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Abstract: In this paper, we investigate the optimal dividend and financing policies problems
with excess-of-loss reinsurance and a terminal value. In our model, by using approximate diffusion
and dynamic programming and constructing of suboptimal problems, we obtain the HJB equation
satisfied the general optimal problem and verification theorem. Assuming the proportional and
fixed transaction costs and the terminal value at bankruptcy, we get the optimal value function,
the optimal dividend policy, the optimal reinsurance strategy and the optimal finance strategy.
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1 Introduction

In the actuarial and mathematical insurance literature, the optimal dividend problem
for an insurance company consists in finding a dividend strategy that maximizes the expected
discounted dividends until the ruin. The diffusion model about this problem of optimal risk
control and dividend distribution was widely studied since fifteen years ago. As we know,
the diffusion models for companies can control risk exposure and dividend payment. For
example, the papers such as Taksar and Zhou [1], Asmussen et al. [2] and Cadenillas et
al. [3] considered that the company control the risk exposure by proportional reinsurance.
Meanwhile, some increasing attention was paid to the dividend problem in term of excess-of-
loss reinsurance. The literature includes Zhang and Zhou [4], Xu and Zhou [5] and reference
therein.

When companies are on the verge of ruin, we can choose to bail out through capital

injections or get out of business. When the surplus is null, we inject to prevent bankruptcy,
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see He and Liang [6] and Peng and Chen [7]. Leaving the business may lead to bankruptcy
and the corresponding terminal value (say P). For P > 0, we view the terminal value as
salvage value; for P < 0, it is viewed as the penalty value. The terminal value considered
by the optimal control problem goes back to Karatzas et al. [8]. Taskar [9] firstly considers
the risk control and dividend distribution problem with terminal value. Since then, more
and more attention are paid on the control problem with terminal value. For instance,
the optimal proportion reinsurance policy with terminal value can be found on Taskar [9].
Albrecher [10] and Liang and Young [11] found the optimal dividend strategy in diffusion
risk model under a penalty (or salvage) for ruin. Some papers consider the optimal dividend
and financing strategies with terminal value and reinsurance polices under different premium
principle. For example, Yao and Yang [12] and Cheng and Zhao [13] investigated the optimal
problem under the variance premium principle. Cheng and Wang [14] solved this problem
under the exponential premium principle. Considering the excess-of-loss reinsurance, Xu
and Zhou [5] and Liu and Hu [15] started to research on this optimal problem. As far
as we know, very little work has considered the combined optimal dividend, excess-of-loss
reinsurance and financing polices with terminal value.

Motivated by the above references, in this paper we study the optimal dividend, financ-
ing and excess-of-loss reinsurance with terminal value. The paper is organized as follows.
In Section 2, we introduce the model formulation of the problem. In Section 3, we give the
HJB equations about the optimisation problem and some properties of the value function.
In Section 4, we consider the optimal control problem without capital injection. In Section

5, we solve the optimal problem that the company does not allow to ruin through financing.

2 Model Formulation and the Optimal Control Problem

Let (2, F,{F:i}t>0,P) be a probability space, on which all stochastic quantities in this
paper are well defined. Here {F;};> is a filtration, which satisfies the usual conditions. To
specify the diffusion model, firstly, we introduce the classical Cramer-Lundberg risk model.

The surplus process of an insurance company satisfies

Ny

Zt:x—l—ct—ZYi, (2.1)

=1

where Zy = x > 0 is the initial reserve and ¢ > 0 is the premium rate. {/NV;};>¢ is a Poisson
process with constant intensity A. Y; is the size of the ith claim, where Y; are independent
and identically distribution positive random variables with common distribution function F'.
Assume that mean p; = E[Y;] > 0 and the second moment ps = E[Y;?] > 0 are finite.

