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Abstract: In this paper, we investigate a generalized (3+1)-dimensional variable-coefficient

B-type Kadomtsev-Petviashvili equation in fluid dynamics. Based on bilinear forms, the solutions

to dimensionally reduced generalized variable coefficient B-type Kadomtsev-Petviashvili equation

in (3+1)-dimensions are computed through symbolic computation. The property of solutions is

investigated and exhibited vividly by three dimensional plots and contour plots.
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1 Introduction

The study of nonlinear evolution equations which are regarded as the models to de-
scribe nonlinear phenomena became more attractive topic in physical science [1]. Many
methods were proposed over years to address the nonlinear evolution equations, such as
inverse scattering transformation [2, 3], Darboux transformation [4], Hirota method [5],
Bäcklund transformation [6], Bell polynomials [7]. Through these methods, many kinds
of solutions are presented. As a kind of solutions, the rational solution to some nonlinear
partial differential equations are studied. The aim of this study is to use the Hirota bi-
linear equations to generate the generalized (3+1) dimensional variable coefficient B-type
Kadomtsev-Petviashvili equation and then study the solutions to its two dimensionally re-
duced cases in (2+1)-dimensions.

The Kadomtsev-Petviashvili equation [8],

PKP (u) = ut + 6uut + uxxx + αuyy = 0 (1.1)
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is a nonlinear partial differential equation. The rational solutions were exhibited by symbolic
computation [9]. Furthermore, the bilinear formulation plays a key role in the study of
rational solutions, which is defined as [10]:
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where m, n ≥ 0, αs
p = (−1)rp(s), s = rp(s) mod p.

Extended from (1.1), a generalized (3+1) dimensional variable-coefficient B-type Kadomt-
sev-Petviashvili equation [11],

PBKP (u) = a(t)uxxxy + ρa(t)(uxuy)x + (ux + uy + uz)t + b(t)(uxx + uzz) = 0, (1.2)

where a(t) and b(t) are the real function of t and ρ is a real non-zero constant.
In this study, we would like to present the bilinear form for (1.2) generated from a

generalized bilinear differential equation. The solutions will be generated from polynomial
solutions. In Section 2, the solutions to the first dimensionally reduced case, the second
dimensionally reduced case, for z = x and z = y, are constructed. Finally, some conclusions
are given in Section 3.

2 Bilinear Forms and Solutions

Take u = 6
ρ
(ln f)x, which is suggested by bell polynomial theories [12]. A Hirota equa-

tion is proposed as follows

BBKP (f) =[a(t)D3
xDy + DxDt + DyDt + DzDt + b(t)(D2

x + D2
z)]f · f

=2a(t)[ffxxxy − fxxxfy + 3fxxfxy − 3fxxyfx]

+ 2[fxtf − fxft] + 2[fytf − fyft] + 2[fztf − fzft]

+ 2b(t)[fxxf − f2
x + fxxf − f2

x + fzzf − f2
z ] = 0, (2.1)

where f as a function of x, y, z, and t, the bilinear differential operators D3
xDy, DxDt,

DyDt, D2
x, D2

z are the Hirota bilinear operators.
If f solves generalized equation (2.1), then u = 6

ρ
(ln f)x present the solutions to (1.2).

In this study, we construct positive quadratic function solution to the dimensionally reduced
Hirota bilinear equation (2.1) for two cases: z = x and z = y, and begin with

f = g2 + h2 + a9, (2.2)

g = a1x + a2y + a3t + a4,

h = a5x + a6y + a7t + a8,
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where ai (1 ≤ i ≤ 9) are all real parameters to be determined.

