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Abstract: In this article, we study concepts of weak F-contraction of type (A) and weak
F-contraction of type (B) in generalized metric spaces. By using the method of iteration, we
obtain some fixed point theorems for these mappings in a complete generalized metric space, which
generalize the results of F-contraction in complete metric spaces.
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1 Introduction and Preliminaries

It is well known that Banach contraction mapping principle [1] which was published
in 1922 is one of the most important theorems in classical functional analysis. Indeed,
it was widely used as the source of metric fixed point theory, for more details see [2-8].
In 2012, Wardowski [2] introduced a new concept of contraction called F-contraction and
proved a fixed point theorem which generalized the Banach contraction principle. Later,
Wardowski and Van Dung [3] introduced the definition of an F-weak contraction and proved
a fixed point theorem for it. Dung and Hung [4] generalized an F-weak contraction to a
generalized F-contraction in 2015. Recently, Piri and Kumam [5, 6] described a large class
of functions by replacing condition (F3)’ instead of condition (F3) in the definition of F'-
contraction. They introduced the concepts of modified generalized F-contraction of type (A)
and modified generalized F-contraction of type (B) and proved some fixed point theorems
for these contractions in a complete metric space.

Following this direction of research, in this paper, we introduce some F-contractions
which satisfy different conditions in generalized metric space and then we prove some fixed
point theorems for these contractions in a complete generalized metric space. Finally, we
give an example to support our result.

Throughout the article N, R* and R will denote the set of natural numbers, non-negative

real numbers and real numbers, respectively.
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First, Wardowski [2] introduced the notion of a F-contraction and proved the Wardowski
fixed point theorem as the generalization of Banach contraction principle. Let F' : (0, 00) —
R be a mapping satisfying

(F1) F is strictly increasing, that is, s <t = F'(s) < F (t) for all s,t > 0;

(F2) for every sequence {s,} in R", we have lim s, = 0if and only if lim F'(s,) = —oc;

(

n—oo n—0oo

F3) there exists a number k € (0, 1) such that ‘,.li%l+ sk (s) = 0.

(F3)" F is continuous on (0, 00). ‘

We denote with F the family of all functions F' that satisfy conditions (F1)—(F3). Let F
denote the family of all functions F : RT — R that satisfy conditions (F1), (F3) and §
denote the family of all functions F': RT — R that satisfy conditions (F1), (F3)’.

Example 1 The following functions F': (0,00) — R belongs to Fi:

(i) F (t) = Int with ¢t > 0,

(i) F (t) = Int + ¢ with ¢ > 0.

Definition 1 [2] Let (X,d) be a metric space. A mapping T : X — X is called
an F-contraction on X if there exist ' € F; and 7 > 0 such that for all z,y € X with
d(Tz,Ty) >0, we have 7+ F (d(Tx,Ty)) < F (d(x,y)) .

Theorem 1 Let (X, d) be a complete metric space and T : X — X be an F-contraction.
Then T has a unique fixed point z* € X and for every € X the sequence {T"z},
converges to x*.

In 2000, Branciari [7] introduced the concept of rectangular metric space by replacing
the sum of the right hand side of the triangle inequality in metric space by a three-term
expression and proved an analog of the Banach contraction principle in such spaces.

Definition 2 [7] Let X be a nonempty set and d : X x X — [0,00) satisfying the
following conditions, for all z,y € X and all distinct u,v € X each of which is different from
z and y:

(GMS1) d(z,y) =0 if and only if z =y,

(GMS2) d(z,y) = d(y, ),

(GMS3) d(z,y) < d(z,u)+d(u,v)+d(v,y).

Then the map d is called generalized metric and abbreviated as GM, here the pair (X, d) is
called a generalized metric space and abbreviated as GMS.

Definition 3 [7] Let (X, d) be a generalized metric space and {z,} be a sequence of
elements of X.

