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WEIGHTED INEQUALITIES FOR MAXIMAL
OPERATOR IN ORLICZ MARTINGALE CLASSES
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Abstract: In this paper, we study weighted inequalities for maximal operators in Orlicz
martingale classes. By using the properties of weights, we obtain that inequalities of a(-) and b(+)
imply weighted inequalities involving maximal operator in uniformly integral martingale classes.
The converse is also considered, which extends the theory of class Llog L.
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1 Introduction

As is well known, for the real-valued local integrable functions f on R™, the classical

Hardy-Littlewood maximal operator M is defined by

M (z) = sup @ /Q F@)ldy,

TEQ

where @ is a non-degenerate cube with its sides paralleled to the coordinate axes and |Q)] is
the Lebesgue measure of Q.
Suppose that @ : [0,00) — R is nondecreasing and continuous with #(0) = 0 and
lim &(t) = oco. Let

t——+oo

L’p:{f:/ D (e|f|)dx < o0 forsomee>0}.

Then L? is called an Orlicz space. In Orlicz spaces, Kokilashvili and Krbec [1, Theorem
1.2.1] stated that the following statements are equivalent:

(a) there exists a positive constant C' such that

/ &(Mf)dx < C/ O(C|fl)dz, Vf € Ly (1.1)
R?L R‘IL
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(b) the function ¢ is quasi-convex for some « € (0,1).

When &(t) = %, p > 1, L? is the space LP. The above result implies that M is bounded
on LP for 1 < p < oo (see Grafakos [2, Theorem 2.1.6]) and unbounded on L*(see Grafakos
[2, Example 2.1.2]). In fact, M maps L' to L'*° (see Grafakos [2, Theorem 2.1.6]).

Let T be the group of real numbers modulo 27 and f(z) a real-valued integrable function
denoted on T with period 27. The Hardy-Littlewood maximal function My f(z) is defined

by My f(z) = sup ﬁ / |f(y)|dy, where the supremum taken over all open I C T with = € I.
xel I

Let a(s) and b(s) be two positive nondecreasing continuous functions defined on [0, 00)

satisfying
Yals)
/ —~ds = K < 400, (1.2)
0 S
/ @ds = 400 (1.3)
1 s
and
lim b(s) = +o0. (1.4)

Then, we define
t t
PD(t) :/ a(s)ds, ¥(t) :/ b(s)ds, Vt > 0. (1.5)
0 0

Under hypotheses (1.3)—(1.5), a series of inequalities involving Mr f and f were obtained.
Kita [3, Theorem 2.1] gave necessary and sufficient conditions for a(-) and b(-) in order to
guarantee that Mrf is in L? whenever f is in LY. Conversely, Kita [4, Theorem 2.1] stated
necessary and sufficient conditions for a(-) and b(-) in order to guarantee that a function f
is in LY whenever the function My f is in L?, which is a generalization of [5, Theorem 5.4]
to functions in an Orlicz space LY and also a generalization of the result of [6, Theorem
3.1]. These are related to the class of Llog L. The class was introduced by Zygmund to give
a sufficient condition on the local integrability of the Hardy-Littlewood maximal operator.
The necessity of this condition was observed by Stein [7].

Under the additional hypothesis (1.2), Kita [8, Theorem 2.3, Theorem 2.5] extended
the above results [3, Theorem 2.1] and [4, Theorem 2.1] to the cases on R". Moreover, Kita
[9, 10] obtained the related weighted theory on R™. Specially, Kita [10] also dealt with the
iterated maximal operator.

Comparing with the results without weights on R™ and T, Mei and Liu [11, 12] con-
sidered the martingale cases. In our paper, we prove weighted inequalities for maximal
operators in Orlicz martingale classes. Let us introduce some preliminaries.

Let (9, F, ) be a complete probability space, and (F,),>0 be an increasing sequence
of sub-F-fields of F with F = \/ F,,. If f = (fn)n>0 is a martingale adapted to (F,)n>0,

the maximal function (operator) M f for martingale f = (f,) is defined by M f = sup|f,|.
n>0

In this paper, the limit of f,, is also denoted by f. Specifically, (Q, (Fo)nz0,F, 1/) is said to
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satisfy the R-condition (or simply v € R), if for all n > 1, F,, € F,,, there exists a G,, € F,, 1
such that F,, C G,, and v(G,,) < d-v(F,). In our paper, we assume that Fy = {0, Q}.

A weight w is a positive random variable with Fw < oco. For convenience, we assume
Ew =1 in this paper. In addition, we say w € A; (or By), if w™! € L>(du) and there exists
a constant C' > 1 such that w,, < Cw (or Cw,, > w). Moreover, for the weights as above, a
function f € L'(wdu) implies f € L*(du).

