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EXISTENCE OF SOLUTIONS TO THE INITIAL VALUE
PROBLEM OF SEMI-LINEAR GENERALIZED
TRICOMI EQUATION
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(Department of Mathematics and Physics, Nanjing Institute of Technology, Nanjing 211167, China)

Abstract: In this paper, we study the existence of solutions to the initial value problem of
semi-linear generalized Tricomi equation with characteristic families coincided on ¢ = 0. Based on
the inequality of H;l-H;U estimates of two Fourier integral operators, we establish the local and
global existence of solution for the semi-linear equation in hyperbolic half space. Meanwhile, we
give the loss of regularities on degenerate domain and the decay rates when time tends to infinity
in the weighted estimates.
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1 Introduction and Main Results

In this paper we study the local and global existence of solution semi-linear generalized

Tricomi equation in Rt x R", n > 2,
OPu — t™ Au = t*ulul? (1.1)
with the initial value
u(t, z)li=0 = ¢1(z), du(t, ©)|=0 = p2(), (1.2)

where A = ) 8; is the Laplace operator, m > 0, 8 > 0 and some constant a.
i=1
Equation (1.1) is a semi-linear hyperbolic equation with variable coefficient and char-

acteristic families coincide on ¢t = 0. There exist three fundamental features. First, variable
coefficient with ¢ makes the well known Duhamel’s principle of wave equation do not work.
Then, we have to estimate the solution to the linear equation with source term. Second, its

multiple characteristics cause some loss of regularities on degenerate domain. This leads to
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the difficulty of local solvability. Third, the unbounded speed of propagation is an obstacle
in establishing the global solution for the needed uniform decay estimate.

For m =1 and n = 1, the homogeneous linear equation is the classic Tricomi equation,
which was extensively investigated with suitable boundary value conditions from various
viewpoints, such as [1-3] and the references therein. For m > 1, the local existence of
solution to the equation 8?u — t™/Au = f(t,z,u) with one initial datum «(0,z) € H*(R™)
(s > %) was established in mixed-type domain in [4, 5]. Meanwhile, the propagation of
weakly singularity along characteristics was studied. The low regularity solution problem
of the equation with two initial data was considered in [6-7] and the positive answers were
obtained. In [6], the local existence of solution was established for the given discontinuous
initial data and nonlinear source term with some restrictions. In [7], the global existence and
nonexistence of solutions were considered in L?(R™) under some conditions and the decay
of solutions when time trends to infinity was given. With respect to other specific cases, so
far there were existence results of solution such as [8-10]. In this note, we focus on the local
and global existence of weak solutions to the initial value problem of semi-linear generalized
Tricomi equation under some general conditions compared with the result given in [7], and

establish a uniform weighted estimate in homogeneous Sobolev space H S(R™),
Hy(R") = {f(2) : Il gy 2y = 1(=2) F (@)l 2aceny = 1€ F (€)Y (@)l zany < 00}, (1.3)

where f(§) = / e~ "®8) f(z)dx and ¢Y(z) is the corresponding inverse Fourier transfor-
R’!L
mation.

Now we state our main results.
1,1 _ _ B+2 2 nf 2
Theorem 1.1 Assume o + . =1, p = 5, =5 > &5 and n — (B + )p(57,; —
%) = 1. Given initial data ¢;(z) € C:°(R"), i = 1,2, then there exists a unique solution
.2 _ nB . _nB
u € C([0,T); Hy"" > (R™)) N CY([0,T] : Hy *”(R™)) to problem (1.1) with @ = 0 and

some positive T', which satisfies

sup ([lut, )l = + [10eut,

nB_ np_
te[0,T) a7 2 (R Hy 2P (e

)= Ol + lallnen)

2,
(R

— B+2 _mi4a ~, (nt1)f n—(ﬁ—i—l)p( 2 ng ) -1

. 1,1 pra
Theorem 1.2 Assume st =Lp=57 m+2) = 20218

2+m_m
and
m  (m+2)(n—1)8
D —a=1
B+ + OEYE) ) —a
Given initial data ¢;(x) € C(R™), i = 1,2 with
H‘PlH 2 + H‘PZHL?(]RTL) <€

H P2 (R
for small ¢, then there eixists a unique solution

m+4 (n+1)8 m (n+1)3

= C((O, oo); Hq2<m+2)_ 22+8) (R")) N Cl(((), oo); H, I(m+2)  2248) (]R”))
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to problem (1.1), which satisfies