2.1 With z = x

The dimensionally reduced Hirota bilinear equation (2.1) in (2+1) dimensions

2a(t)[ffxxxy − fxxxfy + 3fxxfxy − 3fxxyfx] + 4[fxtf − fxft]

+ 2[fytf − fyft] + 4b(t)[fxxf − f2
x ] = 0, (2.3)

which is transformed into

a(t)[uxxxy − 3(uxuy)x] + 2uxt + uyt + 2b(t)uxx = 0. (2.4)

Through the link between f and u, substituting (2.2) into (2.3) to the following set of
constraining equations for the parameters





a1 = a1, a2 = a2,

a3 = −2(2a3
1 + a2

1a2 − a2a
2
5 + 2a1a5(a5 + a6))b(t)

(2a1 + a2)2 + (2a5 + a6)2
,

a4 = a4, a5 = a5, a6 = a6,

a7 = −2(2a1a2a5 + a2
1(2a5 − a6) + a2

5(2a5 + a6))b(t)
(2a1 + a2)2 + (2a5 + a6)2

,

a8 = a8, a9 = −3(a2
1 + a2

5)(a1a2 + a5a6)((2a1 + a2)2 + (2a5 + a6)2)a(t)
2(a2a5 − a1a6)2b(t)

,

(2.5)

which satisfies the conditions

(a2a5 − a1a6)b(t) 6= 0, (2.6)

(a1a2 + a5a6)a(t) < 0 (2.7)

to guarantee the rational localization of the solutions. The parameters in set (2.5) yield a
class of positive quadratic function solution to (2.2) as

f = (a1x + a2y − [2(2a3
1 + a2

1a2 − a2a
2
5 + 2a1a5(a5 + a6))b(t)]t

(2a1 + a2)2 + (2a5 + a6)2
+ a4)2

+(a5x + a6y − [2(2a1a2a5 + a2
1(2a5 − a6) + a2

5(2a5 + a6))b(t)]t
(2a1 + a2)2 + (2a5 + a6)2

+ a8)2

−3(a2
1 + a2

5)(a1a2 + a5a6)((2a1 + a2)2 + (2a5 + a6)2)a(t)
2(a2a5 − a1a6)2b(t)

(2.8)

through transformation as

u(1) =
12(a1g + a5h)

ρf
(2.9)

and the function g, h are given as follows

g = a1x + a2y − [2(2a3
1 + a2

1a2 − a2a
2
5 + 2a1a5(a5 + a6))b(t)]t

(2a1 + a2)2 + (2a5 + a6)2
+ a4,
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Figure 1: Profiles of (1.1) with t = −2, 0, 4 : 3d plots (left) and contour plots (right)

h = a5x + a6y − [2(2a1a2a5 + a2
1(2a5 − a6) + a2

5(2a5 + a6))b(t)]t
(2a1 + a2)2 + (2a5 + a6)2

+ a8.

The solution u involves six parameters a1, a2, a4, a5, a6 and a8. All six involved parameters
are arbitrary and the rest are demanded to satisfy conditions (2.6) and (2.7). We choose the
following special set of parameters

a1 = 1, a2 = 1, a3 = −1
3
, a4 = 0, a5 = 2,

a6 = −1, a7 =
7
3
, a8 = 0, a9 = 15.

2.2 With z = y

The dimensionally reduced Hirota bilinear equation (2.1) turn out to be

2a(t)[ffxxxy − fxxxfy + 3fxxfxy − 3fxxyfx] + 2[fxtf − fxft]

+4[fytf − fyft] + 2b(t)[fxxf − f2
x + fyyf − f2

y ] = 0, (2.10)

which is transformed into

a(t)[uxxxy − 3(uxuy)x] + uxt + 2uyt + b(t)(uxx + uyy) = 0. (2.11)
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Through the link between f and u, substituting (2.2) into (2.10), the following set of con-
straining equations for the parameters





a1 = a1, a2 = a2,

a3 =
−[a1((a1 + a2)2 + a2

5 + 4a5a6 − a2
6) + 2a2(a2

2 − a2
5 + a5a6 + a2

6)]b(t)
(a2

1 + 2a2
2) + (a2

5 + 2a2
6)

