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Abstract: Denote the sum of k-power of all distances between all pairs of vertices in G by
Sk(G). In this paper, by applying the vertex partition method, sharp bound of all connected n-
vertex bipartite graphs of diameter d on the Sk(G) is obtained, and the extremal graphs with the
minimal Sy (G) are also characterized.
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1 Introduction

In this paper, we only consider connected, simple and undirected graphs and assume that
all graphs are connected, and refer to Bondy and Murty [2] for notation and terminologies
used but not defined here.

Let G = (Vg, Eg) be a graph with vertex set Vi and edge set Eg. G —v, G —uv denote
the graph obtained from G by deleting vertex v € Vi or edge uv € Eg, respectively (this
notation is naturally extended if more than one vertex or edge is deleted). Similarly, G + uv
is obtained from G by adding an edge uwv ¢ Eg. For v € Vg, let Ng(v)(N(v) for short)
denote the set of all the adjacent vertices of v in G and d(v) = |Ng(v)|, the degree of v in
G.

A bipartite graph G is a simple graph, whose vertex set Vg can be partitioned into two
disjoint subsets Vi and V5 such that every edge of G joins a vertex of Vi with a vertex of V5.
A bipartite graph in which every two vertices from different partition classes are adjacent is
called complete, which is denoted by K,, ,, where m = |[Vi|,n = |Va|.

The distance d(u, v) between vertices u and v in G is defined as the length of a shortest
path between them. The diameter of G is the maximal distance between any two vertices of
G. Let B? be the class of all bipartite graphs of order n with diameter d.

* Received date: 2017-01-08 Accepted date: 2017-04-01
Foundation item: Supported by National Natural Science Foundation of China (11401008;

61672001; 61572035; 61402011) and China Postdoctoral Science Foundation (2016M592030).
Biography: Geng Xianya (1981-), male, born at Fuyang, Anhui, associate professor, major in
graph theory and its application.



1112 Journal of Mathematics Vol. 37

Let Sk, = Sk(G) be the sum of k-power of distances between all pairs of vertices of G,
which is denoted by

& 1
S = Se(@) u’;va dey (u,0) = ;G He(v),
where Hg(v) is the sum of k-power of all diatances from v in G.

When k =1, S is Wiener index. The Wiener index is popular in chemical literatures.
This quantity was introduced by Mustapha Aouchich and Pierre Hansen in [1] and was
extensively studied in the monograph. Recently, S3(G) is applied to the research of distance
spectral radius. Zhou and Trinajsti¢ [19] proved an upper bound using the order n in
addition to the sum of the squares of the distances S5(G), see [18, 20]. They also proved a
lower bound on the distance spectral radius of a graph using only S>(G). As a continuance of
it, in this paper, we determine the extremal graphs with the minimal Sy (G) for the class of all
connected n-vertex bipartite graphs of diameter d. For surveys and some up-to-date papers
related to Wiener index of trees and line graphs, see [7, 9, 11-15, 17] and [3, 6, 8, 10, 16],
respectively.

In this paper we study the quantity S in the case of n-vertex bipartite graphs, which
is an important class of graphs in graph theory. Based on the structure of bipartite graphs,
sharp bounds on S, among B¢ are determined. The corresponding extremal graph is also
identified.

Further on we need the following lemma, which is the direct consequence of the definition
of S.

Lemma 1.1 Let G be a connected graph of order n and not isomorphic to K,. Then
for each edge e € G, Si(G) > Sk(G + e).

2 The Graph with Minimum S, among B¢

Let G be a graph in BZ. Clearly there exists a partition Vg, V4, -+, Vy of Vi such that
|Vo| = 1 and d(u,v) = i for each vertex v € V; and u € Vy (1 = 0,1,--- ,d). Wecall V; a
block of Viz. Two blocks V;, V; of Vi are adjacent if |i — j| = 1. For convenience, let |V;| =;
throughout this section.

Lemma 2.1 [15] For any graph G € B¢ with the above partition of Vi, G[V;] induces
an empty graph (i.e., containing no edge) for each i € (i =0,1,--- ,d).