(1) A sequence {z,} is said to be GMS convergent to a limit x € X if and only if
d(z,,x) — 0 as n — oo.

(2) A sequence {z,} is said to be GMS Cauchy sequence if and only if for every £ > 0
there exists a positive integer N (¢) such that d (z,,z,,) < ¢ for all n > m > N (¢).

(3) A GMS (X,d) is called complete if every GMS Cauchy sequence in X is GMS
convergent.

(4) A mapping T : (X,d) — (X,d) is continuous if for any sequence {z,} in X such

that d (z,,x) — 0 as n — oo, we have d (Tz,,Tz) — 0 as n — oc.
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Lemma 1 Let (X,d) be a GMS and let {z,} be a sequence in X. Assume that {z,}

is Cauchy sequence with x,, # xz,, for all n,m € N with n # m and lim z, = z. Then

n—oo

lim d(z,,y) =d(z,y) for all y € X.

2 Main Results

Definition 4 Let (X,d) be a GMS. A mapping 7' : X — X is called a weak F-
contraction of type (A) on X if there exist F' € f and 7 > 0 such that

Ve,ye X, [d(Tz,Ty) >0=17+F(d(Tz,Ty)) < F(d(z,y))]. (2.1)

Theorem 2 Let (X, d) be a complete GMS and T': X — X be a weak F-contraction
of type (A). Then T has a unique fixed point z* € X and for every x € X the sequence
{T"x}, o converges to z*.

Proof Choose o € X and define a sequence {z,} -, by
1 =Txo, xo =Tz = T?x0, -, T, =T 2, Yn € N,

If there exists n € N such that =, = z,1. Then z,, is a fixed point of T" and we have nothing
to prove. Now we suppose that z, # z,41, i.e., d(Tx,_1,Tx,) > 0 for all n € N. It follows
from (2.1) that, for all n € N,

T4 F(d (2, i) =T + F (d(Txp_1,T2,)) < F (d(2n_1,7,)),
ie.,
Fd(zn,zpn1)) = F(d(Tey1,Tx,)) < F(d(p_1,2Tn)) — T (2.2)
It follows from (2.2) and (F1) that
d(zn, Tny1) < d(Xp_1,2,), Vn € N.
Therefore {d (2, Tn41)},cy IS @ nonnegative decreasing sequence of real numbers, and hence
lim d (2, xne1) =7 > 0.

n— oo

Now, we claim that v=0. Arguing by contradiction, we assume that v > 0.
Since {d (25, Tn41)},ey 15 @ nonnegative decreasing sequence of real numbers, for every
n € N, we have

d(Tp, Tpi1) > 7. (2.3)
From(2.2), (2.3) and (F1), we get

F(y) < F(d(xn,2n1)) < F(d(zp_1,2,)) — 7 < -+ < F(d(xg,21)) — 0T (2.4)
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for all n € N. Since F (v) € R and lim [F (d(xg,%1)) —nT] = —o0, there exists n; € N
such that
F(d(zg,21)) —nT < F(y), ¥Yn > n;. (2.5)

It follows from (2.4) and (2.5) that F (y) < F (d(zo,21)) —nT < F(y), Vn>n;. It is a

contraction. Therefore we have

lim d(xp, xne1) =0. (2.6)

n—oo

From (F3), there exists k € (0,1) such that

lim <(d (£, Zns1))F F (d(xn,;vn+1))) —0. (2.7)

n—oo

It follows from (2.4) that
(d (@ @n41))" (F (d (@0, 2041)) = F (d (20,21))) < =(d (20, @n41)) 07 < 0 (2.8)

for all n € N. By using (2.6), (2.7) and taking the limit as n — oo in (2.8), we get

lim (n(d (xn,xnﬂ))k) =0. (2.9)

n—oo

Then there exists ny € N such that n(d (z,, xn+1))k < 1 for all n > ny, that is,

1
d (xn; anrl) = "1° (210)
ne

Now, we shall prove that x, # x,,, for all n # m. Assume on the contrary that z, = x,, for
some m,n € N with n # m. Since d (z,, zp4+1) > 0 for each p € N, without loss of generality,

we may assume that m > n + 1. Substitute again x = x,, = T, Y = Tpy1 = Ty in (2.1),
which yield