(m+2)(n—1)8

sup t 1A (||t%u(t, )H mid __ (n+1)8 + ||t’%8tu(t, )H m _(nt1)B
t€(0,00) Hq2(2+m) 2(2+8) (R™) Hq 2(2+m)  2(2+8) (R™)
<C 2 ny)- 1.4
<Ol 2 g+ Ioallrten) (1)

Remark 1.1 Generalized Tricomi equation has the property of “smooth effect” as
we pointed out in [5]. In this note, by compared with the regularity given in Theorem 1.1
and Theorem 1.2 near t = 0, we note that the solution has a higher regularity away from
the degenerate domain.

Remark 1.2 In homogeneous Sobolev space H;(]R"), the weights in the uniform
estimate (1.4) of global solution in time describe the degeneracy near t = 0 and the decay as
t — +o0o. However unlike in inhomogeneous Sobolev space H?(R") [5, 7], the author could
not obtain those at the same time for the nonlinear problem.

Remark 1.3 In fact, the embedding theorem in homogeneous Sobolev space in page
qn

119 [11, p.119, Theorem 2] and inequality (1.4) yield u € C((0,00); L" &t 3551 (R™))
such that

sup % u(t, | <Clleall, 2, +lleallon).
te(0,00) L 7z7(2(7;7in4;)7 (2’(L;r+123‘)3 )a (R™) Hz;m+2 (R™)

Hence, for ¢ () € C§°(R™), pa(x) € C§°(R™), set (2752_7_:%? > 303y then ’in terms of Theorem

1.1, the conditions in Theorem 1.2 imply that u € C([0, 0); Lt sE ) (R™)).

This paper is organized as follows. In Section 2, for the later uses, we recite some pre-
liminary results as our lemmas. In Section 3, by use of confluent hypergeometric functions,
we derive some weighted homogeneous Sobolev regularity estimates for the corresponding in-
homogeneous equation. Based on these estimates, we establish the local and global existence

of solutions in Section 4 by constructing a contraction map.

2 Preliminaries

In this section, for reader’s convenience, we will recall some fundamental results of
confluent hypergeometric functions and useful estimates, which will be used in Section 3
below.

The confluent hypergeometric equation is zw”(z) + (¢ — z)w'(z) — aw(z) = 0, where
z € C, a and c are constants. When c is not an integer, (2.1) has one pair of linearly
independent solutions

wy(z) = ®(a,c;2), wy(z) =2""®la—c+1,2—c;2), (2.1)

where ®(a, ¢; z) is Humbert’s symbol and w; is called the confluent hypergeometric function.

The Wronskian determinant for the system w; and ws is

W(wy,we) = (1 —¢)z~ > (2.2)
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Next, we list some basic properties of the confluent hypergeometric functions which can
be found in [12] .
Lemma 2.1 1) For —7 < argz < m and large |z|, then

M

Ba,c2) = )(e“”‘z_l)“ S @nl@= et D yon g (aainy

I(c—a n!

n=0

(c) al c—a) —a)
a %24~ CZ n 7n+0(|€z a—c—N— 1|)’ (23>

n=0

where e =1 if Imz >0, e =—-1if Imz <0, and M, N =0,1,2,3,---

2)
d a
%q)(a,c; z) = E@(a—l—l,c—k 1; 2). (2.4)
Then by (2.3) in Lemma 2.1, we obtain
m __m B
‘ s s |s|>] C(|¢l) T (1 +o(¢ 1)>, d>1 @)
and A .
m + m +  mia -
‘(I)(Q(m T2 mt 2 |§I)‘ = C(lg]) =0 (1 +0(J¢] 1)>, €] > 1. (2.6)

Next, we list Theorem 1.11 in [13] and Lemma 4 in [14] as our Lemma 2.2 and Lemma
2.3.
Lemma 2.2 Let f be a measurable function such that, with 1 < r < 400, we have

for some constant C,
meas{¢ : [f(§)] = k} < Ck™", (2.7)

then fe M?if 1 <p <2< g < oo, l—%:l.