In this paper, excess-of-loss reinsurance is available, so let a be the excess-of-loss reten-
tion level. Assume the insurer purchases reinsurance contract R to cede the risk of claim,
that is to say, the insurer covers R(Y;) for claim Y;, and R(Y;) = Y; A a. Then define the

(1) ) R

. 2 . .
corresponding pp’ and ,ug,% . The premium rate for the reinsurance covers ¢, under the
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N,
expected value principle, it has ¢ = (1+0)F Z Vi) = (14 0)A(® — 4'D), where
0 is the safety loading, and -

W (a) = BIR(Y,)] = / " Fla)de, 42 (a) = ERA(Y,)] = / 2w F(a)dr,

where F(z) = P(Y; > ) = 1 — F(x). Define

N :=inf{z > 0: F(z) = 0}. (2.2)
Thus the function u( ) and /LR2) are increasing on [0, N|, meanwhile they are constants on

[N, o0), which equal to M( J(N) and u(z) (N). So the surplus process in the presence of

reinsurance R can be written as
ZF =2+ (c— Mt - RY)). (2.3)

By the same argument as in the Asmussen et al. [2], we can approximate the process (2.3)
by a pure diffusion process { X/} with the same coefficient and volatility. Specifically, { X[}

satisfies

X[ =z 40 (@) + o= 1+ OO+ M (@)Bi, X =, (2.4)

where {B;} is a standard Brownian motion, adapted to the filtration {F;}. Assume the
retention level can be dynamically adjusted to control the risk expose. At each time, the
insurer chooses the retention level a = a(t).

Next, we consider dividend payment and capital injection in the above processes. Denote

L, as the cumulative amount of dividends paid up to time ¢. The capital injection process
o0

¢ = > Iz, .10y is described by a sequence of random variables {n,,n = 1,2,---} and
n=1 -
a sequence of increasing stopping times {7,,n = 1,2,---}, which are corresponded to the

amounts of capital injections and the times, respectively. Then given an admissible control
strategy m = (a™, L™, G™), the dynamics of the control surplus process {X[} with initial

reserve x > 0 can be written by
XF=XF-LT+GrF with XJ=x—LF+Gp. (2.5)

In this paper, using the excess-of-loss reinsurance strategy means that among the ad-
missible reinsurance policies the retention level {a;} can be adjusted dynamically to reach
the whole optimization. In addition, we assume that the insure company premium under
expected premium principle is ¢ = (1 +0)ApM, which is the case of cheap reinsurance. Thus,

the process {X['} can be written as the following stochastic process

t t
XP=z+ / oA (a)dt + / VP (a)dB, XE == (2.6)
0 0
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Then we give the following definition of an admissible strategy which the insurer can select.

Definition 2.1 A strategy =« is said to be admissible if

(i) 0<af <a,t>0.

(ii) {LT} is an increasing and F;-adapted cadlag process with L7 = 0 and satisfies
ALT =L7 — L7 < X[ fort>0.

(iii) {77} is a sequence of stopping times with respect to {F;};>0 and 0 < 77 < 77 <
e T < s A,

(iv) m; > 0,n =1,2,--- is measurable with respect to Fx.

(v) P( lim 7,7 <t)=0, Vt>O0.

Condit?o? (ofl) implies the reserve available is more than the total amount of dividends at
the moment. Condition (v) demands that the capital injections may not occur infinitely in a
finite interval. Denote by II the set of these admissible strategies. For each admissible policies
7 € II, the ruin time of the control surplus process is defined as 7™ = inf{t > 0 : X < 0},
which is first time that surplus becomes negative. Then we can study the following problem.

We measure the company’s value associated with strategy @ € II using the following
performance function V(z;7), which is the expected sum of discounted terminal value and
the discounted dividends less the expected discounted costs of refinancing until the time of
ruin

o0

.
V(w;m) = E.(6 / e O dLT 4+ PeT" — Z e (Bon? + K) [(rr <) (2.7)
0 n=1
E, denotes the expectation conditional on X7 = x, and § > 0 is the discount rate. In
the financing process, we assume that the shareholders need to pay Gan + K to meet the
capital injection of 17, where B3 > 1 measures the proportion costs, K > 0 is the fixed costs.
In the dividend distribution process, proportion costs transaction are taken into account
through the value g1, 1 € (0,1) means that the shares can get ;1 if the company pays [ as
dividends.
The objection is to find the optimal value function

V(z) =sup V(z;n) (2.8)

mell

and the associated optimal strategy 7* such that V(z) = V(z;7*).

3 The Hamilton-Jacobi-Bellman (HJB) Equation and Verification The-
orem

The solution of the optimal value function and the optimal strategy are based on the
HJB (Hamilton-Jacobl-Bellman) equation. In order to deriving this equation, we first define
some operators.

For the function v(z) : [0,00) — R, we define the financing operator M by

Mu(z) = sup{v(z +y) — oy — K},

y=>0
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which means the value of the police that consists of choosing the best immediate capital
injection. The differential operator A“ is denoted by

AWy (z) = %)\ug)(a)v"(x) + ﬁAug)(a)v’(a:) — dv(x).

