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Abstract: In this paper, we study the computing formula of the generalized Euler function.
By using elementary methods and techniques, we obtain the computing formula of the generalized
Euler function ¢,4(n) for some cases and the computing formula of ¢.(n)(e = p, p?) for any prime
factor m|n with m =1 or —1(mod e) and ged(m, e) = 1, where p and ¢ are distinct primes, which
are the generalizations for the corresponding main results given in [5].
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1 Introduction

In 18th century, as one of the most outstanding mathematician, Euler first defined
the Euler function ¢(n) of a positive integer n to be the number of positive integers not
greater than n but prime to n [1]. It’s well known that as one of the important number
theory functions, Euler function was applied widely. Euler function played a key role in
RSA public-key cryptosystem since 1970’s, and it is also one of the important tools to seek
the theoretical basis for the generators of circle groups. There were many interesting open
problems on Euler function [2]. For example, Carmichael conjectured that for any positive
integer n, there exists a positive integer m such that m # n and ¢(m) = ¢(n). And then
Schinzel conjectured that for any fixed positive integer k, the equation ¢(n + k) = ¢(n) has
infinitely many positive integer solutions for n.

On the other hand, in 1938, for any odd prime p, Lehmer [3] established the following

important congruence identity

p—1
=
1
> 7 = —20(p) + pa(p)(mod p?), (1.1)
i=1
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(n)_
7"“"717 n and r > 2 are both natural

where ¢.(n) denotes the Euler quotient, i.e., ¢.(n) =
numbers with ged(n,r) = 1.

By using (1.1) and the others similar congruences identity, Lehmer obtained many
ways to prove the first case of the well-known Fermat’s last theorem [4]. Until 2002 and
2007, basing on (1.1) and the other congruence identities given by Lehmer, Cai, etc [5, 6]
generalized the modulo from the square of a prime to the square of any positive integer, and

defined the generalized Euler function for any positive integer n to be

(2]
Pe(n) = L,
i=1,gcd(z,n)=1

i.e., we(n) is the number of positive integers not greater than [2] but prime to n, where e
is a positive integer and [z] is the greatest integer which is not greater than z. It’s easy to

verify that ¢1(n) = ¢(n) is the known Euler function of n, and
pelm) = 3 u1Y (1.2
y d’ ‘e’

where p(n) is the Mobius function, i.e.,

1, n=1;
pn) =3¢ (=¥, n>2 and ay=--=ay=1; (1.3)

0, n > 2 and there is some «; > 1(1 < i < k),

k

when n = [] p{(a; > 1) is a positive integer and py,--- ,p, are distinct primes. Easily to
i=1

see that for any positive integer n > 2,

> ouz)=o. (1.4)

d|n

On the other hand, for e = 1, the following computing formula for the generalized Euler

function is well-known
k

p(n) = [T —p ).

i=1
Therefore one can naturally to ask the following
Question For any fixed positive integer e, determine the explicit algorithm formula
for the generalized Euler function ¢ (n).

k
Fixed a positive integer n = [[ p{® > 2, where py,---,p, are distinct primes and
i=1
k
ai, -+, are positive integers, denote Q(n) = Y «; and w(n) = k. Especially, (1) =

w(1) = 0. -
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In recent years, Cai etc [7, 8] obtained the accurate calculation formula for ¢.(n) (e =
2,3,4,6), and then, by using properties for Legendre or Jacobi symbols, they also got some
necessary and sufficient conditions for that ¢.(n) and ¢.(n+ 1)(e = 2, 3,4) are both odd or
even numbers.

Proposition 1.1 [7, 8] Let py, - - - , px, be distinct primes, aq, - - - , a be positive integers,
k
and ny = [[ p{.
i=1
(1) Ifged(pi,3)=1(i=1,---,k) and n = 3%ny > 3, then

p(n

n 12 gw(n)—a—1 B -
o3(n) = eln) | COTRT 2 e {0,1} and p; =2 (mod 3) (i = 1,--- , k);
3 otherwise.