Lemma 2.3 Let P be real, C* in neighborhood of the support of v € C§°. Assume
that the rank of H,(y) = 02, P(y) is at least p on the support of v. Then for some integer
M,

I 0) e < QA+ [)7F 3 D0, (28)
la|<M
where C' depends on bounds of the derivatives of P on supp(v) and on a lower bound of the

maximum of the absolute values of the minors of order p of Hp on supp(v), and on supp(v).

3 Weighted Estimates of Solutions to the Linear Equation

In this section, we first take partial Fourier-transformation on x € R", then the linear
equation 9?v — t™Av = 0 becomes

y'(t,6) + €y (t, €) = 0, 3.1)

where y(t,§) = / v(t, z)e” @ ¢dx with € € R™ and y"(t, &) = 0%y(t, ).
R7l
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24+m zZ

¢ and w(z) = y(5;)e?, then if ¢ # 0 and |{| # 0, the equation (3.1)

Set z = 4Zt

can be Written as

m m

" e "(2) = =—— =0. 3.2
el (2) 4 (e~ W) = () (32)
Thus (3.2) is a special case of the confluent hypergeometric equation with ¢ = 2+Lm and
O = 354my -
Next, we recite the result in the reference [15].
Lemma 3.1 The functions
m m - d+m 4d+m

Vi(t, [€]) = e 3 ®( 1), Va(t, |€]) = tem2(

72)

224+ m) 2+ m 224+ m) 2+ m

4’L t2+m

on R, x RY, where z = €], form the fundamental solution system of (3.2), which
satisfy

Vi(0,[€]) =1, 0:VA(0,[¢]) = 05 V2(0,[¢]) =0, 9:V2(0, [¢]) = 1.

Unlike the method of using maximum principle to solve the degenerate parabolic equa-
tion [16], here the hypergeometric functions play an important role. According to Lemma
2.1, it is easy to verify that (V4 (1, \§|))V and (Va(1,]€]))Y are two Fourier integral operators
~ S (m +2 . Then they are bounded in LP(R™). Moreover,

the following results were obtained by taking a similar procedure in Theorem 3.1 [7] in terms

with symbols of order or —
of some micro-local representations.
Lemma 3.2 For ¢ € H;O(]R”), n>1setl<p<2and % + % =1, then

(2+m)(s+n(L - 1))

| (Vit, 1€De" (©)) Il pso+s ey < O 2 161l 720 (Rny (3.3)

with —n(2 — 1) <s < o — 2(n+1)(2 — 1) and
A 4 _1_w
1(2:Va (2, €D"(€)) "l rzote @y < Ct 1611220 gy (3.4)
with =1 —n( —1) <s < —smHe — Ln 4+ 1)( - 1);
A v 1_M
(V. 1€1)6™(€)) "Il przot+e gy < Ct 1011720 z) (3.5)
with —n(2 — 1) <s < gt — 2(n+1)(2 — 1) and
@+m)(s+n(F-1)
1(0eVa(t, 1€DS™(E) N ppzoroqumy < CE 7 [18ll g0y (3.6)

with —n( —2) <s < - — 3oy %(n+ 1)(2 - %),
Remark 3.1 Inequalities (3.3)—(3.6) take effect for p < 2 < g and n > 2.
Next, we consider the initial value problems of homogeneous equation
Pug —t"Aug =0 in Rt x R",
ug(0,) = p1(x),  Orue(0,x) = pa2(x).
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As direct results of Lemma 3.1 and Lemma 3.2, we obtain the representation of distri-

butional solution

up (t,€) = Va(t, [€)¢1 (§) + Va(t, [€]) @2 (€), (3.8)
and the following estimates.
Lemma 3.3 Assume ¢y(z) € H,' "7 (R"), ¢o(z) € Hz(R™), then ug(t,z) =
(Va(t, [€Dvp (&) + Va(t, |£|)U2A(£))v solves (3.7) and satisfies

Ht4uo(t,-)||Hso+zgrm)_7(5_a)(R )+ [t~ % a,fuo(t,-)I\JL,I;(,_ig(M)_7«%-%R "
@+m)(1—m) 1 _ 1
< ot BT (el 50+ T gy + lle2ll 50 ®m) )3 (3.9)
ot M o2y ) + 1000 gni-to
< C(I\%I!H;m%m(w)+|Is02||H;o<Rn>) (3.10)

for1<p<2 S+.=1

Proof In terms of the representation of uy(t, ) defined in (3.8), by use of the inequal-
ities (3.3)—(3.6) with the value of s fixed on the right endpoint number separately, it is easy
to verify that (3.9) holds. And (3.10) can be derived by choosing the value of s with the
corresponding left endpoint number.