Assuming that the value function V() is the twice continuously differentiable, and using the
standard stochastic control theory (see, e.g., Fleming and Soner [16]), we can characterize
the HJB equation of the control problem as

maX{OIgnaaSXA{A“v(x)}, B —v'(z), Mu(z) —v(x)} = 0; (3.1)
max{Muv(0) —v(0), P —v(0)} = 0. (3.2)

Then we will give some property of the value function.
Lemma 3.1 The value function defined by (2.8) is increasing on [0, c0) with

Pi(e —y) <V(z) = V(y) < Polz —y) + K (3.3)
and satisfies the following boundary condition
Bz + P < V(z) < Sz + B10Auly) /6 + PlLipsoy. (3.4)

Proof Given ¢ > 0, take a admissible strategy m; € II such that V(z;7) > V(z) —e.
For each x > y > 0, we define a new strategy m; € II as follows: issue equities with the

amount of x — y and then follow the strategy m;. The strategy m; is admissible and we have
Viy) 2 V(y;m) =V(e;m) — ez —y) —K 2 V(z) —e - Bz —y) — K,

€ is arbitrary. So we obtain the second inequality. The first inequality can be similarly
proved.

Consider a new strategy ms. When we pay all of the surplus as dividends and claim
the terminal value, we can get the corresponding performance function V' (z;ms) = S1a + P.
Because of the optimality of the value function, we obtain V(z) > V(x;m) = f1x + P.

The surplus process { X'} with only reinsurance is described by (2.6), we have

T" T"
B / e dX ) = B, ( / e (O ds) < A /6.
0 0
By It6’s formula,
T" T"
e T XT =26 / e %X ds + / e %%dXT.
0 0

We know that X7. =0 and X[ > 0, for ¢t <T™. Taking the expectation on both sides, we
have

T" T"
—E,( / e %dXT) =z — §E,( / e 9 XTds) < ,
0 0
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SO
T" oo
V(z;m) = Eu (B / e dLT + Pe™™" = " e 0 (Byn] + K ) {ry<rry)
0 n=1
T™ 0o
SHE([ LT Y lzer) + Plinso)
0 n=1

T T"
— BB / e PdXR) — B / e~dXT)] + PTpsoy
0 0
< Bz + B10My) /6 + PIipsoy. (3.5)

Hence, we can get the boundary condition.

Theorem 3.1 (Verification theorem) Let v(z) be a twice continuously differentiable,
increasing and concave solution of HJB equations (3.1) and (3.2), and v'(x) is bounded, then
for each m € II, we have v(z) > V(z;7). So v(z) > V(x) for all z > 0. Moreover, if there
exists some strategy 7 = (a™ , L™ ,G™ ) such that v(z) = V(z;7*), then v(z) = V(x) and
m* is optimal.

Proof For each given strategy m = (a™,L™,G™) € II, let’s define AT = {s : LT_ #
LT}, AL = {s: GT_ # GT} = {r[,7f,--- ,7%,--+}. Let LT = > (LT — L]_) be the

Y 'n>

discontinuous part of L7 and LT = LT — IA/,’[ be the continuous part of L]. Similarly, @? and
éf stand for the discontinuous and continuous parts of G, respectively. Then, using Itd’s

formula, we have
tAT™ EAT™
ef§(t/\T“)rU<Xtﬂ—ATﬂ) . ’U(.’L') _ / ei(ssAaWU(X:)dS + / \/X'ug)efésvl(X;r)st
0 0
tAT™ IAT™
- / 676SU/(X:>d‘Z/;r 4 / 6768U/(X;T)dég
0 0

+ > e % (u(XT) — v(XT)). (3.6)

SEATUAL s<tATT™

The sum of discontinuous parts of last term can be written as

o e (X)) —v(XL))

SEATUAL, s<tATT™

= > D -uXI))+ Y e w(XT) — (X))

SEAT s<tAT™ SEAT,sSIAT™
e
<= ) BT L)+ Y e (Bany + K ) rg<intey, (3.7)
SEAT ,s<EAT™ n=1

where the inequality holds, because v(x) satisfies the HIB (3.1) with v/(z) > $; and Muv(x) <
v(x). Moreover, in consideration of (3.1), the first term of the right hand side of (3.6) is
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non-positive. Therefore, by substituting (3.7) into (3.6), we have

tAT™
e SNy (XT e ) <v(zx) + Vaue %y (XT)dB,
0
tANT™ oo
- / e BdLT + > e (Bon + K) g <inty (3.8)
0 n=1

