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Abstract: In this paper, we investigate killing vector fields on compact Riemannian manifolds
with negative scalar curvature. By using the Bochner method, we obtain a necessary condition of
the existence of non-trivial killing vector fields on these manifolds, which extends Theorem 1 due
to [6].
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1 Introduction

A vector field V on a Riemannian manifold (M, g) is Killing if the Lie derivative of the
metric with respect to V' vanishes as follows

Lyg =0, (1.1)

which is equivalent to
g(VxVY) +g(VyV, X) =0, (1.2)

where V denotes the covariant differential operator of (M,g) and X,Y € TM. This is
equivalent to the fact that the one-parameter group of diffeomorphisms associated to V'
consists in isometries. Therefore, the space of the non-trivial Killing vector fields for (M, g)
in some sense measures the size of the isometry group of (M, g).

The study of killing vector field has a long time. In 1946, Bochner [2] proved that when
(M, g) is compact and has negative Ricci curvature, every Killing vector field must vanish.
Later, Bochner’s result was extended by Yano to include conformal vector fields [10]. It
is well known that the existence of non-trivial closed conformal vector fields also imposes

many restrictions on a compact Riemannian manifold (see [9]). The Killing vector fields
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were generalized to the Killing p-form and conformal Killing p-form by some authors such as
Bochner and Yano, Gallot and Meyer, Tachibana and Yamaguchi, Liu Jizhi and Cai Kairen
(see [8]). In 1999, Gursky [5] proved a vanishing theorem for conformal vector fields on
four-manifolds of negative scalar curvature, whose assumptions were conformally invariant,
and in the case of locally conformally flat manifolds reduced to a sign condition on the Euler
characteristic. The proof due to Gursky is actually a refinement of the Bochner method
which had been used to prove classical vanishing theorems. Recently, inspired by Gursky’s
two papers [4, 5], Hu and Li [6] proved Theorem A as follows.

Theorem A Let (M, g) be an n-dimensional compact oriented Riemannian manifold
with scalar curvature R < 0. If there exists a non-trivial Killing vector field on (M, g), then
we have

1, o R?
| gEe -t <o, (L3)
where E denotes the trace-free Ricci tensor. Moreover, equality is attained in (1.3) if and only
if R is constant and the Riemannian universal cover of (M, g) is isometric to a Riemannian
product R x N™~! for some Einstein manifold N™~! with constant scalar curvature R.

We follow their methods [3, 5, 6] to improve Theorem A and obtain the following results.

Theorem 1.1 Let (M, g) be an n-dimensional compact oriented Riemannian manifold
with scalar curvature R. If there exists a non-trivial Killing vector field on (M, g), then we

have

R

/J\/[ sl /M Vn(n—1) (14
where E denotes the trace-free Ricci tensor. Moreover, equality holds in (1.4) if and only
if R is nonpositive constant and the Riemannian universal cover of (M, g) is isometric to
a Riemannian product R x N™~! for some Einstein manifold N”~! with constant scalar
curvature R.

Corollary 1.2 Let (M, g) be an n-dimensional compact oriented Riemannian manifold
with scalar curvature R < 0. If there exists a non-trivial Killing vector field on (M, g), then

we have

/M'E'Z‘/Mm(f*_u’

where F denotes the trace-free Ricci tensor. Moreover, equality holds in the above if and only
if R is constant and the Riemannian universal cover of (M, g) is isometric to a Riemannian

product R x N"~! for some Einstein manifold N"~! with constant scalar curvature R.

2 Proof of Theorem 1.1

Let (M, g) be an n-dimensional Riemannian manifold. Let {e,--- ,e,} with respect to

the Riemannian metric g be a local orthonormal basis of TM, and {6,,--- ,6,} be its dual
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basis. Let {6;;} be the connection forms of (M, g), one has the structure equations

d(gl = ZHU A 6]‘, Qij + eji =0, (21)
J
1
db;; — zk: Oin N Oy = —5 ; Rijribh A6, (2.2)

where R;ji; are the components of the Riemannian curvature tensor of (M, g). The Ricci

curvature tensor R;; and the scalar curvature R of (M, g) are defined by
Rij =) R and R=) Ry, (2.3)
k i

respectively. For a vector field V =" Vie; on (M, g), we define the covariant derivative V;

and the second covariant derivative V; ji, respectively, by VV = >"V; .0; @ e;, i.e.,
4,J

D Vb, =dVi+ > Viby (2.4)
J J
and
Z ‘/i,jkek = d‘/i,j + Z ijekz + Z ‘/i,kekj- (25)
k k k

Using exterior derivation of (2.4), one gets the Ricci identity

Vike = Vi + Z ViR (2.6)

J

Now we assume that V = > Vje; is a Killing vector. Note that from (1.2), V = > Ve,

is a Killing vector field is equivaflent to
Vij+Vji=0 forall i,j. (2.7)

From (2.5) and (2.7), we have

S Vigbe = D (@dVi+ > Vil + Y Vikbiy)
J.k k k

j
= dO) Vi) + > (Vij+ Vik)bi
J gk
= O7
and thus for any k,

> Vi =0. (2.8)
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Combing (2.6), (2.7) with (2.8), we get the following Weitzenbock formula (see [1])

SAVE = SOVE 3 ViV, = [VVE - Y ViVl
.3 4,3

i,J
= |VV|2 - Z Vi(Vigi + Z VieRyjij)
Y] k
= |VV]* =) ViV;Ry. (2.9)
i3

Lemma 2.1 Let V = > V;e; be a Killing vector field on the n-dimensional Riemannian

manifold (M, g). Then we have
DVEY VEZ2Y (D Viviy) (2.10)
i i i

Remark 2.2 In [5], Gursky observed that (2.10) still holds for every conformal vector
field V. In [6], Hu and Li proved Lemmas 2.1 and 2.3. For completeness, we write the proofs
of Hu and Li.