(2) If o is a nonnegative integer and n = 2%n; > 4, then

o(n)

v otherwise.

p(n) (—1)9(”L)2w(n)7a B o .
++——=— a€e{0,1}andp;=3(mod 4) (i=1,---,k);
ou(n) = { : ; (0,1 and pi =3 (mod 4) ( )

(3)  If ged(p;, 6) = 1(i = 1,--- ,k) and n = 2°3°n; > 6, then

(—1)%(Mgw(m+1-5

to(n) o a=0,6e{0,1} and p; =5 (mod 6) (i =1,--- ,k);

oo(n) = %ap(n)+(_1)+, a=1,4€{0,1} and p; =5 (mod 6) (i =1,--- ,k);
so(n) —w, a>2,6€{0,1} and p; =5 (mod 6) (i =1,--- ,k);
Fo(n), otherwise.

Recently, we [9] obtained the formula for ¢5(n) and some sufficient conditions for
2|ps(n). The present paper continues the study, based on the elementary methods and
techniques, the computing formula for ¢.(n) (e = p,p?,pq) is obtained, where p and ¢ are
distinct primes (Theorems 1.1-1.5).

For convenience, throughout the paper, we assume that p, ¢, p1,---,pr are distinct

primes, aq, - - -, ay are positive integers, o and 3 are both nonnegative integers, and

k

|I o
ny = p; -

=1

Theorem 1.1 If n = p*n; > p, then

(1) = %”) + (P—Q)(—l)ﬂ(pn)Qw'(n)fafl, a€{0,1} and p;=—1 (mod p) (i =1, - ,k);
’ @v a>2ora€{0,1} and p; =1 (mod p) (i =1,--- , k).

Theorem 1.2 If n = p“n; > p?, then

Pp2 (1), a=0;
pp(m) = pp2(n1), a=1;
pm) = gp(n),  a=2;
I%(p(n), a>3

Pp2(n) =
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Theorem 1.3 For n = p®n; > p? and a < 2.
(1) If =0, then
()= 4 PP pi = 1(mod p?)(i = 1,--- , k).
2 = 2 oy 1\2(n) ow(n)—1 .
g p%W(n) + (" —2)( 1;)02 2 , Pi = -1 (mOd p2) (7’ = ]-7 e ’k)
(2) If =1, then
p,2(n) 2, pi = 1(mod p?)(i =1, , k);
2 = Q(n)gw((n)—1
D %;L) + (pfl)(fl)pz( ) guw(n) . opi=—1 (mod pz) (Z =1, ,k).
(3) If @ =2, then
2 = Q(n)—low(n)—2
’ 2 4 TR B = <1 (mod p) (i = 1, LK),
Theorem 1.4 If n = p“¢°®n, > pq, then
Ppg(n1), a=p=0;
©q(n1) — Ppg(na), a=1,5=0;
Pp(n1) — Ppg(na), a=0,6=1;
Ppq(n) = (n1) + @pg(n1) — @p(n1) — pg(n1), a=p=1
@q(pa71n1)7 « Z 275 = 07
ﬁ(p(n) - @q(pa71n1)7 « Z 275 = ]-7
1
\ ﬁ@(n)v Oé227ﬁ22
Theorem 1.5 For n = p®¢®n, > pq.
(1) If a=p=0, then
%, pi=1(mod pqg) (i =1,--- ,k);
@Pq(n) = 1 (pg—2)(—1)2(Mgw(m—1 B .
E@(n)_F pq y Pi =-1 (mOd pq) (Z: 17 7k)
(2) Ifa=1and =0, then
() = %7 pi=1(mod pq) (i=1,---,k);
pq = " V11 Q(n) gw(n)—1 B .
%—I—(p 1)( qu 2 , pi=—1(modpq) (i=1,--- k).
(3) Ifa=0and =1, then
rq - _ _1\2(n)gw(n)—1 .
% + — 1)pq : ;o pi=-—1 (mOd pQ) (Z =1, 7k7>
(4) If = =1, then
. (n){ﬁgg), pi=1(mod pg) (i =1, k);
rq - p(n) (2p+29—pg—2) / _ 1\Q(n)ow(n)—3 o S 1.
v T va (—=1)*m2 , pi=—1(modpq) (i=1,--- k).
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(5) fa>2and =0, then

1 (modq) (i=1,---,k);
—1(mod q) (i=1,---,k).