Because v(z) is an increasing function and v(0) > P, we obtain

tAT™ o0
e 0T p oy / e BidLT =Y e (Ban + K) ey <intr)
0 n=1
tAT™
<v(z)+ ﬁug)ef‘ssvl(X:)st. (3.9

0
Taking expectation and limitation on both sides yields

oo

.
v(@) > E.(By / e ALY + PenT =% LT (B + K)lrperny). (310)
0

n=1

Consequently, v(x) > V(x) follows.

4 The Case without Capital Injection

In this section, we consider the first case when the policy without capital injection is
optimal. Hence, the corresponding boundary condition is v(0) = P and Mwv(0) < v(0). Let
x1 = inf{x;v'(x) = (1}. Then, the solution v(z) satisfies the following equations

Oglla?N{Aav(x)} =0, 0<z<u, (4.1)
V'(z) = =0, x>, (4.2)
v(0) = P,

Mu(0) —v(0) < 0. (4.4)

In fact, these equations indicate that the continuous region is (0, z1), and the dividend region

is [z1,00). For 0 < z < 1, differentiating (4.1) with respect to a, we can obtain
AF(a)[av” (z) + 6v'(z)] = 0, (4.5)

then let the derivative equal to zero yields

Vi)
a(z) = _ev”(x)’ it v"(z) #0. (4.6)
In view of (2.2), the maximizer of the left-side of (4.1) satisfies the above equation.
Substituting (4.6) into (4.1) leads to

OAR(a)v'(x) — dv(z) = 0, (4.7)
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@) @)
where h(a) = pV(a) — “RTI(G) It is easy to get h'(a) = “gT(f), h(a) > 0 and h(oo) = u(V.
Differentiating (4.7) yields

0 h(a)

OAN (a)d' (z) — e 0 .

Jv'(z) =0, (4.8)
from (4.8), we have

2042 + 20ah(a)

a'(z) = (4.9)
i ()
Let
@ (2)
1y (y)
Q(x) = / =y (4.10)
o 23y? + 20yh(y)
It is easy to obtain that Q'(x) > 0, so the inverse function of Q(z) exists, we have
a(z) =Q *zx + k). (4.11)
There exists some constant k£ such that
Q(a(0)) = k. (4.12)

Since a’(x) > 0, the a(x) is a strictly increasing function. Next, we suppose that there
exists a reinsurance level x( is smaller than that for dividend z, that is, the insurer will
keep all the claims when the surplus exceeds zg, and we have Q(N) = xo + k. Thus, from
(4.12), we get

2o = Q(N) — Q(a(0)). (4.13)

For 0 < z < x¢, applying (4.3) and (4.6), we obtain

o 9
T / ——ds
v(z) :kg/ e’y a(s) dy+ P, 0<z<x, (4.14)
0

where k3 is unknown coefficient.
Meanwhile, for zo < x < x1, we know that the HJB equation becomes a second-order

ordinary differential equation

1

§Au(2)v”(m) + OAuM (x) — dv(x) = 0. (4.15)
Then the solution of (4.15) is of the form

'U(g;) = klem—(z—m) + k.Qer_(m—m)’ xo <z < 11, (4.16)
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where ki and ks need to be determined, and
—0p™ + \/(9M<1>)2 +26u®
ry = B} . (417)
u®
Finally, for z > x1, we have v'(x) = (41, and v(x) is continuous, we see
v(z) =G —x1) +o(xy), x>m. (4.18)
Thus, the solution of HJB equation is
kg/ el’ ﬁdsdy—l—P, 0 <z <,
’ 4.19
UT) =4 pyers e 4 pper-Gm) | gy <o <ay, (4.19)
Bi(x —z1) + v(z1), T > .

