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Abstract: In this paper, we consider Moebius probability on the unit circle. By using the
method in [1] and [2], we transfer the estimates on Moebius probability onto one-dimensional dif-
fusion, and obtain two-sided estimates on optimal Poincaré constant, logarithmic Sobolev constant
and Sobolev constant for Moebius measures on the unit circle.
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1 Introduction

Let n > 2 and let S”~! be the unit sphere on R" equipped with geodesic distance d and
the uniform probability measure p. For xz € R™ with |z| < 1, we consider the probability

1 v
measure on S™~! given b

n—1

(1—af?)= 71
dpy(y) = 77— duly), yes" .
(1= (z,y)
It is the so-called Moebius measure we are working on. In fact, this probability is the image
1 o 2 n—1
of 1 under the Moebius transformation. The factor W is known as the invariant
J— ':E’ y n—

Poisson kernel P(z,y): as a function of z, it is not harmonic but satisfies the equation
AP(-,y) = 0, where A denotes the invariant Laplacian operator (the reader is referred to [3]
for further information on this measure).

Let M be a connected complete Riemannian manifold with Riemannian metric d and
V is the gradient on M. Let M (M) be the space of all probabilities on M. Given any
€ My(M), we say that
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1. u satisfies a Poincaré inequality with a non-negative constant C' if for any smooth
function f : M — R, there exists a constant C' > 0 such that

Var, (f) = /Mf%zu—< /M fdu) < C /M IV fPdp. (L.1)

The optimal constant above is denoted by Cp(u).
2. u satisfies a logarithmic Sobolev inequality with a constant C' > 0 if for any smooth
function f: M — R with u(f?) =1,

Ent,(f?) < 20/ |V f?du. (1.2)
M

We denote by Crs(p) the optimal logarithmic Sobolev constant.
3. u satisfies a Sobolev inequality with exponent p > 1, if there exists one positive

constant C' such that for any f: M — R smooth enough,

2’%]) </M f2du—(/f|pduM>5> SC/M‘W'QUZ“’ (1.3)

In fact, the classical Poincaré inequality corresponds to the case p = 1 and the logarith-
mic Sobolev inequality turns out to the limit case when p tends to 2 since

lim = Ent,,» (f?),

p—2~

o[ Fa = ([ 15ra?)
2—-p

where
Enty (f2) i= p (f*log £%) — 1 (f*) log (3 ()
is the relative entropy of f? under u”. It was proved in [4] that

o / Pt~ ( / FPdur)3)
B, f) = —

is increasing on p for given f.

In this paper, we consider the Poincaré inequality, logarithmic Sobolev inequality and
Sobolev inequality for Moebius measures on the unit circle.

In [3], Schechtman and Schmuckenschlager proved that p! with any |z| < 1 has a
uniform Gaussian concentration property, which is similar to the one of pf. In [5], they
obtained logarithmic Sobolev and Poincaré inequalities for harmonic measures on unit sphere
S™~1 for n > 3 and in [2] they had similar results for harmonic measures when n = 2. And
then in [1], they obtained Sobolev inequalities for harmonic measures when n > 2.

Following the idea in [5], they obtained in [6] similar results for Moebius measures on
unit sphere for n > 3. In this paper, we will work on the Moebius measures on unit circle

N

pz(dy) = mﬂ(dy)» yes (1.4)
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with € R?, |z| < 1 and p the uniform probability on the unit circle.
The main result of this paper is the following.
Theorem 1 Let pu, be the Moebius measure on the unit circle. We have

a) the optimal Poincaré constant Cp(u,) satisfies

1< Colps) < ——2VIHIRL
V1tz]+ /1= ]z

b) the optimal logarithmic Sobolev constant Cps(u,) satisfies

3 2
iﬂlog(l + ) < Crs(pa) < 8rlog(1 + ———) + log 4;

18 2,/1 — |z 1— ||

c) the optimal Sobolev constant C),(p,) satisfies

for 1 <p<2.

2 Proof of the Estimate on Cp(u,)

We first present a crucial lemma, which combines a particular case of Lemma 1.1 in [2]

and a lemma in [1].