1 — —
<IQZN](TL) = plq (q72)(71)$2(n)_2w(n)—1 .
Ew(n) o q b p - pl

(6) faw>2and 8 =1, then

oV (12 (n) gw(n)—2 »
pflq@(n)_(q 2)( 1)q 2 , p=pi=—1(modgq) (i=1,---,k).

¥ (n)_{éw(n), p=p;i=1(modq) (i=1,---,k);

(7) If $>2and a € {0,1}, then

9y (_1)2(n) .gw(n)—a—1 .
Lip(n) — @RV = (mod p) (= 1, K).

_ i@(n)a g=pi=1(modp) (i=1,--- k)
Ppq(n) = {

Remark By taking p =3 in Theorem 1.1, or p = 2 in Theorems 1.2-1.3, one can get

(1) or (2) of Proposition 1.1, respectively. And by taking p = 2 and ¢ = 3 in Theorems

1.4-1.5, one can get (3) of Proposition 1.1. The details is left to interested readers.

2 Proofs for Main Results

Proof for Theorem 1.1 (1) If « = 0 and p; = —1 (mod p) (: = 1,--- , k), ie.,

n =n; and for any d | ny,d = £1(mod p). Then by (1.2)—(1.4), we have

ep(n) = u (%) [ﬂ

I
]

ni d—1 1 d—(p—1)
() (5 + n (%) (=2=n)
d|ni,d=1(mod p) d|ni,d=—1(mod p)

-1 ) d n 4
P d‘Zm H ( d ) + d‘Zm K ( d )
d=1(mod p) d=—1(mod p)
S >RVTC R >ERICY RS I oI Y
d|nq d|n1 d|ny
d=—1(mod p) d=—1(mod p) d=1(mod p) (21>
=gem)— X w()+; X ow(H-; X e(3)
d|nq d|nq d|ny
d=—1(mod p) d=—1(mod p) d=1(mod p)
=) — X p()+: X w3 X e(%)
d|nq d|ny d|ny
d=—1(mod p) d=—1(mod p)
1 p—2 ny
= pelm) — (%52) - o n(d)
nq

d=—1(mod p)

= Lo(m) + (52) > n(3)
dEl(n':Lold p)
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k a;—1
(I P )tfma ;
i=

ko a;—1
( 1;[1 p;* ")t=1(mod p)

k
t ]I pi
i=1

(=)™ =Fi=1(mod p)

(a) If2|Q(n)and 2|k, then by (2.1) and n = ny, we have Q(n) = Q(n1),w(n) = w(ng)

and

ﬁ pi
el =tem+(52)- 2 S
t|7,1;k[1p7
(=)™ ~ki=1(mod p)
k
1 p—2 il;[1pi
= ;o) + (7) > on| =
t|i1jlpi
t=1(mod p)

k
1 2\ & [k k—2j _ 1 -2\ ok
= bl + (57) - X ()0 = Jotm + (152) -2+
_ %(’Q(n) + (p72)(71)52(n1)2u(n1)—1

p
) (—1)9(m) g (n) —a—1

(b) If 2| Q(n) and 21k, then by (2.1) we have

11 ».
e =tem+(52)- 2 =
(—1)¥ ™ ~kt=1(mod p)
k
1 p—2 1'1311)1
—;@(H)+(7>' PO
t‘ilj1pi
t=—1(mod p)

k41

- %(p(n) + (%) ' i (2jl€—1)(_1)k_2j+1 = %ap(n) + <ij2) -2kt

(p_Q)(_l)ﬂ(nl)Qw(ﬂl)*l

= 3e(n) +

p
o) (—1)9(n) gw(n) —a—1

For the case 24 Q(n) and 2tk or 21 Q(n) and 2 | k, in the same proof, we can get

1 (p _ 2)(_1)52(n)2w(n)7o¢71
» .