Given a complete bipartite graph K |m=gts ) [n=did) with bipartition (X,Y") satisfying
V] = [2=£3] and |X| = |2=H3] > 2, choose a vertex x (resp. y) in X (resp. Y) and let
G = KL%J,[%M-‘ — xy, where G’ is depicted in Figure 1. Let G* be the graph obtained
from G’ by attaching paths sz;s and P% at x and y, respectively. It is routine to check
that G[p, ¢] € B? for odd d.

Given a complete bipartite graph K, , with bipartition (X,Y) satisfying |X| = p >
3,[Y|=¢>2 and p+ q=n — d+ 4, choose two different vertices, say z,y in X and let

G'"=K,;,—{aw:weV' CY}—{yw : 0w € Y\V'},
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where G is depicted in Figure 1. Let G [p, q] be the graph obtained from G” by attaching
paths P% and P% at x and y, respectively. It is routine to check that @[p, q) € B¢ for
even d. Set B={Glp,ql:p+q=n—d+4,|(p—2)—q| <1}

W\ Wy

G' GHZKq,n-q

Figure 1: Graphs G’ and G”

Theorem 2.2 Let G be in B? with the minimum Si(G).

(1) If d=2, then G = K\_%L[%].

(ii) If d > 3, then G =2 G* for odd d and G € B for even d, where G* and B are defined
as above.

Proof Choose G € B? with bipartition (X,Y’) such that Sj,(G) is as small as possible.

(i) If d = 2, then by Lemma 1.1, G = K,,_;, where t > 2 or n —t > 2. Let |X| =
n —t,|Y| = t. Then it is routine to check that, for all = (resp. y) in X (resp. Y'), one has

Hg(x) =2"n — (2F — 1)t — 2% Hg(y) = (28 — 1)t +n — 2F,

which gives

Sk(ant,t> = ;(ZHG(JJ)‘FZHG(Q))

reX yey

= %(n —t)(2"n — (2F — 1)t — 2%) + %t((Q’“ — Dt +n—2%

1
= 3 (2%n? +2(2" — )7 — 2(2° — 1)nt — 2"n) .
= 2FIn? 4 (2F — )2 — (28 — D)nt — 2% n,

If n is odd, then Sy (K, _¢+) > %nQ —2k=1p 4 % with equality if and only if ¢t = 21,
ort =2 ie. G = K|z r21; And if n is even, then Si(Kp_s¢) > ﬁ%”ﬂ — 2F1n with

i.e., G= K%’

equality if and only if t = Z n, as desired.
(ii) First we show the following facts.

PX 2z
Fact 1 G[V,_1,V;] induces a complete bipartite subgraph for each i € (0,1,---d), and
|[Va| =1 for d > 3.
Proof of Fact 1 The first part follows directly from Lemmas 1.1 and 2.1. So in what

follows, we prove the second part.
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Letd >3,z € Vygand w € Vy_3. If |[V,] > 2, then G+2w € BZ and %U%U(Vd,g\{w})u
Vi_oU (Vd_l U {w}) UV is a partition of Vgy,,. By Lemma 1.1 Si(G + zw) < Si(G), a
contradiction.

This completes the proof of Fact 1.

Fact 2 Consider the vertex partition Vg = Vo UV U--- UV, of G.

(i) If d is odd, then

Vol =il =--- =

Vigs | = |Vagrao| =+ = Varal = IVal = 1,

Vs

l| <

(ii) If d is even, then

Vol = [Vi] = -+ =

V%_Q ==

Viso| =+ = WVaral = Val = L|IVg] = (Vg al + Vi) <1

Proof of Fact 2 (i) Note that |Vy| = [V4| = 1, here we only show that |V;| = 1 holds.
Similarly, we can also show [V3| = -+ = Vs | = V%H’ = .- = |Vaq| = 1, we omit
the procedure here.

In fact, if d = 3, our result is trivial. So we consider that d > 5. If |V3] > 2, then
choose v € V; and let G’ = G — vou + {uz : = € V,}. In fact, the vertex partition of G’ is
Vou (Vi\{u}) UV U (V3 U{u}) UV U -+ U Vg, in view of Fact 1 and the choice of G, any
two of adjacent blocks of Vg induce a complete bipartite subgraph and |V| = 1 for d > 5.