According to the principle of smooth fit and calculating the first and the second derivatives

of v(x) at xg and xy, respectively, we have

kiry + kor_ = [y,
Bi(re)? + ka(r_)2 =0,
k1r+e”($°*‘“) + kor_e"- (@) — o

0
kl(r+)2er+(mo—m1) + kg(r,)Qe“(“‘“) = —Nk;s_

Solving (4.20) and (4.21) leads to

k1:$>0 ko =

(e )

Bar

T <O

Meanwhile, by multiplying (4.22) by —% and subtracting it from (4.23) yields

kor_(Nr_+6) N+ =
k1T+(NT‘++9) N N—f—%

elr+—r=)(zo—z1) _

Thus, we can obtain

1 | N+%
$1—$0+T+_T7 H(N—'—%),

u®

m and

where x1 > xg holds since N + % >N —

N N
' = / 22dF(z) < N/ zdF(z) = NuW.
0 0

So

0 N N
Nt—>N-— =5

0.
r_ 2 =

(4.20)
(4.21)
(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)



1040 Journal of Mathematics Vol. 38

Using (4.22) and (4.24), we get

6
N N+ o
ky = T > 0. 4.28
¥ N+§’+(N+%) (4.28)

Lemma 4.1 3; < k3 < 20;.
Proof According to the concavity of the log function, we get

r_

0 0 0
log ks = log 31 +log N + [log(N + —) — log(N + —)](— ) —log(N + —)
T4+ T_ Ty —T- [

0 0
= log 1 +log N — [ log(N + ) — log(N + )]
T r T4+ r_ r_

+ T T+ —
Ty 0 r_ 0
1 log N —1 N+ —)-— N+ —
> log i+ log N — logl——— (N + =) = (V+ )
=log B + log N —log N = log (31,
o - N+sZ ey Ok,
which implies 8; < k3. In addiction, we have k3 = ﬁ1(N+%) T = T <P o
Together with (4.27), we derive that k3 < 1 (1 + %)Y = Nfrv% < 63\}/]\2’ = 20.

Next, we come to determine the value a(0), z¢ and z;. For 0 < z < xo, combining with
the boundary value v(0) = P and let z = 0 in (4.7), we obtain

OAR(a(0))v'(0) = §P. (4.29)

From (4.13) and (4.26), we can know once the a(0) is determined, the value of = and x;
can be calculated. In view of (4.14), we have

[
——ds
V' (x) = kzelw a(s) (4.30)
Then, together with the (4.29), we obtain
|
——ds
ONksh(a(0))edo  a(8) = sp. (4.31)

Let’s apply a variable change of y = a(s) and use (4.9) and a(xy) = N, we get
OAk3g(a(0)) = 6P, (4.32)

h(y)

N
; — / oy + h(y)
where the function of g(z) is written as g(z) = h(z)e’/= 62X , & > 0. After some
@

simple calculations, it is easy to know that g(04+) = 0, g(N) = h(N) = p — £ and

N ()
/ / iy + h(y) h(z) . .
g (x) = h'(x)e/= X [1-— 7)] > 0. Then we obtain that the g(x) is a

ﬁerh(x

strictly increasing function on [0, N]. Thus we can get that (4.32) determines a unique root
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a(0) on [0, N] if the condition P < 2ks(pu®) — %) holds. Thus, we will confirm (4.4) in

the following cases.

0

) ——ds
(1) If P < Qps(p® — M) and (s 0) = k:3e/0 a(s) " > B, we are aware

>
2N =
of v'(x) is decreasing on [0,00), so v'(x) < (2 holds for z > 0. Thus Muv(0) — v(0) =

mgg{{v(y) — Gy — K} —v(0) = —K <0, (4.4) holds. In this case Figure 1(a) is a graph of
y=

v ().

0
——ds

To
(2) If P < 22 ks (p™) — ‘;(Nm) and v'(0) = kge/o a(s) 5 B2 > ks, we know that v'(z) is

strictly decreasing from v’(0) to v'(x1) = (1. Thus, there exists a unique number ~; € (0, z)

such that v'(y;) = 2. Then, we define an integral function

I(y) = / /() — Ba)de = v(y) — v(0) — far. (4.33)

Obviously, (4.4) is valid if and only if when K > I(;). In this case Figure 1 (b) gives a
graph of v'(x).

0
——ds

(3) If P < Bhy(p™ — %) and v'(0) = k36/0 a(s) " > ky > By, similar to (2), we
know that v'(x) is strictly decreasing from v’(0) to v’(x1) = ;. Thus, there exists a unique

number 75 € (29, x1) such that v'(72) = B2. Then, we define an integral function
Y2
Jom) = [ /(@) = Ba)do = vlw) — v(w0)  Balre ), (431)
o

we know J(72) is decreasing with regard to (2. (4.4) holds if and only if when K > J(v2).