(2.2)
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(2) Ha=1and for any i = 1,--- ,k,p; = —1(mod p), i.e., n = pny and for any
d | ny,d = +1(mod p). Then by (1.2)—(1.3), (2.2) and ged(p,n1) = 1, we have

p(n) = (p = Dp(m), Qn) =Qn1) +1,0(n) = w(m) + 1,

and then

ep(n) =plpm) = > n (%) H

d|pny

d%‘jl#(ml) [dl} +pd§;mu( 1) [pd1:|
== S ) |3+ D) )

= —pp(n1) + (1)
oV 11\2(n1) ow(ng)—1
= —2ip(my) - EREEEE ()
_ _ _1\Q(n1)+1low(n)—2
_ (pp1> Cp(ny) + =AED

P
= Lo(n) + (r=2)(=1)

Q(n)gw(n)—a—1
p

p

(3) If a > 2,1ie., n=p*ng, then by ged(p,ny) =1 and (1.2)—(1.3), we have

e(n) = e(p°n1) = (p* — p* ")p(n1),

and then

ep(n) = pp(p°n1) = 3 p(Zm) H
d|17 ni
< an B
=S [ x e [
di|ny di|ni,1<6<a
= Z M(a nl)pﬂ tdy

di|na
1<p<a

=p* 2 p(F)dit T 3 () d

d1|n1 dllnl

(
=p" 7t 3 () di—p" 7 2 () d

d1|n1 dllnl

(4) If « =0 and p; = 1(mod p)(i = 1,--- ,k), i.e., n = ny and for any d | ny,d =
1(mod p). Then by (1.2) and (1.4), we have

S @26 (F) 2Dy 2o () = e

d|n d|n d|n

(5) Ifa=1andp; =1(modp)(i=1,---,k), i.e., n = pny, then ¢(n) = (p — 1)p(n1)
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and for any d | ny,d = 1(mod p). Thus by (1.2)—(1.3), ged(p,n1) = 1 and (4) we have
eoln) = 5 () [4]
d|117l1
=S [5]+ 5 u(m) (]
dy|ny pdi|pny 9.6
—- Zel) 3] 2 e 20
= —pp(n1) + ¢(n1) = —%.90(”1) + ¢(n1)
= (551) - wln) = L)
Now from (2.2)—(2.6), Theorem 1.1 is proved.
Proof for Theorem 1.2 (1) For the case v = 0, the result is obvious.
(2) If a=1,1ie., n=pn, then by ged(p,n1) =1 and (1.2)—-(1.3), we have
petn) =Su(s) [i] = 5 () [#]

n pni
Eeblpewl e
= —pp2(n1) + pp(n1)

(3) If a =2, ie., n=p?n, then by ged(p,n;) =1 and (1.2)-(1.3), we have
erm) = > p(2p) 4]
d|p?n.
= el ] 2o () 5]+ 2 e () 52
dl\nl d |n1 dl\nl (2.8)
== S () |3+ Z @)
dy|n1 di|ng

p*(p

= —pp(n1) + p(n1).

(4) If « > 3, i.e., n = p*nq, then by ged(p,n1) = 1 and (1.2)—(1.3), we have ¢(n) =

a—2

—p*3)p(ny), and then

d|pen,

-l T o)

di|ni, 1< <a

= S o) [ e 3 e |5

) = ¥ p(E) 4]

di|n1 di|na
=" 2 u () i+ Y (i) d
d1|n1 dllnl
= —p*Pp(n1) + p**p(n1)

