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Abstract: In this paper, we investigate the sliding mode synchronization problem of
fractional-order uncertain Victor-Carmen systems. By using self-adaptive sliding mode control ap-
proach, sufficient conditions on sliding mode synchronization are provided for the fractional-order
systems, which verifies that the master-slave systems of fractional-order Victor-Carmen systems
are sliding mode synchronization by choosing proper sliding mode surface and controllers.
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1 Introduction

Recently, the chaos synchronization of fractional-order systems gained a lot of atten-
tion, such as [1-11]. Sun in [12] addressed the sliding mode synchronization problem of
fractional-order uncertainty systems, which the master-slave systems can realize project
synchronization. The authors in [13] studied the problem of self-adaptive sliding mode syn-
chronization of a class of fractional-order chaos systems, which the drive-response systems
achieved chaos synchronization. Chaos synchronization control problem was investigated
for fractional-order systems in [14]. Zhang in [15] considered the self-adaptive trace project
synchronization problem of the fractional-order Rayleigh-Duffing-like systems. Since the
Victor-Carmen chaos systems involving lots of secreted key parameters and getting exten-
sive use in communications, some results on this topic were investigated. For example, a
novel chaotic systems was studied for random pulse generation in [16], and in [17], the ter-
minal sliding mode chaos control of fractional-order systems was studied. In this paper,
the problem of sliding mode synchronization of a class of fractional-order uncertain Victor-
Carmen systems is tackled using self-adaptive sliding mode control approach, and sufficient

conditions on sliding mode synchronization are derived for the fractional-order systems.
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Definition 1.1 (see [18]) The fractional derivative of Caputo is given as follows

o —(n—a d" 1
thO,t*r(t) = Dtogt )dtnm(t) - m

t
/ (t—7)" ™ (drn—1<a<neZ*.

to

2 Main Results

Consider the following integer-order Victor-Carmen systems

T1 = —T1 — Qx2T3,
Tg = —xg + axz — Bri73, (2.1)
Z3 = —bwy — axy + w3 + Yr172,

where x1, 1, x5 € R® are system states, a, b, o, 3, are constant parameters.

The responsive systems are as follows

Y1 = —y1 — ayays + Afi(y) + di(t) + ui(t),
Yo = —Y2 + ays — By1ys + Afa(y) + da(t) + ua(t), (2.2)
s = —byr — ays + ys + yy1y2 + Afs(y) + ds(t) + us(t),

where Af;(y) is uncertain, d;(t) is bounded disturbance, u; is controller, subtracting (2.2)
to (2.1), we get

él = —€1 — QY2Ys3 + QXox3 + Afl (y) + d1 (t) + Ul(t),
€y = —ey + aes — Byiys + fr1xs + A fa(y) + da(t) 4+ ua(t), (2.3)
ég = —bel — aey + €3 + YY1Y2 — YT 12 + Af;g(y) + dg(t) + U3(t)

Assumption 2.1 Af;(y) and d;(t) are bounded, m;,n; > 0,|Afi(y)| < my,|d;(t)| < n;.
Assumption 2.2 m,; and n; are unknown for all i =1, 2, 3.

Assumption 2.3 Definite Af;(y) + d;(t) = g:(t),i = 1,2, 3.

Assumption 2.4 ¢;(t) satisfies the condition |g;(t)| < ele;(t)|, where 0 < e < 1.
Assumption 2.5 If ¢;(t) = 0, then g¢;(¢) = 0 and if ¢;(¢) # 0, then g;(t) # 0.