(d) (e) (f)

Figure 1: The graph of the derivative v’(z) = V'(x).

In this case, Figure 1 (c) provides a graph of v/(z).
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If P> %ks(p® — ‘;(—2)), there is no solution to solve (4.32). In this case, it shows that

N
there does not exist zp > 0 such that a(z) < N for z < zq. We set 2o = 0, which means
that the insurer will keep all claims, i.e., a(x) = N for x > 0. The suggested solution to

(4.1)—(4.3) is of the form

k er+(x_x1) +k er,(ac—m)’ <<z R
= (BT ossn e

Bi(x —z1) +v(21), x> .

According to the principle of smooth fit at = 27 and the boundary condition v(0) = P, we

have
k1€7T+x1 + k2€7T7w1 =P (436)

In order to prove the existence of x1, we define p(z) = kie™ "% + koe™"*. We find that

(0) = 9’\‘5(1), ¢'(x) < 0 and ¢(c0) = —oo. Therefore, when 2ks(put) — %) <P< 9’\‘3“)

holds, (4.37) will have a unique root of z; > 0.
(4) If %l‘%(ﬂ(l) - %) < P < 0/\,[;(1) and By > v'(0) = kyrie ™ + kyr_e™ > 31, we
have v'(z) < 2 for z > 0, so v'(x) is decreasing on [0, 00). Thus

Mu(0) —v(0) = max{v(y) — foy — K} —v(0) = -K <0,

(4.4) holds. In this case, Figure 1 (d) is a graph of v'(x).

(5) If Lhy(u — %) <P< %(1) and v'(0) = kyrpe ™ + kor_e™™ > 35, we know

that v'(x) is strictly decreasing from v'(0) to v'(x1) = (1. Then there is a unique solution
~v3 € (0,21) such that v'(v3) = B2. Thus, (4.4) holds if and only if when K > I(~v3). In this
case, Figure 1 (e) is a graph of v/(x).

(6) If P> 9A§<1), there is no solution of (4.36). Therefore, we set x; = 0, which means
that the insurance company will pay all current surplus as dividend at once. The solution

is of form v(z) = By + P. In this case, Figure 1 (f) is a graph of v/(z).

5 The Case with Capital Injection

In this section, we consider the case with capital injection, namely, it is optimal to
inject capital to prevent bankruptcy only when the surplus is null. Thus, the solution of
g(x) should satisfy

Og;aéiN{A“g(x)} =0, 0<z<by, (5.1)
g'(x) =P =0, z=>b, (5.2)
9(0) = P, (5.3)
Mg(0) —g(0) =0, (5.4)

where b; > 0 is the level of the dividend policy. Similar to Section 4, we solve (5.1)—(5.2) as

the following cases.



No. 6 Optimal dividend and financing problems for a diffusion model with excess-of-loss ... 1043

xo 0
) ——ds
mﬁpg?%w”ﬂwxwm=miidﬁ > By > ks and K < I(71), we

2N
determine a candidate solution of g(z) about some parameter pi > 0,

b
o g
mﬂﬁ/ ——ds
k?,/ el S) gz p P 0<u<b,
0

= + p¥) = ) ) 5.5
g(iﬂ) 'U(.’E pl) k16r+(1_b1)+k2€,«7(£_b1)’ by < 2 < by, ( )
Oxp D
\ﬁ1($—b1)+ /; ; T > by,

where by = xg — pi, by = x1 — p¥; o, 1 and v(x) are written by (4.13), (4.26) and (4.19),

respectively. Correspondingly, we define the optimal reinsurance strategy by

. . G~z +G(a(0) +p7),  0<a@<b,
al (x)=a" (xz+p]) = o 5.6
1 (@) (z +p7) { N, o> b (5.6)
We get that g(x) and af satisfy (5.1)~(5.4). Then we will determine pi > 0 by using (5.4).

