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Abstract: We study the symmetry of solutions to a class of Monge-Ampere type equations
in the domain outside a ball. By using a moving plane method and the transform introduced by
Jian and Wang, we prove the radially symmetry of the solutions.
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1 Introduction

In this paper, we study the radially symmetry of solutions to the equation in the form
of
det D*u(x) = (1 + |Du(x)]*)P K (2, u(x), Du(z)), (1.1)

where p = % — i for some number «. This equation comes from the well-known Gauss
K

K (z,u(z),Du(=))

the moving hyper-surface in R™ and K is its Gauss curvature. In fact, (1.1) is exactly the

curvature flow, v = | %, where v is the velocity along the normal direction of

equation of translating solutions to the Gauss curvature flow. See [1, 2] for the details. When

1
n+27

(n < 5, [4]) and Pogorelov (n > 2, [5]) asserted that any convex solution to (1.1) must be

K is a positive constant and o = the classical results of Jorgens (n = 2, [3]), Calabi

a quadratic polynomial. Obviously, it is radially symmetric under the following condition
(1.2). When K is a positive constant and « € (0, 3
solution to (1.1) as well as infinitely many smooth, non-radially symmetric convex solutions

), there exists a radially symmetric

o (1.1). See Theorem 6 in [2] and Theorem 1.2 in [1], respectively.

When K (z,u(z), Du(x)) = [(zDu(x) — u(z)]"*? and p = 0, (1.1) is the equation of
the well-known affine hyperbolic sphere, and its Bernstein property, which may implies
the symmetry under the normal condition (1.2), was studied in [6]. Basing a transform

introduced by Jian and Wang in [6], the authors in [7] studied the symmetry of solutions

* Received date: 2018-06-16 Accepted date: 2018-07-16
Foundation item: Supported by National Natural Science Foundation of China (11771237,
41390452).

Biography: Zhang Yunxia (1967-), female, born at Dingxiang, Shanxi, associate professor, major
in applied mathematics.



762 Journal of Mathematics Vol. 38

of (1.1) with K(x, Du(x),u(z)) = [(xDu(z) — u(x)]? F(u(x)) in the entire space R". They
proved that a C*-strictly convex solution to (1.1) in R™ is the radially symmetric about the

lowest point, say for example the origin, provided that

u(0) =0, Du(0) =0, D?*u(0)=1 (the unit matrix), (1.2)
uxlx,xk(o) =0, Vl,j,k: L,2,---,n (13)

and
lim Du(x) = oo. (1.4)

Obviously, the strict convexity, (1.2) and (1.4) are natural assumptions, which implies that

for any small r > 0,
u(z) >0, - Du(x) —u(x) > b, Va € 0B,(0) (1.5)

for some b > 0. But assumptions (1.3) and the C*-smoothness for the solutions is too
restrictive.

Recall that a C*-function h(z) is called strictly convex in Q if its Hessian matrix [D?*h(z)]
is positive definite in 2.

In this paper, we study the symmetry of solutions of (1.1) in the domain outside a
ball. Interestingly, in this case we can remove assumption (1.3) and the smoothness of the
solutions needs only C?. Our main result is the following theorem.

Theorem 1.1 Suppose that p, 3 € R and

K (z, Du(z),u(z)) = [(xDu(z) — u(z)]’ F(u(x)) (1.6)
with I satisfies
F e C'0,0), F(q) >0, VYqe(0,00) (1.7)
and
B<n+1-2p (1.8)

If there exist positive constants c, r, b such that u € C?(R"\B,.(0)) satisfies (1.1) in R™\ B,.(0),
(1.4) and
u=c and z-Du(x) —c>b on 0B,.(0), (1.9)

and if u is strictly convex, then u is radially symmetric in R™\B,(0) about the origin.

By Theorem 1.1 and (1.5), it is easy to see that the main result in [7] still holds true if
assumption (1.3) is replaced by the assumption that v is radially symmetric about the origin
in B,(0) for some small r > 0.

The radial symmetry for the positive solutions of the equations Au+ f(u) = 0 for x € R"
was studied in [8] under the ground state conditions: u(z) — 0 as |z| — oo. Afterwards, a
lot of works were published along this direction, dealing with various symmetry problems for

nonlinear elliptic equations. See, for example, [9-13] and the references in [7]. However, all
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those symmetric results, up to authors’ knowledge, need the a priori ground state condition,
which can not be satisfied for solutions to Monge-Ampere equations.