T+ F(d(z,,Tx,)) =7+ F (d (2, Txy)) =7+ F (d(Txp-1,Txy)) < F(d(Tmn-1,%m)),
then
Fd(zn,zni1)) < Fd(Xm1,Zm)) =T <+ < F(d(xpi1,2,)) — (m —n)T.

Since 7 > 0, we get a contradiction, therefore z, # x,,, for all n # m. Now, we prove
lim d(x,,x,42) = 0 for all n € N. It follows from (2.1) that for all n € N,

7+ F(d(Tn, Tny2)) =F (d (Ton-1,Trpy1)) < F(d(Tn-1,ZTn11)),
ie.,

F(d(xp,xpi2)) = Fd(Txp_1,Txn1)) < F(d(Tp_1,Tns1)) — T (2.11)
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It follows from (2.11) and (F1) that
d(Tp, Tpyo) <d(Tp_1,Tpy1), Vn €N
Therefore {d (2, Tp42)},cy IS @ nonnegative decreasing sequence of real numbers, and hence
nlLI&d(xn,xn+2) =~v>0.

Now, we claim that v=0. Arguing by contradiction, we assume that v > 0.
Since {d (2, Tny2)}, ey 15 @ nonnegative decreasing sequence of real numbers, for every
n € N, we have

d(Tp, Tyyo) > . (2.12)
From(2.11), (2.12) and (F1), we get

F(y) < F(d(xn,Tni2)) < F(d(xp_1,Zpy2)) =7 < -+ < F(d(zg,22)) —nT  (2.13)

for all n € N. Since F (v) € R and lim [F (d(zg,22)) — n7] = —00, there exists n3 € N
such that
F (d(zg,x2)) —nT < F(y), Vn > ns. (2.14)

It follows from (2.13) and (2.14) that F (y) < F (d (zg,x2)) —nT7 < F (y), Vn>mn3. Itis a
contraction. Therefore we have

lim d (2, xn2) =0. (2.15)

n—oo

Now, we shall prove that {z,} is a GMS Cauchy sequence in (X, d), that is, for £ > 0 and
N (¢) such that d (z,,, x,,) < ¢, for all m,n € Nwith m > n > N (¢). Assume that m = n+k,
where k£ > 2. We will consider the only two cases as follows.

Case 1 For k is odd. Let k = 2[4+ 1, where [ € N. By using the quadrilateral inequality
(GMS3) and (2.10), we have

d(xm xM> = d(xnwxn-&-QH-l)
S d(ﬂ?n, xn+1) + d(xn+17 xn+2) + -+ d(anerv xn+2l+1)

<§:d(.’1)i+1,$i) S Z % < €.

nk
n>N(e)

Case 2 For k is even. Let k = 2[, where [ € N. By using the quadrilateral inequality
(GMS3) and (2.10), (2.15), we have

('Tna -Tn+2l)

d
S d(xn; xn+2) + d(xn+2; xn+3) + -+ d(xn+2l717 xn+2l)

oo

1
< d(®p, Tpa2) + Z d(xziy1, ) < d(Ty, Tpaa) + Z — <e

k
i=n+2 n>N(e)



660 Journal of Mathematics Vol. 38

Therefore we conclude that {z,} is a GMS Cauchy sequence in (X, d). By the completeness
of (X, d), there exists z* € X such that

lim d(z,,z") =0. (2.16)

n—oo

Also, we suppose that T is continuous, we have

lim d(zp41,T2") = lim d(Tx,,Tx") = 0. (2.17)