Lemma 2.1 Define

V1 —a? 1

T 1—aco

va(db) =

Sede, 6 € [0,7]

for 0 < a < 1. We have, respectively,

(1) the corresponding Poincaré constant satisfies

Cp(Ye)) < Cp(pz) < max{Cp(Vz), W};

(2) similarly, the optimal logarithmic Sobolev constants satisfy

1
Crs(¥af) < Crs(pa) < Crs(ve)) + APD (u))]

here APP(v,|) is defined as

(f")?dv)
/\DD(I/|$|) = inf / : f(O)

= f(r)=0, f mnon constant p ;



816 Journal of Mathematics Vol. 38

(3) the optimal Sobolev constant satisfies

1
CP(V\II) < Cppz) < Cp(y\zl) + /\DD(VIZL’\)'
Define the diffusion operator L, as
L.10) = £'(6) - 0 pr(g)
¢ N 1 —acosf

for any smooth function f : [0, 7] — R. The corresponding Dirichlet form is

e - | (v, = / " (- Laf)du.

The optimal Poincaré constant Cp(v,) = 5-

A (va) = {f;;(i’(;;’ f non constant} .

ﬁ, where A (1,) has classic variational formula

Put f(0) =1 — acosf. We get

and

V1—a? [T a2sin’0
Euf. ) = / a0
™ o l—acosé

VIC@ [T, a-1
= - (
0

T~ acos +1 —acos@)d@

_VI—@—(1-a).

So by the variational formula

5(1(f7 f)
M) < Var,(f)

Therefore we have Cp(v,) > 1. Now we work on the upper bound for Cp (v, ). The variational

=1.

formula for A\;(v,) by Chen in [7] could be understood as

. 1—acos® [T f(y)
CP(VG)_flrel;g:l[égr][ 11(9) /9 1—acosydy ’

where

]—':{f;f/>0,$€[0,77]; Va(f)zo}'

Set p(0) =1 —acosf — /1 —a?, it is easy to see that p is strictly increasing on [0, 7] and
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(1 —acosf) /Wl—acosy \/1—(12
0

N 06(01,1) asin@ 1 —acosy

2(1 —acos?) 0 l—a 0
= sup ———— = [ arctan(cot =) — arctan cot —
9€(0,) asin @ 2 1+a 2

0
2(1 —acosf) \/ ) cot 3
< sup - (2.2)
9e(0,7) asinf ( Q)
\ 1+a 2
14+a l1—a
a +a
B 2
1 + 1+a

where the first equality comes true by the fact that for « € [0, 7],

" do /
/(, T acosd — arctan( cot = (2.3)

And the last but second equality holds by the fact

2 cot(5) _ (1—|—a) sin 0 ~ (1+a)sing
2 i — 28— .
1+ <\/1+iac t ) (1+G)Slﬂ + (1 —a)cos? 5 1—acosé

Step 1 Lower bound for APP(y,). Choose f as f(#) = sin@ for 6 € [0, «]. Clearly, f
satisfies

f0) = f(m) = 0; f'(@)lo<w<nsa > 05 () |2 /2<a<n <O
So by Theorem 1.1 in [§],

1 ™2 ginw
5 < 1— d —
APDP(y,) — wE(O ,r/Q) sma:/ (I —acosy) y/ 1—acosu

1 " v
Voosup - /(1—acosy)dy/ f&du

z€(m/2,m) ST x/2 1 —acosu
1—acosz [™* sinu 9.4
< sup du (2.4)
2€(0,n),z#x/2  COST 1 1—acosu
1—acosx 1
= sup In
2€(0,m),a#n/2 QCOST 1—acosz

= sup (1l — %)ln(l —-t)=(1+ 2)1n(1 +a).

lt|<a

In fact, for 0 < a <1,

(1+ (1 +a) <

l—a '
]' + 14+a
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Now, combining the upper and lower bound for A;(v,) as well as the lower bound for

APP(y,), we have by Lemma 2.1,

¢1+uw+¢1—M|

The part a) of Theorem 1 follows.

3 Proof of Log-Sobolev Inequality

y (2.3), it is clear that the median of v, is 6, = arccosa. Define

*de Oa
S q(a,r):= su 1 —acos®)dd
s(@:7) ae(oga)/o 1-— aCOSH / m ) / ( )

1 —acos&

and

1—acost9

Sti(a,r) = s / / 1 —acosf)dh
LS(a T) ae(lé‘lf),w) 1- CLCObe / m 0, ( @co )

with r = % or r = 2. It is trivial to check that

mwfg/ L < 2 (3.1)

1—acosa 1—acosf (14 a)sin §

and

¢ 1 s
/ﬁ 1—acos9d9S V1—a? (32)
forany 0 < B < a < .
Step 1 Upper bound for Sjs(a,e?) and S;4(a,e?). For given b > 0, zlog(l + b/x) is
increasing on = > 0. We have by (3.1),

Sis(a,e?) <

2 1 e*m/1+asin §
sup —log [ 1+
1+a g, rsing 2v/1—a

2 o .
< 2 2 sup log<1—|— 2671' )oz .asmoz (3.3)

14+a @€ (0a,7) (1- a) sin %

) (@ asine)

< omlog (14 —F
™ )
< g T—a
where the last inequality is true since = < sz < 1 for any z € (0, Z)-
Similarly, by (3.2) and the fact sin 9a = \/1 — a?, we have

log (1 +e*V1 — a2)

Sis(a,e?) < sup (0, —asinf,) x

m
a€(0,0,) V1—a?