Now from (2.7)—(2.9), we complete the proof of Theorem 1.2.
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Proof for Theorem 1.3 (1) If @ =0, i.e., n =ny, and then ged(n,p) = 1. Suppose
that p; = 1 (mod p?) (i = 1,--- , k), then for any d | n,d = 1 (mod p?), thus by (1.2)—(1.4),

we have

oo =31 (5) HE > (3) (254) = ot - ;;u (3) = Zotn)
(2.10)
Suppose that p; = —1 (mod p?) (i = 1,--- , k), i.e, for any d | n,d = %1 (mod p?), and
then by (1.2), (1.4) and the proof of Theorem 1.1 (1), we can get

() =3 u(3) 4]

I
=
—~
a3
~
/N
3T
v
_

)+ T () ()
d|n,d=—1(

mod p?)

(
ORI VIO R Xoow(g) @

d|n,d=1(mod p?) d|n,d=—1(mod p?)

= p(n) + (i?") > (%)
(

d|n,d=1(mod p?)
P g2> (_1)Q(n)2w(n)—1.

Now from (2.10)—(2.11), we complete the proof of (1).
(2) If a=1,1ie, n=pny, then by ged(p,n;) = 1, we have

e(n) =(p—1)pn),2n)=Q2(n1) +1,wn) =wln) + 1. (2.12)
And so by Theorems 1.1-1.2, (2.12) and (1), we can obtain

©p2(n) = @p(n1) — @y2(n1)
{ p(n1) _ p(n1) )
? P Pi

1(mod p2)(i =1,---,k);

P )

= w(;n _ ‘PED";I) + (p72)<71)9<:1>2w(m>71 - (;,272)(71)5;(:1)20)(7«01)717 = 1(mod p?) (i = 1, k):
— %’ pi=1(mod p?) (i =1,--- ,k);

= { w;;t) =+ (P*l)(*l)ﬂzi;lle“(nl)’ pi=—1(mod p?) (i=1,---,k);

_ w;;t)j pi = 1(mod p2) (i=1,---,k);

= { % + (Pfl)(fl):;"bw(n)*l’ pi=—1(mod p?) (i =1,--- k).

This completes the proof of (2).
(3) If a =2, i.e, n=p?ng, then by ged(p,n1) = 1, we have

p(n) =p(p = Dp(n1), An) = Qni) + 2,0(n) = w(n) + 1. (2.13)

Thus by Theorems 1.1-1.2 and (2.13), in the same proof as that of Theorem 1.3 (2), (3) is
immediate.

This completes the proof of Theorem 1.3.

Proof for Theorem 1.4 (1) If a« =0,8 = 0, the result is obvious.
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(2) HWa=1,8=0,1ie., n=pny, then by ged(pg,ni) = ged(p,q) = 1 and (1.2)—(1.3),
we have

Ppg(n) = X M(pT) [E}

dlpna
=S [a]- = e [5) 2

= —Ppq(n1) + pq(n).
(3) For the case a« = 1,3 = 0, in the same proof of (2), the result is obvious.
(4) If « =p =1, i.e., n = pgny, then by ged(pg,ni) = ged(p,q) = 1 and (1.2)—(1.3),
in the same proof as that of (2), (4) is immediate.
(5) Ifa>2and 8=0,ie.,n=p*ng, then by ged(p,n1) =1 and (1.2)—(1.3), we can

obtain

Ppg(n) = > M(padnl> [piq}
— w pny [Q} + L (P:nl ) [p”ldl}
Z ( dy ) Pq dl\nl,éalgoc p*idy Pq

= 3 u(z) [%} £ Y () [2] (2.15)

dy|ny dy|ny
vl g e [
- _Ba—2 + Ba—l

While by a > 2 and (1.2)-(1.4), we know that

B =g E () [

dy|na pe~ldy|p>—1in,

=o ) = % () [

di|n1,0<B<La—2 (2 16)
n p®~2%d,y '
= eulp i) - 3 p () [P
di|ny
a—2
= ‘Pq(pa_lnl) + > u (%) [%} = ‘Pq(pa_ln1> + Bo—2,
d1|n1

thus by (2.15)-(2.16), we have p,,(n) = ¢,(p* *n;). Thus (5) is proved.
(6) Ha>2and 8=1,ie.,n=p*gny, then by ged(p,n1) = 1, we have
p(n) =p* ' (p — 1(g — Dp(na). (2.17)
Thus by (1.2)—(1.4), (2.16) and (2.17), we can get