By Lemma 1, it follows that x,, differs from both * and T'x* for n sufficiently large. Hence,
we have d(z*,Tz*) < d(z*,z,) +d(xn, Tni1) + d(xpy1, Tx*), from (2.6), (2.16), (2.17),
we have d(z*,Tz") < nhjgod(x*,xn) +d(Tp, Tpy1) +d (a1, Tx*) = 0. So we obtain that
d(x*,Tz*) = 0, that is Txz* = x*. Hence z* is a fixed point of T. Now let us show that T
has at most one fixed point. Indeed, if z*,y* € X are two distinct fixed points of T', that is,
Tz* = x* # y* = Ty*, then d (Tx*,Ty*) > 0. So from the assumption of the theorem, we
obtain

Fd(z",y") = F(d(Tz", Ty")) <7+ F(d(T2",Ty")) < F (d(2",9")),

which is a contradiction. Thus T" has a unique fixed point.

Now, we show another important result.

Definition 5 Let (X,d) be a GMS. A mapping 7' : X — X is called a weak F-
contraction of type (B) on X if there exist F' € § and 7 > 0 such that

Ve,ye X, [d(Tz,Ty) >0=17+F(d(Tz,Ty)) < F(d(z,y))]. (2.18)

Theorem 3 Let (X, d) be a complete GMS and T : X — X be a weak F-contraction
of type (B), then T has a unique fixed point z* € X and for every x € X the sequence
{T"x}, oy converges to z*.

Proof Choose 2y € X and define a sequence {z,} -, by
x1 =Txo, ©o =Txy =Tz, -+, x,, =T "z, Vn € N.
By using the similar method in the proof of Theorem 2, we have
nlirr;od(xn,xn+1) =0 and T}Ln;cd(xn,xn+2) =0, =z, # ,, for all n £ m. (2.19)

Now, we shall prove that {z,} is a GMS Cauchy sequence in (X,d). Suppose {z,} is
not a Cauchy sequence, then there exists € > 0 for which we can find two subsequences
{xp(n)}and{xq(n)} of {x,} such that p(n) is the smallest index for which

p(n)—3>q(n)>n, d (:Ep(n),xq(n)) >e, d (xp(n),g, Iq(n)) <e, VneN.
Since x,, # x, for all m,n € N with n # m, we have

€ < d (Tpinys Zany) < d (Tpinys Tpy 1) + d (Tpm)—1, Tpmy—2) + d (Tpm)—2, Tg(n))
< d (Tpn)s Tpm)-1) + d (Tpm)—1, Tpy—2) + €.
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By taking the limit in above inequality and using inequalities (2.19), we get

JLII;O d (xp(n),xq(n)) =¢&. (220)
Since
d (Tpn)s Tan)) < d (Tpnys Tpmy41) + d (Tpm) 41, Tamy11) + d (Tg(mys1, Ta(my ) »
we have

€ < liminfd (:L’p(n), xq(n)) )

n—oo

€ < liminf (d (a:p(n), Cl?p(n)+1) +d (a:p(n)+1, (L’q(n)Jrl) +d (:Bq(n)Jrl, Iq(n)))

= hglorgf d (-Tp(n)—i-lv 'rfI(")‘H)

and d (;Up(n)H, l"q(n)+1) <d (lUp(n)_H, :Up(n)) +d (xp(n), xq(n)) +d (xq(n), -’Bq(n)+1) , then we have

lim sup d (xp(n)+1a fq(n)Jrl)

< lmsupd (@p(n)+1, Tpm)) +d (@, Taw) +d (o), Tamy1) = €.
So we have
nhjgo d (mp(n)—s-l» j'711(71)4-1) =& (2.21)

Thus 7+ F (d (Txp(n),qu(n))) <F (d (xp(n),xq(n))) . So as n — oo and by (F3)’, (2.20),
(2.21), we get 7+ F () < F (g), which is a contraction. Hence {z,} is a GMS Cauchy
sequence in X. Since X is complete, there exists z* € X such that lim x, = z*. Therefore

n—oo

lim d(z,,2") =0. (2.22)