Lemma 2.6 (Barbalat’s lemma, see [19]) If f(¢) is uniform continuity in [0, +00), and
+oo

f(t)dt is exist, then tlim f(t)=0.
0 -
Lemma 2.7 (see [19]) If there exists a symmetric and positive-definite matrix P such

that J(x(t)) = xT (t)PDgx(t) < 0, where the systems order number 0 < o < 1, then general
fractional-order autonomous systems Dyx(t) = f(x(t)) is asymptotic stable.
Theorem 2.8 Under Assumptions 2.1-2.5, choosing sliding mode function s(t) =

e1 + e + e3, and the following controllers

U = QYoys — axaT3 — (1hy + 7y )sgn(s),
us = —aes + By1ys — frizs — (M2 + na)sgn(s), (2.4)
uz = (b+1)e; + (a + 1)ex — ez + y(x122 — y1y2) — (1hg + Nz — n)sgn(s),
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where n > 0, m; and n; are the estimate values of m; and n;, and for all ¢ = 1, 2, 3, designing
self-adaptive laws
{ = sl iu(0) = o,y o g
n; = |s|,7;(0) = Ao,
Then the master-slave systems (2.1) and (2.2) of integer-order Victor-Carmen systems are
self-adaptive sliding mode synchronization.
Proof When the systems state moving on the sliding mode surface, then we can get
s(t) = 0,(t) = 0, because
s(t)=e1 +ex+e;=0. (2.5)
If we substitute (2.4) to (2.3), then €; = —e; + ¢,(t) — (m; +n;)sgn(s),i = 1,2 for s(t) = 0, it
is easy to get €; = —e; + g;(t),7 = 1,2. On the other hand, for €5 = e; + ex + g3(t) — (M3 +
n3)sgn(s) — nsgn(s), from (2.5), it is easy to get e; + ex = —e3, so we get €5 = —e3 + g3(1),
so €; = —e; +¢;(t),i = 1,2, 3. According to Lyapunov stability theory, when e;(¢) # 0, found
Lyapunov function V' (t) = %eQ(t), we get

V(t) = Z :Z —e; + gi(t)) < (1—52@

So the solution of €; = —e; + g;(t) convergence to zero, which is e;(t) — 0,7 = 1,2, 3.
For the systems state moving on the sliding mode surface, so the solution of errors equation
(2.3) is asymptotic stable, then e;(t) — 0,7 =1,2,3.

When the systems aren’t moving on the sliding mode surface, we found Lyapunov

1 1
function as V(t) = 552(15) + - Z ((s — ms)? + (A — ny)?) , so it has

3
V:s$+Z(A'—mz |3’+Z fi — ng)|s|

=s[—e1 + Afi(y) + di(t) — (1hq + 7y)sgn(s) — ez + Afa(y) + da(t) — (g + N2)sgn(s)

+e1+ex + Afs(y) +ds(t) — (s + na)sgn(s) — nsgn(s)]

3 3 3
Zmzm [s| = > "G+ )| + > (s — ma)ls| + Y (s — ma)ls| = ls|
i=1 i=1 i=1

i=1

=—1ls| <0.

For V < —n|s|, integral on the both sides

t -1 V(0) = V() _V(0) _
/08(7')|d7'§ n/OV(T)dTS ; < . < o0,

so s(t) is bounded and integrable. From Lemma 2.6, we get s(t) — 0 = e;(t) — 0, so the

€rrors converge to zero.
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Consider the master systems of fractional-order Victor-Carmen systems

Dixy = —x; — axsxs,
Dixy = —x9 + axs — 23, (2.6)
Dixs = —bry — axs + w3 + yr170.

Design the slave systems as following

Diyy = —y1 — ayays + Af1(y) + di(t) + ui(t),
Diys = —y2 + ays — Byays + Afa(y) + da(t) + ua(t), (2.7)
Dlys = —byr — ays + ys + vy1y2 + Afs(y) + ds(t) + us(t),

where Af;(y) is uncertainty, y = [y1 y2 ys3],d;(t) is bounded disturbance, u; is controller,
subtract (2.7) to (2.6), we get the following errors equation

Diey = —e; — ayays + axoxs + Afi(y) + di(t) + ui(t),
Dies = —ey + aes — By1ys + Brizs + Afa(y) + da(t) + ua(t), (2.8)
Dies = —bey — aes + €3 + Y1y — vr122 + Af3(y) + ds(t) + us(t).