Last, we consider the inhomogeneous problem

{a,?u —t"Av = f(t,z) in R x R", (3.11)

v(0,2) =0, 0w(0,z)=0.

In terms of Lemma 3.1 and a direct computation with (2.2), the distribution solution

of (3.11) can be expressed as

vA(tvf)—(Ef)A(t,£)=/o(Vz(t EDVA(T, €]) = Va(t, [€DVa(r, [€D)f (7, )dr. (3.12)

Then we conclude
Lemma 3.4 If f(t,z) € C([O,oo),Hzfo(R”)), then

L= Ef(, ) OHQM),%H(%,%)(RW + [t % 0,Ef(t, )||H:072(2+m>7T(%7% .
(m+2)(1 n)(l l
< Ct ¥ ”f HHSO R" (3.13)
IEf(t, )IIH;o+2+m ne_l)( +|0:Ef(t, )IIH;0 "B gy
t
< € [ 16 Mapamdr (3.14)
0

for1<p<2,%+%:1.
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Remark 3.2 Uniform weighted estimates of (3.9) and (3.13) give the decay rates of
the solution at infinity in time. Meanwhile (3.10) and (3.14) imply the local existence with
low regularity.

Proof By a direct computation, we obtain

(QEf)"(t.€) = /0 (0eVa(t, [E)VA(T, €]) — O:VA(E, €D Va(r, [€]) £ (1, €)dr, (3.15)

then it is easy to verify that

N~ ) EEF(t, ) oy <C / )Vt Vi, DA (7 ) e
+11(=2) Vit €D Valr, D S (7, ) oy dr (3.16)
and
|(=2)EQEF(t, ) aany <C / ()20, VA (7 6D £ €) gy
+(-2) VAt [ Va(r 6D (. Oll sy, (3.17)

In terms of (2.4) in Lemma 2.1 or (3.11)—(3.12) as given in [12], we obtain

24m 2w 2 = 44+3m 2(1+m) m m
t = 24+m z24+m 2+m 2 @ . _@ .
OVt €) =il 4i JrmammlelmEmens ( (2(2—|—m)’ 24+m ) (2(2—1—771)’2—1-771’2>>
and
- 4+ m 2 24+m)z _- 44+m 4d+m
= 2 (P : X e . .

Then for the similarity of the procedure on proof of above estimate, so we only consider the
term Va(t, [€[) Vi (T, [€]) £ (7, &) with T € (0,1).

Since V;"(t, [€]), i = 1,2 is the Fourier integral operator with the symbol of order — "5
or —#J:;). Then we obtain
IV (7, 1D f (7. 2) Loy < CEHf (T, 2) Lo ey, 0= 1,2, (3.18)
Hence, by use of (17) in Lemma 3.2, we derive
s \4
1(=2)% (Va(t, [ VA (7, (€D F(7,€))) llzagen)
1_(2+m><s+n<%f§)) y
<Ct : IV (7, [ED f (7 2) | Lo )
17<2+m><s+n<%—§))
Sct 2 Hf(T, $)| Lp(R™)- (319)

Choose s = 2(%7142) —i(n+ 1)(% - %), inequality (3.19) becomes

1(Va(t, [EDVA (T, [€D) (7, €))) ||H;<Tn7+f2>‘"7“(%‘5)<m)

m_ (m+2)(n—1) (1 _ 1

<Ct i1 G| (1, @) ey (3.20)
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On the other hand, by a similar method, we obtain

(VA (¢, [€])Va(, |£|)fA(T,£)))VIIH wis agin 1y

2(m+2) 2
q('m+) P q (R™)

m _ (m+2)(n—1) (11

<Ct a7 5= || £(1, %) || Lr @n)- (3.21)

Combining (3.17) with inequalities (3.20)—(3.21), we conclude

(m+2)(1—n) (1

t
Ht%Ef(t,-)H mid ol 11y <Ct T ”_q)/ Hf(Tv')HLT’(JR")dT- (3.22)
0

Hq2(2+M) P a (R")

Then, by taking a similar procedure, we obtain (3.13)—(3.14).