The proof of Theorem 1.1 is done in Section 3; in Section 2, some lemmas necessary for
the proof are given.

2 Some Lemmas

In [6], Jian and Wang introduced a transform which reduces the behavior of u near co
to that of the new function near the origin and preserves the form of equation (1.1). This

transform is

Yy = ma v(y) = ——, (2.1)

where we assume u € C? and v > 0. Then

=Y )= L
"= "y
By calculations, we have
= Dyv(y) z - Dyu(x) —u(z) = [y Dyo(y) —v(y)] !
Ugiz; = m(&k = Uy, i) (Vg ) (015 — brvy,.), (2.3)
where b, = y»Dy’quv and
det D2u(z) = [0 2 got(D2u(y)). (2.4)

y- Dyo(y) —v(y)

See (2.6)—(2.8) in [6] or (2.3)—(2.5) in [7].
Lemma 2.1 Suppose that a strictly convex function u € C?(R"™\B,.(0)) satisfies (1.1)
in R™\B,(0), (1.4), (1.6) and (1.9). Let y and v be given by (2.1). Then

{y:ﬁ:xeRn\Bm} B:(0)\{0}, limv(y) =0 (2.5)

and v € C*(B=(0)\{0}) is a strictly convex and positive function, satisfying the equation

o _y-Dv—w, 1 |Dvl? P .
det D?v = [f] + BF(E)[l + m] , Vy € Bz(0)\{0}, (2.6)
and .
v(y) >0, 0<y-Du(y) —v(y) <,y € Bz(0)\{0} (2.7)

Proof Obviously, the convexity implies that u(x) > ¢ > 0 for all z € R"\B,(0). To
prove (2.7), we have, by (1.9) and the continuity, that u(x) — z - Du(z) < —b for = near
0B,.(0). This means the intersecting point, (0,u(z) — x - Du(x)), between the supporting



764 Journal of Mathematics Vol. 38

plane of the graph of w at (x,u(z)) with the x, i-axis is below the point (0, —b). Since the

convexity preserves this property as x is away from 9B,.(0), we obtain
u(z) — x - Du(x) < =b, Yz € R"\B,(0),

which, together with (2.2), implies (2.7).

Since —b < 0, the position of the supporting plane of the graph of u shows the graph
{(xz,u(z)) : © near 9B,(0)} is above the cone {(z, cm) x near 0B,.(0)}, so the whole graph
{(x,u(x)) : 2 € R"\B,(0)} is above the whole cone {(z, c‘ml) z € R"\B,(0)}, i.e.,

u(zx) > cm, Vx € R™\B,(0),
r

which implies

ol _r .
= —— < -, Vxe R"\B,(0).
yl=-rs <l Voe RNB0)

Obviously,
||
—=-, V B
b= 05 = 5 Ve € 0B,
and
lim — =
sy

by (1.4) and (1.9). Hence, we obtain (2.5).
Now, by (1.1), (1.6), (2.2) and (2.3), we see that v € C*(B=(0)\{0}) is a strictly convex
and positive function, satisfying (2.6).

Lemma 2.2 Let w € C*(2) be a nonnegative solution to

Z 81Jw+Zbl )d;w + C(z)w < 0,Vz € Q, (2.8)

1,7=1

where  is an open set in R", a¥,b",C(x) € L*®()') and the matrix [a¥(z)] is positive-
definite in ' for any compact set ' C Q. Then either w = 0 in  or w(z) > 0 for all x € Q.
Moreover, if w € C?(Q)(C*(Q) and w(xg) > 0 for some x5 € Q and w(z) = 0 for some
Z € 0f) which is smooth near z, then a—’l‘/’( ) < 0 where v is the unit outer normal of 9€2.

The proof of Lemma 2.2 can be found in [14].

Lemma 2.3 Suppose that diam (Q) < d, a¥,b', C(z) € L*(Q) and the matrix [a¥ ()]
is positive in . Let w € C2() satisfies (2.8) and lim, _,ow(x) > 0. There exists a § > 0
depending only on n,d and the bound of the coefficients such that w(z) > 0 in Q provided
that the measure || < .

This lemma is exactly Proposition 1.1 in [9].

3 Proof of Theorem 1.1

Assume u € C?(R™)\B,.(0) is strictly convex, satisfies (1.1) in R"\B,.(0), (1.4) and (1.9)
with K satisfying (1.6)(1.8). Replacing u by %, we may assume ¢ = 1 in Theorem 1.1. Let
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y and v(y) be given by (2.1). It is enough to prove that v is radially symmetric about the
origin in B,.(0)\{0}.