Let a(s), b(s), ®(t) and W¥(t) satisfy (1.2)—(1.5). It is clear that ® and ¥ are convex.
Recall that L?(du) U LY (du) C L'(dp) when pu(Q) < oo.

Then we have the following Theorems 1.1 and 1.2, which are martingale versions of [8,
Theorem 2.3]. Kita [8, Theorem 2.3| gave an assumption that the function @ is bounded
in a neighborhood of zero. However, we do not need the assumption in our Theorems 1.1
and 1.2.

Theorem 1.1 Let w € A;. Suppose that there exists a positive constant C; such that

*a(t
1
Then there exist positive constants Cy and C5 such that

| 0 P < Call s+ o | #(Cl o (1.7)

where Cy and Cj5 are constants independent of f = (f,).

Theorem 1.2 Let (Q, F,w) be non-atomic and w € RN B;. Suppose that f € LY (wdu)
implies M f € L?(wdpu). Then (1.6) holds.

Following from Theorems 1.1 and 1.2, we easily have Corollaries 1.3 and 1.4, respectively.

Corollary 1.3 Let w € A;. Suppose that (1.6) is valid, then M f € L?(wdpu) for all
fe LY (wdp).

Corollary 1.4 Let (2, F,w) be non-atomic and w € RN By. Suppose that (1.7) is valid,
then we have (1.6).

We consider the converse inequality of maximal functions. Theorems 1.5 and 1.6 are
martingale versions of [8, Theorem 2.5] and involve weights.

Theorem 1.5 Let w € B; N R. Suppose that there exist positive constants Cg and
So > 1 such that

“alt
/ ?dt Z C@b(C@S), S 2 S0- (18)
1
Then there exist positive constants C'; and Cg such that
[ wChadn < il + G [ S (19)
Q Q

where C7 and Cy are constants independent of f = (f,,) and || f|| 21 (wap) < 1.
Theorem 1.6 Let (2, F,w) be non-atomic and w € A;. Suppose that (1.9) is valid.
Then (1.8) holds.
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We easily obtain Corollary 1.7 by Theorems 1.5. In addition, following the proof of
Theorem 1.6, we have Corollary 1.8.

Corollary 1.7 Let w € B; N R. Suppose that (1.8) is valid. Then f € LY (wdp) for all
f satisfying M f € L?(wdpu).

Corollary 1.8 Let (Q,F,w) be non-atomic and w € A;. Suppose that M f € L?(wdu)
implies f € LY (wdp). Then (1.8) holds.

2 Proofs of Theorems

First, we give some lemmas which will be used in our proofs several times.
Lemma 2.1 Suppose that v is an finite measure on (2, F), then for each function
f € LY(dv), we have

/ |f|d1/—t-y{f|>t}—|—/oou{|f|>s}ds,t>0. (2.1)
{If1>t} t

Proof The proof follows in the same way as the proof of [9, Lemma 3.1].
Lemma 2.2 Let w € A;. Then there exists a positive constant Cy such that
Co
w{Mf>A}< ~ | flwdp (2.2)
{r1>33

for all A > 0 and f € L' (wdp).
Proof By the assumption that w € A;, there exists a positive constant C such that

C
w{Mg> A} < Fllgllre), g€ L'(w)

in view of [13, Theorem 6.6.2]. For A > 0, we set f\ = f - X{ifl<3y and fA=f— fr Then
f* € L' (w) and M f\ = sup |E,(fA)| < sup E,(|fa]) < 3. It follows that
n>0 n>0

A A G
{(Mf>XA <w{Mfr> S +w{Mf>21 <=2 |flwdp,
? T 2 )‘/{If>é} “

where Cy = 2C.
Lemma 2.3 Let w € A;. Then there exists a positive constant C such that

w{Mf>t}§fﬂoow{|f>s}ds (2.3)

for all t >0 and f € LY (w).
Proof Fix f € LY (wdp). For t > 0, set fy = (|[f|AL)-sign f and f* = f — f,. Trivially,

we have f! € L'(w). By Lemma 2.2, we also have

w{Mf' >} < C):O/ | ftwdp. (2.4)
{re>323
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Let A= £ in (2.4). It follows that

C
wagts Ly <%0 / | lwdg. (2.5)
Hence,

AMP >t} < w{Mf> 5} +w{Mf, > %} — Mt %}

2 2
< CO/W CO |f—£-Signf|wdu
(r1>51 2
20, 2C, ¢
- = 171~ Slwan = =22 [ (11 = S)wdn.
(171> 4} (171> 4}

Combining with (2.1), we have (2.3) is valid with C' = 2Cj.
Proof of Theorem 1.1 For C3 > 0 (which will be determined later), fix f € LY (wdu)

such that / U (Cs|f)wdp < oo. With the constant C' in Lemma 2.3, it follows from (1.2),
Q
(1.3) and (1.6) that

/Q@(Mf)wdu = /Ooow{Mf>t}a(t)dt
C/Ooo“(f)([oowﬂﬂ > s}tds)dt

2

_ C/Ooow{|f| >s}(/028 @dt)ds
— C/Ooow{|f|>s}(/01a(tt)dt+/l2sa(tt)dt)ds

< KO|fllaan +CCy [ wllf] > sheCis)ds
0

IA

C
= KC[|fllL @anm + 2/ ¥ (2C: | f|)wdp.
Q

Let Co = (KC)V $ and C5 = 2C;. The we have (1.7).
In order to give the proof of Theorem 1.2, we need the following lemmas.