Ppg(n) = > p(Em q’“)[i}

d|p>gn1

-Zee s, 2 e

di|ny di|ni,1<a1<a

TRl ()
di|n1, 1<o¢1<a !

di|ny
Z M(pqnl) |: P 1d1]+ Z /J' qn1 |:ad1i|
d1|IL1 dl‘nl

ENICOIE RS

dy|ny

dl\nl
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= > (@) [E7 - X e [P

di|ny di|n1
— 3 () ) + X p(B) (02 da)
d1|n1 dl‘nl

== Ba—2 - Ba—l - pa7290(n1) +pailtp<n1)
= —¢a(p* ') + e (n).
(7) If @ >2and > 2, then by ged(pg,n1) = ged(p, q) = 1, and (1.2)—(1.4), we have

p(n) =p* 1" (p — 1)(q — Dp(n1),
and then
o) = X () 4]
d|P qﬁnl
_ (p q n1) @} M(W«z"m) {p“1d1}
d1|nl pa di|nq, 1<ozl<a et P

[ 1 d a8 a14P14g
P q 1 g -ay p g ni b g 1

di|ny, 1<B1<B di|ny,1<a1<a,1<B1<B

= 2 () [F5re]+ 2w [P

di|ny di|ny
p*~ 1 B a—1_pg—1
+ Z M(pnl)[ 4 d1:| + Z M( qnl) [p Zq d1:|
di|n1 di|na

= —p* 17 P p(m) + g7 p(na) — p* 27 () + 207 0 (na)
=p* %" (—p +pg—q+1)p(m)
=p*2(p = 1)¢"*(g — 1)p(n1) = Lo(n).
This completes the proof of (7).
Proof for Theorem 1.5 (1) For the case « =3 =0, i.e,, n =mn;.
(i) If p; = 1(mod pq)(i = 1,--- ,k), then for any d | n,d = 1(mod pq). Thus by (1.2)
and (1.4), we have

it =2 [3] =202 ()

(2.18)

(i) If p; = —1(mod pq)(i = 1,--- , k), i.e., for any d | n,d = £1(mod pq). Then by
(1.2)—(1.4) and the proof of Theorem 1.1 (1), we have

Ppe(n) = > H (%)
d|n,d=1(mod pq)

= 2

(

[ w(3) [£]

T (%) + () (=)

- ot (), 2 ()
)

d|n,d=—1(mod pq)
1 pg—2
mem) + (24

(%)

d|n,d=1(mod pq)
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k a;—1
(IT p;* tin i
=1

k —
(II P2 Ht=1(mod pq)
i=1

(2.19)

1 —2 i
= L) + (122) 2 ml =
t|l:[1:l7i
71)9("’)’kt21(m0d pq)

(
Lot + (m22) (o

pq

From (2.18)—(2.19), we complete the proof of (1).
(2) For a=1and =0, ie., n=pny, then by ged(pg,n1) = ged(p, q¢) = 1, we have

p(n) = (p— Dp(m), Q) = Any) + Lw(n) = w(m) + L.

(i) If p; = 1(mod pq), then p; = 1(mod ¢)(i = 1,--- ,k). And so by Theorem 1.1,
Theorem 1.4 and (2.18), we have

p(n) () p(n) o(n) o(n)
n) = ny) — ny) = - = - = . 2.20
Ppq(n) = pg(n1) — ppg(n1) p g ap—1)  palp—1) oo ( )
(ii) If p; = —1(mod pq), then p;, = —1(mod ¢)(¢i = 1,--- , k), thus by Theorem 1.1,
Theorem 1.4, and (2.19), we have