Theorem 2.9 Under Assumptions 2.1-2.5, design sliding mode function s(t) = D" (e;+
es + e3), choosing controller

U1 = ayays — axexz — (M + g )sgn(s),
us = —aes + Byr1ys — Brizs — (e + fg)sgn(s), (2.9)
uz = (b+ 1)es + (a + 1)ex — e3 — Yy1ya + 2122 — (13 + 7y — n)sgn(s),

where 1 > 0, m;, n; are the estimate values of m;, n;, design self-adaptive laws

{ m; = |s|,m;(0) = Mo,

. — 1,23
n; = |s|,7;(0) = Mo,

Then the master-slave systems (2.6) and (2.7) of fractional-order Victor-Carmen systems are
self-adaptive sliding mode synchronization.

Proof When the systems state moving on the sliding mode surface, s(t) = 0, $(¢) = 0,
then s(t) = DI (ey 4 €5 +e3) = 0, so we get D} DI (ey + €5 +e3) = 0, such that we have

e+ es + €3 = 0. (210)

Substitute controller (2.9) to (2.8), we get Dfe; = —e; + gi(t) — (1h; + ni)sgn(s),i = 1,2,

when the systems state moving on the sliding mode surface s(t) = 0, so it is easy to get
Die; = —e; 4+ gi(t),i = 1,2.

On the other hand, Die; = e;+es+g3(t) — (1s+n3)sgn(s) —nsgn(s), according to (2.10),
such we get e; + es = —e3 and Dfes = —e3 + g3(t), so it has Dfe; = —e; + ¢;(t),i = 1,2, 3.
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According to Lemma 2.7, if e;(t) # 0,

3 3

3
J=e"(t)Dfe(t) =Y eDie; =Y ei(—ei+gi(t) < —(1—2) Y _le:(t)]* <0.
=1 =1 =1

According to Lemma 2.7, the solution of following equation Dfe;, = —e; + g;(t), so
ei(t) — 0,4 = 1,2,3. When the systems state moving on the sliding mode surface s(t) = 0,
then the solution of errors equation (2.8) is asymptotic stable such that we get e;(t) — 0,7 =
1,2,3.

When the systems aren’t moving on the sliding mode surface, we found Lyapunov

3
1 1

function V(t) = 532(@ + 3 Z (s — mi)?® + (A — n;)?) such that we get

i=1

3

3
V=554 (i —mi)ls| + Y (A —ni)ls| < —nls| < 0.

i=1 i=1

According to Lemma 2.6, s(t) — 0, so we get e;(t) — 0.

3 Numerical Simulation

In this section, the example is provided to verify the effectiveness of the proposed

method. The systems appears chaos attractors, when

a=50,=20,y=4.1,a=5,b=9,q = 0.873,
Afi(y) = cos(2mya), Afa(y) = 0.5 cos(27ys), Afs(y) = 0.3 cos(2mys),

the disturbance is bounded

dy(t) = 0.2cost,ds(t) = 0.6sint, d3(t) = cos 3t,
(1, 112, 113) = (0.3,0.5, 1), (1, 1o, 713) = (0.8,0.6,0.3).

From Figure 1, we see that the systems aren’t getting synchronization without controller.
From Figure 2, we see the systems getting rapidly synchronization with controller. From
Figure 3, we see that the errors approaching zero,which verifies the systems getting chaos
synchronization rapidly.

In Theorem 2.8, g1(t) = cos(2my,) + 0.2cost, g2(t) = 0.5cos(2my3) + 0.6sint, g3(t) =
0.3 cos(2myz) + cos 3t,n = 2.5. The uncertainty and outer disturbance as Theorem 2.9, n =
3,q = 0.873, the systems errors as Figure 4.

4 Conclusion

In this paper, we study the self-adaptive sliding mode synchronization problem of a class
of fractional-order Victor-Carmen systems based on fractional-order calculus. The conclu-

sion indicates that the systems are self-adaptive synchronization if designing appropriate
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Figure 1: State of master-slave with no control
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Figure 2: State of master-slave with control
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Figure 4: The system errors of Theorem 2.9
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controller and sliding mode function. We give out the strict proof in mathematics, and the

numerical simulation demonstrates the effectiveness of the proposed method.
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