Lemma 2.4 Let E,(-) be the conditional expectation with respect to (£, (Fn)n>o0,

F,wdp) and M(-) = sup E,(-). Suppose w € R. Then
n>0

/{fl A} [Flwdp < dX- w{M(|f]) > A}, f € LM wdp), A= [l an- (2.6)

Proof For f € L'(wdp), the sequence (En(|f|))n>0 is a uniformly integral mar-
tingale with respect to (2, (Fn)ns0, F,wdp). In view of [13, Theorem 1.3.2.9], we have
lim E,(|f]) = |f| a.e.. Then it follows that |f| < M(|f]).
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Because of w € R, we have
/A |[flwdp < dX-w{Mf >}, f € L (wdp), A > || fll2 @),
{Mf>\}
where we use [13, Theorem 7.1.2]. Combining this with |f| < M(|f]), we have
[ edns [ flede < dh-w{H(AD > A, £ € L) X2 [l
{IfI>A} {Mf>2}
Lemma 2.5 Let w be a weight. Then

E(f-w Y F,)  EW|F,) = E(f|Fn), fe L' (dp).

Proof For all A € F,,, we have

/A fdu = /A f o wdp = /A B(f w0 F) - wdp
[ B 1R) - BlA i

It follows that E(f -w™!|F,) - E(w|F,) = E(f|F,).

Reforming Lemma 2.5, we have
E(g|F,) - B(w|F,) = E(gwl|F,), g € L' (wdp). (2.7)

Lemma 2.6 Suppose w € B; N R. Then there exist constants C; and C5 such that
1
/ |flwdp < Csh-w{M(|f]) > A}, f € LM (wdp), A > S| fllz @wd (2.8)
(141>} ¢

where the constant C' is the one in the definition of Bj.
Proof Fix f € L'(wdu) and XA > &||f| 21 (wayu)- Since w € By, there exists a constant
C > 1 such that C - w,, > w. Combining this with (2.7), we have

En(|f|) = wﬁlEn(lﬂw) = En(‘flw;l"U) < En(|f|w;1w) < CEL(fD-

Thus
M(|f]) < CM(|f]). (2.9)

Since CX > || f|lL1 (wdp), we have

/ \flwdu < Cd - X - w{CM(|f]) > CA} (2.10)
{IfI>CX}

in view of Lemma 2.4. Thus, (2.8) is valid with Cy = C and C; = Cd.
Proof of Theorem 1.2 Assume for contradiction that (1.6) does not hold. Then there
exists a sequence of positive numbers s, > 1 such that

Sk
/ @dt > 2Fb(2%s,), k> 1. (2.11)
1
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_ 1
Set ai = o T (2Fs5)

oo

. It is clear that we can choose a big enough to make »_ a; < 1 and

k=1

i < ¥(1). By the assumption that (2, F,w) is non-atomic, we have a family of measurable

sets Qi € F such that

w(Qr) = o and Qp, N Qp, = 0, ky # ko.

S 2Fsk - xq,., then

/Q (| )ewdp

Set f =

(2.12)

Z / (1 Dwds
i 7 (28 s,

Jw(Qk)

k) ok W (2ksy)

< w(1).

Thus f € LY (wdp). By Jensen’s inequality, we have f € L'(wdp) and || f]| 11 (wap) < 1.
On the other side, we claim that the function M f is not in L?(wdp). Then we get a

contradiction. To show the claim in the following way: fix a constant € € (0, 1] for e f, with

C, C4 and C5 in Lemma 2.6, we have

£

A

Note that 1> &I/ f|| £ (wdn), We have

/ P(e - Mf )wdp
Q

Y

Y

For the above €, we can choose k(e) such that

93
[ fudn < o aed ] > ) A2 Sl
{ef>CyA}

Z:: /2k5k</1 N )

(2.13)

/°° wl{e-Mf > Ala(N)dA
/Oow{a Mf > Ara(N)dA

/ (o /{ e Flodn)a(x)ax

/ / )\>d/\>wd,u
R [ D),

62

>1, k > k(e). Put

"y dA) dy,
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then L is a real number. Therefore, it follows from (2.11) and (2.12) that