Ppg(n) = ‘Pq(nl) — Ppq(n1)
n oV (_1\2(ny)gw(ny)—1 — n w(ny)—
_ (ga(q» RIS )_ <p71qcp<n1)+ (%> (—1)%m) ge(m) 1)

- - ! —1 Q(n wln
= qég—l) - pq(p,l)QD(n) + (p,Tq) (1) (n1)+19w(n1)

= igp(n) + (p;l) (_1)Q(n)2w(n)fl.

pq

(2.21)
Now from (2.20)—(2.21), we complete the proof of (2).
(3) For @« =0 and 8 =1, in the same proof as that of (2), the result is immediate.
(4) For a = =1, i.e., n=pgny, then by ged(pg,n1) = ged(p, q) = 1, we have

p(n) = (p—1)(g—1p(m),2(n) = Q) + 2,w(n) = w(n) + 2.

(i) If p; = 1(mod pgq), i.e., p; = 1(mod ¢) and p; = 1(mod ¢)(¢ = 1,--- , k). Then by
Theorem 1.1, Theorem 1.4 and (2.18), we have

@pq(n) = p(n1) + @pq(nl) - ‘Pq(nl) - Spp(nl)
o(ny) + wni) _ e(n1) _ @(ni)

e-D(g-Deln) ! (2.22)

pq

_ o)
pq
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(ii) If p; = —1(mod pq), then by Theorem 1.1, Theorem 1.4 and (2.19), we have

©pg(n) = (1) + @pg(n1) — @q(n1) — p(n1)
= plm) + (Fe(m) + (2£2) (—1)pege

prq
w(nl)+<q—2)<—1>“;"1>2w<n1>*1 _ sa(;n)+<p—2>(—1>“;"1>2“<”“*1) (2.23)
_ (= 1)(qpq1)sa(n1) + (2p+2<;qpq 2)( )Q(m)Qw(nl)*l
_ o) | (2p+29—pg—2) Q(n)ow(n)—3
T pg + pq (=1) 2

Now from (2.22)—(2.23), we complete the proof of (4).
(5) For a > 2 and 8 =0, i.e., n = p®ny, then by ged(ni, pq) = ged(p, q) = 1, we have

e(n) = pp(p® 1), An) = Qp* 1) + 1, w(n) = w(p®'ny). (2.24)

(i) fp=p;=1(mod q)(i =1,---,k), then by Theorem 1.1, Theorem 1.4 and (2.24),

we have

A N AV )
Ppq(n) = q(p™" m1) p o (2.25)

—1(mod ¢)(i = 1,--- ,k), then by Theorem 1.1, Theorem 1.4 and

(i) If p = p;
(2.24), we have

Ppg(n) = 0q(p* ) ) )

— 2" tm) | (a=2)(=)FPTT e T (2.26)

q q
p(n) _ (q=2)(=1)7 v

Pq q

Now from (2.25)—(2.26), we complete the proof of (5).
(6) For a>2and =1,ie.,n=pgni, then by ged(ni,pq) = ged(p, q¢) = 1, we have

o(n) = Qp(](?al )) Qn) = Q>(p* 'ny) + 2,w(n) = w(p* ny) + 1. (2.27)

(i) Ifp=p;=1(modq)(i=1,---,k), then by Theorem 1.1, Theorem 1.4 and (2.27),
we have

_ _p(n) _ () (P 'n)
Ppg(n) = f*l) —pg(p* i) = (=D —
psoq(n) __p(n)  _ e(n) m ! (2.28)
~ plg—1)  pg(g—1) — pq °

(i) If p=p; = —1(mod q)(i = 1,---,k), then by Theorem 1.1, Theorem 1.4 and
(2.27), in the same proof as that of case (5) (ii), one can get
p(n) _ (g—2)(=1)"MW2v2
pq q '
Now from (2.28)—(2.29), we complete the proof of (6).

(7) B >2and a =0 or 1, in the same proofs as those of (4) and (5), the result is
obvious.

pa(n) = (2.29)

From the above, Theorem 1.5 is proved.
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