71.2

2

(3.4)

< " log(1 +€?) < —log(1 + €?).

~ sinf,
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Step 2 Lower bound for Sfy(a, ). Choosing o = 2%, we have by (3.1) that
L g V3 L V3
w l—acos®  — 24a~ 3

and

« 27 /3
/ (1 —acosf)dd > / (1 —acosf)dbd
0, /2

Therefore from the monotonicity of zlog(1 4 b/x) for x > 0 when b > 0, it holds

V3 V3T V3m T
1—810g(1 + QW) > log(1 + —/——). (3.5)

18 2v/1—a
Barthe-Roberto’s characterization for logarithmic Sobolev constants tells (see [9])

@\21

1
st(a, 5) >

_ 1 1 _
maX{SLS(av 5)’ SLJ,FS(GH 5)} < CLS(VG) < 4maX{SLS(a7 62)7 SLJ,FS(% 62)}' (3'6)
Therefore, it follows from (3.3), (3.4) and (3.5) that
NEL T e*n
71 —) < Crs(v,) < 87l 1+ .
o8l + 5 r=g) < Chs(v) < Brlog T
By (2.4), we have
1 1
/\’T(ya) S (1 + E)ln(]. + (I) S 10g4
Thereby by Lemma 2.1, we get
V3 T e
—mlog(l+ ——) < C 2) < 8rlog(l + ——) + log4,
187r0g(+2\/m)— LS(/“L)— ﬂ-og( +m)+og

which completes the proof of b) of Theorem 1.

4 Proof of the Estimate on C, ().

Define

™ 1 x
B = —df 1—- 0)do
+(a,p) wes(lgﬁﬂ)/w T /ea (1 —acosb)

x|1-]1+ m(p _1)' :
v1-—a? 7d9
1—acosf
B_(a,p) s /I d0 /ea(l cos 0)do
_(a,p) := sup _— —a
ze0.0.)Jo 1 —acosf J,
x|1—-1]11+ mp—1)7

m/

1—acos€
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It is easy to check that both z(1— (1+ <) = ) and 1 — (14 z)®~2/P are increasing on
R, for C > 0. Recalling the estimates

_sina _ LI 2 (4.1)
1 —acosa o l—acosf (14 a)sin §
and N )
u
do < 4.2
/ﬁl—acose V1 —-a2 (4.2)

for any 0 < f < a < 7. We get

2x (p—1)r—>2 !
B < = 1|14+ -7
+(a,p) < S0 A a)sinE ( + e
s a Slni

p—2

27 m(p—1)72 [1+a B
< 1—11 4.3
“1l+a ( + 2 1—-a (43)

—2

mp—1)72 7
<or|1- <1+ ,
a Vi—a >

where the second inequality holds by Zt— < 7, Va € (0,7/2).
Similarly, we get

O,
B_(a,p) < sup ———— <1— 1+ (p—1)72) )
( ) 2€(0,0,) V1 — a? ( (
<

0 (4.4)
™ B=2 2
= 1—(1 —1)z) 7 —
Finally, Barthe-Roberto’s characterization for Sobolev constant guarantees that
4p 87Tp m(p—1)72 B
Cyl) < 52 max{B. ), B ()} < 22 (1~ (1+ ﬂﬁ)) )
Set f = % then
Vo) =1, wal?) = s Eulfof) = g —
a - a - 1 — a2 9 a 9 - m
By Lemma 2.4 in [1], we know
p u%—vum% P vlf?) 222
C Vg Z Z 1- Vg f P
2 TG s )€(ﬂﬁ( AR
o ﬁ) 7 \
32-p)1—-+v1—-0a2 V1 —a? (4.6)

Vv

p
3@—@(1 NOEL )’
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p=2 1

where the last inequality holds by the facts that r(1—(1+<) 7 ) is increasing and =2
1. Combining (4.5), (4.6), /\DD;(V) <log4 and Lemma 2.1 together, we have
p(1— (14 —A—)5) 2\ 5
—|x —1)r—2
SVA I C N . PR At i +log4,
3(2-p) 2—-p V1 — |z

which completes the proof of theorem.
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