Finally, we claim that x*=Txz*, we only have the following two cases
(1) Yn € N, i, € Nyip, > ip_1,90 = 1 and x;, 41 = Tx*;
(2) 3ny € N,¥n > n4,d(T17n,Tx*) > 0.
In the first case, we have z* = hm 2,41 = lim Ta* = T2*. In the second case from

(2.18), for all n > ny4, we have 7+ F(d (Txy, Tx*)) < F (d(zp,z*)). From (F1) we obtain
d(Tx,,Tr*) < d(x,,x*), since lim d(z,,z*) =0, so hm d(Tx,,Tz*) < hm d(z,,x*) =
0. This is a contraction. Hencen o = Ta*. Again by usmg the similar method as used in
the proof Theorem 2, we can prove that T has a unique fixed point.

Example 2 Let X be a finite set defined as X = {1,2,3,4}. Defined : X x X — [0, 00)

d(1,1) =d(2,2) = d(3,3) = d (4,4) = 0,

d(1,2) =d(2,1) =3,

d(2,3)=d(3,2) =d(1,3) =d(3,1) = 1,

d(1,4) =d(4,1) =d(2,4) =d (4,2) = d(3,4) = d (4,3) = 4.
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The function d is not a metric on X. Indeed, note that
3=d(1,2)>d(1,3)+d(3,2) =1+1=2,

that is, the triangle inequality is not satisfied. However d is a generalized metric on X,

moreover, (X,d) is a complete generalized metric space. Define T': X — X as
T1=T2=T3=2, T4=3.

For z € {1,2,3} and y = 4, we have d(Tz,Ty) =d(2,3)=1> 0, d(x,y) = 4. Therefore
d(Txz,Ty) < id(m,y). So by choosing F (t) = In(t) and 7 = In, we see that T is a

F-contraction which satisfies Theorems 3.

References

[1] Banach B. Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales
[J]. Fundam. Math., 1922, 3: 133-181.

[2] Wardowski D. Fixed points of a new type of contractive mappings in complete metric spaces [J].
Fixed Point The. Appl., 2012, 2012(1): 1-6.

[3] Wardowski D, Dung N V. Fixed points of F-weak contractions on complete metric spaces [J]. Dem.
Math., 2014, 47(1): 146-155.

[4] Dung N V, Hang V L. A fixed point theorem for generalized F-contractions on complete metric
spaces [J]. Vietnam J. Math., 2015, 43(4): 743-753.

[5] Piri H, Kumam P. Some fixed point theorems concerning F-contraction in complete metric spaces
[J]. Fixed Point The. Appl., 2014, 2014(1): 1-11.

[6] Piri H, Kumam P. Wardowski type fixed point theorems in complete metric spaces [J]. Fixed Point
The. Appl., 2016, 2016(1): 1-12.

[7] Branciari A. A fixed point theorem of Banach-Caccioppoli type on a class of generalized metric
spaces [J]. Publ. Math., 2000, 57(1): 31-37.

[8] Song J P, Liu Y. Some common fixed point theorems for mappings on cone b-metric spaces [J]. J.
Math., 2015, 35(5): 1053-1067.

& XEETEFEHEISEE

fIEge, ARG
(FRR2HE S }Efrf%fi?n, 7 7 & 266071)

TR ACWHIL T R (A)RAN(B) R 55 F 46 1 e . A AR IS, /98 TR % X

r“E’Wla?aé%zﬁbﬂ%ﬁfﬂﬁfzﬂﬁﬁﬁﬂﬁ IR, T 0 A% B B R A 1) e
KGR T EERNE; A FEYE
MR(2010)E &% 47 £ 5: 47TH10; 54H25 FESES: 01771