It follows Lemma 2.1 that Then v € C?(B,.(0)\{0}) is a strictly convex function, satis-
fying

det D*v(z) = G(v)(x), Vz € B,(0)\{0}, (3.1)
where
e s FOT@) L Do)
Go)a) = o)) P E e (32
I(v)(z) :=x - Dv(x) — v(x)
and )
v(z) >0, 0<zx-Dv(x)—v(x)< 7 Vz € B,(0)\{0} (3.3)
and
v=1 on 0B,(0), ili% v(z) = 0. (3.4)

We will use the moving planes method to prove that v is radially symmetric with respect
to the origin. This needs to show that v is symmetric in any direction with respect to the
origin. Since equation (3.1) is invariant under orthonogal transforms, it is sufficient to do
this in one direction. Without loss of generality, we will do it in e;-direction. In a word, to

show Theorem 1.1, it is enough to prove that
v(—x1, 20, ) = 0(X1, T, x,), Vo= (21,22, ,2,) € B.(0)\{0}. (3.5)

Use (z1,2') := (x1,%2, - ,Z,) to denote a point x in R". For any A € R, denote

B} :={x = (x1,9, -+ ,1,) € B.(0) : 21 > A},
T = {x = (z1,29, - ,2n) €
= (22X — x1,2"), wvy(z) = v(m“)‘),
wy(z) = v(z) —va(x)
and
[ Do (z)?
(I(vx)(x))?

Cr(0)(2) := [T (o) ()2 s T @)y

()

17,
where
10, () + Z i)z, () —oa(x),  if v, () >0,
L(v)(z) = n
Z (UA)z, () —va(2), if v, (x*) <O0.

As in [7], we introduce the following differential operator

Ly(v)(z) := det D*v(x) — det D*vy(z) + Gx(v)(z) — G(v)(x).
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By assumption (1.7) and a mean value theorem, we have the following obvious result.
Lemma 3.1 Let r be any positive constant. If v € C?(B,.(0)\{0}) is bounded, positive
and strictly convex, then for any compact 2 in B,.(0)\{0,0*}, there exist a constant C; > 0

independent of A € (0, 00) (but depending on ) and piecewise continuous functions {ag\j(:v)},
{b%(z)}, C\(z) (all depending on the v and its derivatives up to second order in ), such
that

La(v)(z) = a¥ (2)0i;wx(x) + b () 0w (2) + Cr(@)wa(x), Vo € QN {21 > A}
and
O < (af(x) < CLI, |bS(z)| +|Ca(x)] < Cy, Yo €Qn{z > N}

We will complete the proof of Theorem 1.1 after proving the following three claims.
Claim 1 Here exists a A € (%,7) such that

o

e >0on T VAe (\7).

wy > 0 in B and

To show it, we see, by (3.1), (1.7) and (3.3), that
Av > n[det(D*v)]* > 0 in B,.(0)\{0}.
So, the usual strong maximum principle and Hopf’s boundary point lemma in [4] implies
0 <v<1in B,(0)\{0} (3.6)

and

88;_’1 >0 on 9B, (0)( |{z1 > 0}, (3.7)

where we have used the fact that the angel between the vector (z1,2") € 0B, (0) and the out
normal of 9B,.(0) at the point x = (x1,2’) is less than § for z; > 0.
By continuity and (3.7), we see that that there is a A, € (5, r) such that

v >0 on T2, VYA€ (\,r). (3.8)
8x1

By (3.4) and (3.6), we see that
wy >0 on IBMN{(z1,2') € B, : 21 = A}, VA € (0,7). (3.9)

To complete the proof, we notice, for A > 0 and A < x; < 2], that

if A >
(22— a1, () < o () a2 0
—x10g, () = 21 (V) 2, (), ifv,, (2) <0,
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where we have used the fact v,, (z*) < v,, () by the convexity. It follows that
I(w)(z*) = 2 Dv(a*) —v(z?) (3.10)

= 2\ —21)vg, (2) + Z z0; () — v(z)

= 2\ —z1)vg, (2) + i i (Ua) g, () — va(2)
i=2
< ILy(v)(x).
This, together with assumptions (1.8) , implies
G)(zY) > GA(v)(x), VYA >0, Vo€ BMN(B*U{0*}). (3.11)
Noting det D?v(2*) = det D?v,(x) and using (3.11), we have, by equation (3.1), that

0 = detD*(z) - G(v)(z) — det D*v(z*) + G(v)(z?) (3.12)
> Ly(v)(z), YA >0, Vo BN(B*U{0*}).