Denote

o(p) = o(p;7) ==v(y) —v(p) = by —p) = K, 0<p<r. (5.7)
Because of K < I(7;), we can get
¢(0;71) = v(m1) —v(0) = foyn — K = I(y1) — K > 0. (5.8)

In addition, we obtain

d(y3m) =—K <0, ¢'(p;y)=0—2'(p) <0. (5.9)

Therefore, there is a unique pj € (0,7;) satisfying ¢(pj;v1) = 0, that is

9(l) — g(0) = B2l — K =0, (5.10)
where [ = v, — p} > 0. Noting that ¢'(I) = v'(y1) = (2, then we have
Mg(0) = max{g(y) — foy — K} = g() = B2l = K = 9(0). (5.11)
Thus, (5.1)—(5.4) hold. In this case, Figure 2 (ag is a graph of v'(z) = ¢'(z).

w0 g
—_ds
NIEP < Dy (pV) — 22 ’O—k/o a(s) ks > dJ K<I
(2) > 31 2N>7v() 3€ > k3 > (3> an (12) < < 1(72),

similar to (1), we define the following candidate solution

4 o 9
z+p5 / ——ds
k:3/ el als) dz+ P, 0 <z < u,
0

92(x) = v(z +p3) = (5.12)

k1€r+(m—u1) + kzer—(m—ul)7 U < T < U,
O D
| iz — ) + /(; ; 2,
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(c) (d)
Figure 2: The graph of the derivative ¢'(z) = V'(z).

where ug = xg —p5 > 0, uy = z; — p5 > 0 and p5 € (0,x0) is the unique solution to

¢(p7 ’72) = 07 i'e'7
92(l2) — 92(0) — Balo — K =0, (5.13)

where Iy = 72 — p5 > 0. Meanwhile, define a optimal reinsurance policy by

(5.14)

0T (@) = 0™ (@4 p}) = { Gl o+ Ga(0) +p3), 0 <@ <o,

) IL'ZUQ.

Thus, (5.1)—(5.4) hold. In this case, Figure 2 (b) gives a graph of v'(z) = g5(z).

o 0
) ds
(3) TF P < 2 (uD — £ 4/(0) = kge/O ms) S ks > Byand 0 < K < J() <

I(72), similar to (1) and (2), we define a candidate solution

k16T+(w_n1) + kQGL(m_m)a 0<z<mn,
4a(2) = vz 4 p2) = AU (5.15)
Bi(z —n1) + s T =,

where ny = x; — p5 > 0, and p} € [xg,¥2) is the unique solution to ¢(p;y2) = 0, i.e.,

93(l3) — 93(0) — Bols — K =0, (5.16)

where I3 = 75 — p > 0. The optimal reinsurance strategy is a§ () = N. Thus, (5.1)-(5.4)
hold. In this case, Figure 2 (c) is a graph of v/'(z) = g5(x).
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(4) If y(p™ — %) <P< w“gm, v'(0) = kyry + kor— > (2 and K < I(7y2), similar

to (1), (2) and (3), we define a candidate solution

kle“r(x*ml) + k2e7ﬂ*(m7m1)7 0 S r <my,
oa() = (x4 pt) = e (5.17)
Bi(x —mq) + s T =,

where my; = x1 — p; > 0, and p} € (0,73) is the unique solution to ¢(p;v3) =0, i.e.,

9a(ls) — 94(0) — Boly — K =0, (5.18)

where I, = 3 — p > 0. The optimal reinsurance strategy is a] (x) = N. Thus, (5.1)-(5.4)
hold. In this case, Figure 2 (d) provides a graph of v'(z) = g} (z).

Based on the above analysis, we identify the explicit solution to the value function and
construct the associated optimal strategy in the following. In order to the following theorem,
let

t
0

Theorem 5.1 The value function V(z) and the corresponding optimal reinsurance

policy 7* = (a™ , L™ ,G™ ) are given in the following different cases.

0

, s
Case 1 If P < 2k;(p™ — %) and [y > v'(0) = kge/o a(s) " > B, then the value

function V(z) coincides with v(z) in (4.19), and the optimal retention level is

. { Gz +G(a(0)), 0<z< 0, (5.20)

a =
N, T > xp.

0
——ds

o
Case 2 If P < 2k;(p — %) and v'(0) = k36/0 a(s) - B2 > k3, then the value
function and the optimal retention level take the same forms as those in Case 1.

9 s

Zo

Case 3 If P < 2ks(p) — %) and v'(0) = k‘ge/O a(s) " > iy > f,, then the value
function and the optimal retention level take the same forms as Case 1.

Case 4 If 2 ks(p® — %) <P< MgJ and By > 0'(0) = kyrype ™ + kor_e™ ™ > f3y,
then the value function V' (z) coincides with v(x) in (4.37), and the optimal retention level
is @™ = N for all z > 0, which means that the insurance don’t take any reinsurance.

