~ L, T s 112 N,
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/
and the minimum is attained when a = <J|c| J{ﬁ; f> Then combining this with the Cauchy-
2«
Schwarz inequality to the left hand side of (3.11) to obtain the inequality that

{Hi_%f_azf z zf_bof_blf’ 2a}%
< - fffbfj g - <ﬂfﬁ f il } > 10

This completes the proof of the desired theorem.
When f is a unit vector, we have the following corollary.

Corollary 10 Let f is a unit vector in F2, f’ € F2, then we have
2 V3
{H“bof—bﬂf )

(1

Proof When f is a unit vector on F?, and by minimization argument, we have

e U e CRI P (F

min ||2f = @fllse = (12f15.0 = 1(F, £))F

zf —bof — bif”

«
a—2|<2f,f>| IR

min||— —a
acC H f

i R)

Then we may reach the conclusion just like the computation we performed in the proof of
Theorem 7.

For the general case, we can modify the argument above to obtain something more
interesting. Before this, we take the the operators U and V' to be of the form

U:zn:bkAk,V:aI

: (3.12)
k=0

where n is a positive integer and bg, b1, - ,b,,a € C. Let f be an element in

D, (A|B) = D(AB)ND(BA)ND(A*)ND(B"™) N D((B*)").
Note that D;(A|B) = D(A|B).

Theorem 8 Let f is k-th derived function on F? and f%*) € F2, U and V are defined
by (3.12), then we have

(s sz

f5)
= |f||2a

for all f € Dom,(A|B), and bg, by, - -

+H ;o Zbkf

o)
5 . !

n

1
> . 2
a} 2 Iz

[N

2,a

bn,a € F2.



No. 2 Further discussion on uncertainty principles for the a-fock space F2 193

Proof By Theorem 7 and its proof, we have

([, BIf, f)] <

f - V*f||2,a

Calculate directly that
1 2
<[A7 B]f? f> = EHfHZ,a,

b
TVl = 157 8l
Af =~ Vilba= || £

||Bf - Uf||2,a

)

)

.
'Wa‘gyﬂ

Consequently, combining with the minimization argument of Lemma 5 and Cauchy-Schwarz
inequality, we obtain

{Hzf Z bkf(k)

{Hf‘nﬁfz

The proof of the theorem is completed.

N

+Hf’ Dty

f/a f)
1F113,0

o)

Vs L
2, e 2,07

+ ‘ AW I

In addition, it is also possible to obtain an inequality of the case that f is a unit vector.
Corollary 11 Let f is n-th derived function on F2 and f™ € F2, || f|l2.. = 1, suppose
U and V are defined by (2.19), then we have

{15 -2

f/
(B

IR TS

=2AERNE) >

1
«a

for all f € Dom,,(A|B), and by, by,--- ,b,,a € F2.
Proof This follow directly from Corollary 10 and Theorem 8 and their proofs.
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(BEMITTE R 2 RE 2B, St 51BH 550001)

WE: X a> 0, ACFEHI 7 ETFE LRI Fock 25 8] F2 L B S R ST A T
ORI R B i — et R, 7E P BRIE TRIANRER T Tf = fg MT* =zf. B, W& T
REMFIFA BEET AR B, 43 (A, B] AESHEFRHE B, /587 F2 LIRS H0 A 5 2
R, Hoh T & T AR5 T, [A,B] = AB — BAN A B AL B, ARCERMET FH5E T EEdE
IR TEANLESCHR [1] AT [2] A4 R

X HiR: AL Fock 7% [H); WIANHE 3 RMESF B ARSE T il
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