Proof It suffices to prove (2.10) for any fixed point p € Qg := {x € M|V (x) # 0}. Note
that on Qp, (2.10) is equivalent to

IVV|? > 2|V|V]%. (2.11)
Around p, we choose {e;} such that V(p) = Vi(p)ei(p); that is, Vo = --- =V, =0 at p.
From (2.7), we have
Vii==Von=0; Vi =-V;1, 2<j<n.

Then at p, we have

2) (D ViV =27 ) V=217 i VI SVED V=D VEY Vi
i J 7=2 bJ ‘ b

This proves (2.10), or equivalently proves (2.11) on Q.
Combing (2.6) and (2.7) with (2.8), we have

A=Y V==Y VR, 1Sisn 21
j J

Form (2.12) and the unique continuation result of Kazdan [7], we know that, for a non-
trivial Killing vector field V' on the compact Riemannian manifold (M, g), the set M\ is
of measure zero. Combining this fact with (2.9) and (2.11), one has the following lemma.

Lemma 2.3 Let V be a non-trivial Killing vector field on a compact Riemannian
manifold (M, g). Then

1
FOIVE 2 2V|V|]P ~ > ViViR; (2.13)

4,J
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holds on M in the sense of distributions.
In order to prove Theorem 1.1, we need the following algebraic lemma, which can be

proved by the standard method of Lagrange multipliers, and was observed by Hu and Li [6].

Lemma 2.4 Let A = (a;j)nxn be a real symmetric matrix with » a; = 0 and
x1,+,2, € R. Then
n—1 n—1
2 2 2 2
) SO DL D ST e SO DL (2.14)
2,7 T 2,7 2,7 2

Moreover, when > 2 # 0, one of the equalities in (2.14) is attained if and only if there
exists an orthogonal n x n matrix 7" such that

(n—1)A

-
TAT ' = . (2.15)

—-A

and (zq,---,x,) correspondingly takes the value ((n — 1)\, 0,---,0), where A > 0 holds if
there is equality in the right-hand side of (2.14), and A < 0 holds if there is equality in the
left-hand side of (2.14).

Proof of Theorem 1.1 Let V = Vje; be a non-trivial Killing vector field on (M, g).

Denote by E the trace-free part of the Ricci tensor Ric, i.e., E;; = R;; — (R/n)d;;. Then,
applying Lemma 2.4, we get that

R n—1 R
- ZViVjRu = —ZViV}Ezj - 5|V|2 > =/ T|EHV|2 - 5|V|2 (2.16)
2] 4,3

and the second equality holds at a point p € M with V(p) # 0 if and only if by choosing
suitable {e;}, E can be diagonalized as

(n—1)A

)\
: (2.17)

-A

correspondingly, Vi = (n — 1)A and Vo = ... =V, = 0 for some A > 0.
Combining (2.13) with (2.16), we get

1 n—1 R
§A|V|2 > 2|V|VI[* — 4/ [E||[V]? = =|V]*. (2.18)
n n

For € > 0, we define a function f. = \/|V|? 4+ 2. Thus we

VEIVIE
VP+e

V[l = < |[VIVI]I*. (2.19)
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From (2.18) and (2.19), we directly compute

1 1
fsAfa + |Vf5‘2 = iAfg = §A|V|2
n—1 R
> AVIVIZ - [ BV - v
n—1 R
> AVLE -\ IEIE - (2:20)
n n
and thus
n—1 R
LAL 2 VL - | E - 2 (2.21)
n n
and thus

nogf. = [F0L ~ VLR 2 — [ " 2B - (222)

n

Integrating (2.22) on M, we obtain

-1
o:/ AlogfaZ—/(\/n B+ ),
M M n n

ie.,

|E| >

82 = [

If the equality holds in (2.23), then equality (2.16) must hold at each point of M. Thus
at each point of M, E can be diagonalized as in (2.17). So it satisfies

(2.23)

R
|E| = ————= on M. (2.24)
n(n —1)
Furthermore, combining (2.17) with (2.24) gives A = —R/n(n — 1). Then we must have
Vi=—-R/n,Vo=...=V, =0 and

Ric = (Ry;) = nt . . (2.25)

This implies that Y V;V;R;; = 0, and thus from (2.9), by the maximum principle we get

that |[V| = —R/n is] constant, then VV = 0, i.e., V is a parallel vector field on (M, g). By
the de Rham decomposition theorem and (2.25), we see that the Riemannian universal cover
M of M is the product of R and an Einstein manifold N with nonpositive constant scalar
curvature R.
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Remark 2.5 We see that if R < 0, one has

n—1 R, »  n-1 R o R )
B DIVE = =SB e = (B - Y]

n—1 R?
> E? - —— )|V
> T (BRI
Then
n—1 R n—1 R?
— Y>> o © 2_ -
(o B+ ) 2 B - )

holds on M in the sense of distributions. Hence Corollary 1.2 can be considered as general-

ization of Theorem 1 in [6], i.e., Theorem A.
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