Case 5 If 2 ks(p®) — %) <P< M‘g(l) and v'(0) = kyrype™™ + kar_e= "' > 3, then
the value and the optimal retention level take the same forms as Case 4.

Case 6 If P > (”“g(l), then V(z) = 1z + P. Paying all of the surplus as dividend is
the optimal policy, and then claim the terminal value P at once.

o 9
) ——ds
Case 7 If P < %’\k‘g(u(l) — ’;(—N)), v'(0) = kge/O a(s) > fBa > ks and K < I(71),

then the value function V' (z) coincides with g(x) and the optimal retention level in (5.5)
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and (5.6), respectively. It is optimal to refinance if and only if the surplus is null, and the
surplus immediately jumps to I = v, — p} when it reaches 0 by issuing equities. So, G™ is

written as

/ I{t:xg*>0}dG?* =0,
0

T o=inf{t >0: X[ =0}, (5.21)

™ o=inf{t>7" X =0}, n=2,3,-,

n

=h=mn-p, n=12--.

n

0 s

Case 8 If P < 2ky(u™ — %), v'(0) = kge/o a(s) " > ky > B, and J(12) <
K < I(7,), then the value function V() is identical to go(z) in (5.12), G™ is written as
I”" =1 =~ —p5 ,n=1,2,--- and the optimal reinsurance strategy aj is characterised
by (5.14).

/IO Lds

Case 9 If P < Lk3(pV) — %), v'(0) = kzedo m(s) " S gy > fe and 0 < K <
J(v2) < I(72), then the value function V(z) coincides with gs(z) in (5.15), G™ is written
as l;;* = lg* =55 — pg*, n=1,2--- and the optimal reinsurance strategy is a*(z) = N.

Case 10 If £ks(u) — ’Q(Ti,)) <P< ”’g(l), v'(0) = kyrykor— > By and K < I(v3), then
the value function V() is identical to g4(z) in (5.17), G™ is written as [T =17 =1F —pi ,

n=1,2,--- and the optimal reinsurance strategy is aX(z) = N.

Proof Here we only prove Case 7 in detail as an example and the other cases also
can be proved by this method. By verifying the second derivative of g(x), we can check the
concavity of g(z) function. For 0 < z < by, we have

b
° 0
[ atds
z+p] (1(8)

0
g"(r) = —ks——e <0.

a(z)

For by < x < by, we obtain

g"(x) = kl (r+)2€r+(1*b1) + k2(7,_)267“7(sz1)

_ er,(m—bl)[k,l (T+)2€(7'+—r,)(ac—b1) + k‘g(?",)2]
= T b el )eho] <, (5.22)
Ty —T-

In addition, we can prove that the value function g(z) is indeed an increasing, concave
and twice continuously differentiable solution to equations (3.1) and (3.2). Using Theorem
3.1, we can show that the solution to HJB eq.(3.1) and (3.2) exactly equal to the value
function. Thus, g(z) > V(x) holds according to Theorem 3.1. Here we omit the details
when g(z) satisfies (3.1) and (3.2). Then, from (5.6), (5.19) and (5.21) we will check the
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optimal policy 7* = (a™ , L™ ,G™") € II, where u = b; in (5.19). Because of A“T*g(Xf*) =0
for 0 < Xf* < by, it follows

tAT™ . ) AT . )
/ e AT g(XT)ds :/ e AT g(XT Mio<xr<p3ds = 0. (5.23)
0 0
Meanwhile, (5.6), (5.19) and (5.21) indicate that

> e (g(XT) — g(XT))

SEATTUAL" s<tAT™"

= > X)) g XN xr ey + Y e @XT) = g(XI ) xar gy

SEATT s<tAT™” SEAT s<tAT™*

=— 3 e BET L)+ e (Bl + )L <onrey (5.24)
n=1

SGAE* S<EATT™

Thus, from (3.6), substituting =, T™, u with 7*, T™ = oo, by and taking expectations, we
get,

oo

t
o(z) = Bu[e%g(X7 )] + Ea(fs / LT =" e (B + K) I (pe<y). (5.25)
0

n=1

Let t — o0, the first term on the right hand side vanishes, therefore, we have

oo

9(x) = E.(5 / e dLT =Y e (Bonf + K)(rrcoey) = V(zs7®),  (5.26)

0 n—=1

considering g(x) > V(x), we check that g(x) = V(z) = V(z;7*).
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