Observing that the measure of B) can be smaller than any positive constant if r—X; > 0
is small. Applying Lemmas 3.1 and 2.3 to (3.12), we obtain a constant A € (A1, r) such that
wy > 0 in BM\(B*|J{0*}) for all X € [\, 7). Since A is arbitrary in [\,7), we have wy > 0

in B}. Furthermore, Lemma 2.2 implies
wy >0 in B}, VAe[\r),

which, together with (3.7) and continuity, complete the proof of Claim 1.
Let

)
Q:{Ae(o,r):wpomBjand8—”>00nT3}.
Ty

Then Claim 1 means that [\,7) C Q.
Claim 2 The set @ is open in (0,7). Suppose this Claim is false, i.e., there exist a

N € Q and a number sequence )\, and a sequence of points {z*} C B} such that

Jim A = N >0 and wy, () <0, k=1,2,---. (3.13)
Otherwise, we have a sequence y;, € T>* such that (%“1 (yr) < 0, which implies immediately

that é‘?;l () < 0 for some y € T, contradicting with \' € Q.

Next, we want to get a contradiction by (3.13). First, by the boundedness of {z\}, we

can choose a subsequence such that

¥ — 20 as k — oo. (3.14)

Then
wx (2°) <0 and thus 2° € T .
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Because N € @, we have

o
3:1:1

Sine (3.13) means that v(z*) < v((z*)**), and

(z%) > 0. (3.15)

(l’k)i\k =2\, — l'llc <A < l’llc,

we see that

v

8751(5]“) <0
for some £* in the segment connecting z* and (z*)** for k = 1,2, --- . Moreover, ¥ — 20 by
(3.14) and the fact 2° € T, Then, 24 (2°) <0, contradicting (3.15). This proves Claim 2.

Claim 3 Let (A, 7) be the connected component of @ in (0,7) containing [X,r). Then
Ao =0.
By the definition of Ay, we have

wy, > 0in B® (3.16)

and
wy >0in B}, VAe (\o,7).

Observing wy = 0 on T, by Lemmas 3.1 and 2.2, we see that ?9%1* > 0 and so Z?TZ > 0 on
each T2 for all A € (Ao, 7). That is

v

— > 0in B)". 3.17

S > 0in B) (3.17)

Suppose the contrary Ag > 0. We conclude that
wy, > 01in B. (3.18)

Where (3.18) false, wy,(Z) = 0 for some Z € B°, which is a minimum point of w,, in B
by (3.16). Then 2% (z) = 0, which, together with (3.17), implies

Bxl
vy Ov
8—351(:1: ) = ar, (z) <O0.
Set P
Q) = {z:2 € B,(0)\{0} : 7; < X and 67”(93) <0}
1

Let €y be the symmetric set of Q()\O with respect to the plane z; = Ag. Then €2y is an open

set and T is its interior point, and

0
%(I)\O) < 0, Va € Qo.
1
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Recalling the definition of I,,(v)(x), we have, by the assumption Ay > 0, that

I(w)(z*) = 2. Dy(z™) —v(2™)
< =g, (270) + Zxﬂ)x (z2°) — v(2?)
= x1(vrg)z, () + Z%(v,\g)ml (z) — vx, ()
= I, (v)()

for all x € Q.
Hence, (3.10)—(3.12) hold for A = Ao and all z € Q, i.e.,

Ly, (v)(z) <0, Vze . (3.19)

Using Lemmas 2.2 and 3.1, we obtain that w,, = 0 in a ball Bs(Z) contained in €. Therefore
v =0y, and so Ly,(v) =0 in Bs(Z), contradicting (3.19). This proves (3.18).
With (3.18) in hands, we use Lemmas 2.2 and 3.1 again to obtain

811))\0

>0 U
a$1 on ro
which implies
0
2250 on T2,
61’1

This and (3.18) mean )¢ € @, contradicting the definition of Ag. In this way, we have proved
Claim 3.
Now we complete the proof of Theorem 1.1. Since A\g = 0, by Claim 3 and (3.16), we
have
v(z1,2") > v(—z1,2"), Vo = (z1,2") € B.(0),2; > 0.

The opposite inequality is also true, because V(z) := v(—z1,2’) is a solution to (3.1) in
B.(0) \ {0} and the same conditions as v holds for V. This proves (3.5) and thus Theorem
1.1.
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