,

a4 = a4, a5 = a5, a6 = a6,

a7 = − [(a2
1 − a2

2)(a5 − 2a6) + 2a1a2(2a5 + a6) + (a5 + 2a6)(a2
5 + a2

6)]b(t)
(a2

1 + 2a2
2) + (a2

5 + 2a2
6)

,

a8 = a8, a9 = −3(a2
1 + a2

5)(a1a2 + a5a6)[(a1 + 2a2)2 + (a5 + 2a6)2]a(t)
5(a2a5 − a1a6)2b(t)

,

(2.12)

which needs to satisfy the conditions

(a2a5 − a1a6)b(t) 6= 0, (2.13)

(a1a2 + a5a6)a(t) < 0 (2.14)

to guarantee the analyticity and rational localization of the solutions. The parameters in set
(2.12) yield a class of positive quadratic function solution to (2.10) as

f = [a1x + a2y − [a3
1 + 2a2

1a2 + a1(a
2
2 + a2

5 + 4a5a6 − a2
6) + 2a2(a

2
2 − a2

5 + a5a6 + a2
6)]b(t)

(a2
1 + 2a2

2) + (a2
5 + 2a2

6)
t + a4]

2

+[a5x + a6y − [a2
1(a5 − 2a6)− a2

2(a5 − 2a6) + 2a1a2(2a5 + a6) + (a5 + 2a6)(a
2
5 + a2

6)]b(t)

(a2
1 + 2a2

2) + (a2
5 + 2a2

6)
t + a8]

2

−3(a2
1 + a2

5)(a1a2 + a5a6)[(a1 + 2a2)
2 + (a5 + 2a6)

2]a(t)

5(a2a5 − a1a6)2b(t)
(2.15)

through transformation as

u(2) =
12(a1g + a5h)

ρf
, (2.16)

and the functions g, h are given as follows

g = a1x + a2y + a4

− [a3
1 + 2a2

1a2 + a1(a2
2 + a2

5 + 4a5a6 − a2
6) + 2a2(a2

2 − a2
5 + a5a6 + a2

6)]b(t)
(a2

1 + 2a2
2) + (a2

5 + 2a2
6)

t,

h = a5x + a6y + a8

− [a2
1(a5 − 2a6)− a2

2(a5 − 2a6) + 2a1a2(2a5 + a6) + (a5 + 2a6)(a2
5 + a2

6)]b(t)
(a2

1 + 2a2
2) + (a2

5 + 2a2
6)

t.

The solution u involves six parameters a1, a2, a4, a5, a6 and a8. All six involved parameters
are arbitrary and the rest are demanded to satisfy (2.13) and (2.14). To get the special
solutions of the equation, let us choose the following special set of the parameters

a1 = −2, a2 = 1, a3 =
1
4
, a4 = 0, a5 =

2
3
,

a6 = 1, a7 =
4
3
, a8 = 0, a9 =

32
9

.
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Figure 2: Profiles of (1.1) with t = −1, 0, 1
2 : 3d plots (left) and contour plots (right)

3 Conclusion

In this paper, via the Bell polynomials and Hirota method, we have derived bilinear form
for (1.2). Then by searching for positive quadratic function solutions to (2.3) and (2.10),
two classes of solutions to the dimensionally reduced equations are presented. These results
provide some salutary information on the relevant fields in nonlinear science. Therefore, we
expect that the results presented in this work will also be useful to study lump solutions in
a variety of other high-dimensional nonlinear equations.
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构造维数约化的变系数的B-type KP方程的解

张艳妮,庞 晶

(内蒙古工业大学理学院,内蒙古呼和浩特 010051)

摘要: 本文研究了流体动力学中一个一般形式的(3+1)维的非线性变系数的B-type KP方程解的问题.

利用双线性化及符号计算的方法, 获得了维约化后的一般形式的(3+1)维的非线性变系数的B-type KP方程

解, 并用三维立体图形和等值线图将所求解的性质形象地展示出来.
关键词: 有理函数解; 贝尔多项式理论; 双线性形式; 流体动力学
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