£ w— E'Z)kaa()\)
B(e- MPwdy > L+ — / 9k g (/ —dA)wd
/Q(f)u 05_2Qkk1 ’ '

" a(d) "s1,(2"0
> Lt g Z/ / N )wdn > L+ > ,, 2 (b2 s)wdy
k k(e) EEHE
1
B L kok
LY Paee@) = L G Y AP @)
k k(e) U k= ke)
> L+*222k55< “s1) : :L+i§:l:oo
B k=k(c) ' " a2k (2 s1)b(2" i) s ko) |

The claim is proved and the proof is finished.
Proof of Theorem 1.5 For C7; = %, fix f € L*(wdp) such that / S(M(|f]))wdp <

Q
oo and || ||zt wau) < 1, where the constant C' is the one in the definition of By. Then

Cs G [T Cs
/Q W E i = [ wlsl > pEnar

0

— G /0 w{|£|>t}b(()6t)dt

_ 06/0 Ow{%\ > t}b(Cet)dt + Cs / w{%\ > tYb(Cyt)dt

Denote

0 S0

Then, for I, we have

f

0 0

IN

1
= 5 Cob(Co50)[1 f I 1 (wap) -

It follows from (1.8) that

[ g >t}(/1t Das)ar< [~ wtid >t}(/1“‘f>ds)dt
= [m@(/soow{|£l>t}dt)ds.

I

IN
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It follows from (

2.1), (2.6) and (2.9) that

I, < /Ooa 8)</
TR {1&1>s}

Iélwdu)dss/loo“f)(d-s-w{M(|£|)>s})ds
d /100 ()-w{]\?[(|£|)>s}ds§d-/loo a(s) - w{C - M(

|f|) > s}ds
< d- [ o0r(f)wdn
Q
where we have used || 5|21 wdu) < [[fll21(wdp) < 1. Therefore, (1.9) is valid with C7 = CG and
Oy = Csb(Ces0) vd
8 — C .

Proof of Theorem 1.6 We proceed by contradiction and assume that (1.8) dose not
hold. Then we get a sequence s, > 1 satisfying

§<S1<82<' < S < Sp41 < -

- and hm S = 00
/ " alt) g
1

(2.14)
b k>1; 2.15
n (2k k) = 4 ( )
Sk41 > 4sg, k> 1; (216)
Sk
b(gr) 2 K2k k> 1. (2.17)
Let o = b( £y then
< — < — < — < 1.
Z Z;fkbflz _Z—’}j stk_zsk_slz‘lk_l_
k=1 k=1 k=1 k=1 k=1 k=1
By the assumption that (€2, F,w) is non-atomic, we have a family of measurable sets Q) € F
such that
(Qr) = ai, and Qp, N Qp, = 0, ky # k2
Set f = ks’“ “ XQy, then
k=1

(2.18)

N Z [ e =

Thus f € L*(wdp) and || f]| 12 (wapy < 1. Moreover, we also have /
for the sequence s, we have

O(Mf)wdp < oo. In fact

Q

(k’ + 1)8k+1 (k‘ + 1)4Sk 4ks;y, ks ks

9k+1 = ok+1 ok+1 = 227 > ok’ k=1
It is clear that 55 > 5k, thus
1 1
w(Qk-H) — Skt1 b( Sk+1) < 4sy <
ok+1 ok+1

e b(Gh) Sk

Zap(aE) = *W(Qk) kE>1.

779
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Let B = %%, k> 1 and 3y = 0. Obviously, 3, T co. For k > 1, when s € [Bk_1,0k), we have

2Ic ’
Al > 51 = D w(Quen) Swl(@0)Y 5 = 20(Qu)
=0 1=0
and
2s a(t) 1. sk, . .

2s 20, Sk
1
/ a(t) ., §/ aft) ., S/ at) 4y o Z b2y i 95 > 1.
1 t 1 t 1 L 2k 2

Combining (2.3), (1.2) and (1.3), we have

[ atpwin= [t > ao
INE / " llf] > shs)altya
= o [T ([ Wa)a
= o [Tt ( [ Lar [T Dar)as
_ KC+CZ/ w{|f|>s}</12sa(t)dt)ds

Br-1 t

IN

IN

KC+2(Z’Zw(Qk)(2*1kb(%>>ﬁk
= KC+2CZ skb 72) (21196(;7]’:))%

= KC+2C Z o < oo
k=1
On the other hand, we have

o0

/g U (Cy - | flwdp =Y W (Cr - ’“’“ Z v (Cs - @ bt)
2

k=1 =1 2k
For the above C7, we can choose a constant k(C7) > 0 such that k- C7; > 2, k > k(Cy).
Therefore,

/QLD(C7~|f|)wdu > Z W(C72T)W

v
\
r\
%,
\F
IV
M8
i
1

The result contradicts assumption (1.9). This completes the proof.
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