4 Existence of Solutions to the Semi-Linear Problem

In this section, we construct a contraction map on a defined closed set separately, then
use fixed point theorem to prove the local and global existence of solution to initial value
problem (1.1).

Proof of Theorem 1.1 Define a closed set

7o) o (=)
Sy ={u € C([0,T]; Hg" (R")) N C*([0,T1; H, (R™)) :
U = sup (||u|| 2 _,1_1 + Q|| 11 <M 4.1
ol = 0 (g + 000 oy MY )

for a constant M > 0 and the distant of elements in Sy, d(u,v) = sup |u—v||,,.
te[0,T)
Consider the map F' defined on Sy,

F(u) = ug + E(ulu|?), (4.2)

where ug is defined by (3.8) in Lemma 3.3 and E(u|u|?) is defined by (3.12) in Lemma 3.4.
Set ¢ = (8 + 1)p, then in terms of the embedding theorem in homogeneous Sobolev space

under the condition n — (5 + 1)p( — 28 = 1, we obtain

2
24+m 2403

1
1F (w)llar <lluollar + 1B (ulul®)[ar < Nuollar + Ct/o (e, gy dr

Lluollar + Ct sup (u(r, )| La@n)”™ < lluollar + Ct sup (|lu(r,)|[ar)"*!
0<r<t 0<r<t

<Cllel s .+ Ialinan) + CEM. (43)

25m (mom
(R

This implies that F'(u) € Sy, for smallness of T'.
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Meanwhile, ¢ = qﬁ_iz, 0 < g, then for any v € Sy and v € Sy, we obtain
1 (u) = F(0)lar = | E(ulul” = v[v]”)]|ar

<t [t = olol?)er s e
<ct [N+ 1) =v) [ 00— o)+ o)t e
<ct [ Nu=o)em ooy < ([ ([ 1000+ 0)er o) de) a0y ar

<ct / =) sl gy 01y i

Loh (R

SCt/O (= 0) (7, ae(lull3 + oll5,)dr
<Ctd(u,v)MP. (4.4)

This yields the contraction property of map F on S); for smallness of T
Note that p =1+ ﬁ, then in terms of (4.3) and (4.4), we establish Theorem 1.1.
Proof of Theorem 1.2 Define a closed set

n+l 1 1 "*1(7—7

. _m+d .
S. ={u € C((0,00); HZ™ 5 573 Ry 1 01((0, 00); H, T (R™)) :

lull, = sup Gt Full s apiy )
€ te(0,00) z(2-%-"7) p q (R™)
+ [t T o 72(2“)7%(%7%)@”)) < 2¢} (4.5)
with the distant of elements in S, d(u,v) = sup [lu—v], .

te(0,00)
Consider the map F defined on S, F(u) = ug + E(t*ul|u|?), where ug is defined by

(3.8) in Lemma 3.3 and E(u|u|?) is defined by (3.12) in Lemma 3.4. Set ¢ = (3 + 1)p,

vy=7+ W(% - %), in terms of the embedding theorem in homogeneous Sobolev

2 _ 8y — 1 we obtain

space under the condition n — (8 + 1)p(3; — 315

1
1F (@)lle <lluolle + IE(Tulul”)]l < lluoll. +Ct/ () lultr, )78 oy dr
0

1
<ol + Ct [ () D eruter, ) d
0

1
<Jlugll. + CrrHe—E+D / () Tuter, 2L dr
0

(H(le ||902||LP(R“)) + Ct1+a—’y(ﬁ+l)€ﬁ+l' (46)

2er( )
Then, in terms of the condition

(m+2)(n—-1) 1 1

l+a—(B+1)( 4 P

=L
4
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this implies that F'(u) € S, for the smallness of e.

Meanwhile, ¢ = qﬁ%, B < g, then for any u € S, and v € S, we obtain

1F(w) = F(v)lle = [E(r (ulul” — vlo[")].

1
<Ct / 1) (ulul® = o|o]?) (¢, )| Lo @y dr
0
1 1
<Cciite / 1B + 1)(u — v) / 00— v) + 0] d0)(t7, )| 1o ey
0 0

1
<Ot [ ery = o)(er, ey % (N ul sy + 170l g )

<Ottt D d(y, v)e® < Cd(u,v)eP. (4.7)

This yields the contraction property of map F on S..

Finally, in terms of (4.6)—(4.7) and p =1+ ﬁ, we complete the proof of Theorem 1.2.
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