NotethatZ(z—l — (i — )Z>Z(z—1 — (i —3)F) > (3" - 1),

Ho(w) = He(w)+3 ((—=1)"=G=3))k - (" -1

Hg(v) = He(v) = (3" —1), Vv e Vp
Hg(v) = He(v), Yoe (Vi\{u}) UV U V3;
Ho(v) = He@) +@GE—-1DF—(G-3)F WweWVusu---uV,.

This gives

Si(G) = Sp(G) == | D Halv)— > Helv

veVg veEVgr

(Z(HG(U) — Hg(v)) + Hg(u) — He (u > + Z Z Hg(v) — Hgr(v))

veVy i=4 veV;

N =

N =

[—2(3’“—1)+2§d:((i—1)k—(i—3)k) lz}

- [—(3’“—1)4—2((1’—1)’“—(z’—3)k)li

ie., Sk(G) > Sk(G"), a contradiction to the choice of G. Hence, |V;| = 1.

>0,
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Next we show that if d is odd, then ||V | — Vi

+1l| £ 1. Without loss of generality,

Then it suffices to show that
this is not true, then |Va_i| — Vs | > 2. Choose w € Va_y, let

2

we assume that Vg‘ > Va4 <1. If
2 2

Vi
2

Vast i

G':G—{um:xev%UV%}+{wy:yEV%UV%},
then the vertex partition of G’ is
vouvlu---uv%u(v%\{w})u(vd#u{w})uvd#u---uvd

and each of the two adjacent blocks of Vg induces a complete bipartite graph. By direct
calculation, we have

SW(G) = SK(G) = [(Vaga] = 1)+ 2% Vags || = |25(Vaga] = 1) + Vg
= (@ =) ([Vap| = Vap|-1) < -2 1) <0,

a contradiction to the choice of G.

(ii) By the same discussion as the proof of the first part of (i) as above, we can show
that Vol = V| = -+ = [V | = [V
here.

Now, we show that if d is even, then ‘|V%| — ([Va_1[ + [Vayql)| < 1. Without loss of

= .- = |Va_1| = |Va| = 1, we omit the procedure

generality, we assume that ‘Vg < ‘Vg 1|+ ‘Vg 41|~ Then it suffices to show that
2 2 2
‘ngl + ‘V%Jrl — ’Vg <1
If this is not true, then ‘ngl + Vg 11— Vg > 2. It is routine to check that at least one of

Va_, and Va,, contains at least two vertices. Hence, we assume without loss of generality

that V% 1

= 2. Choose w € Va_, and let

G*:Gf{wx:xengQUV%}Jr{wy:yeV%%UV%H},
then the vertex partition of G* is
VoUVIU---UVas U (V%,l\{w}) u (Vg U{w}) UVe U UV

and each of the two adjacent blocks of Vg« induces a complete bipartite graph. By direct
calculation, we have

SHG) = SKG) = |(Vgal + Vgial = 1) + 29Vl = [2(Vyol + IVga| = 1) + |1y

~(@ = 1) [Vyoal + Vgl = (Vg + D] < =@ =1 <0,

a contradiction to the choice of G.
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This completes the proof of Fact 2.

Now we come back to show the second part of Theorem 2.2. In view of Fact 2(i), if d
is odd, note that [Va|+ [Vas | =n —d+ 1, together with |[Vai|— Vo 4]l <1, we
obtain that G = G*, as desired.

In view of Fact 2(ii), if d is even, note that [Va|+[Va_ |+ [Va | = n —d + 2, together

with |[Vy] = (V| = Vg

2

< 1, we obtain that G € B. Furthermore,

n—d+6
— 1

B={Gpq:ptqg=n—d+4,p= 5

for even n and B = {@[p,q] ptg=n—d+4,p= ”’3*7} for odd n.

This completes the proof.

References

[1] Mustapha Aouchiche, Pierre Hansen. Distance spectra of graphs: a survey[J]. Lin. Alg. Appl., 2014,
458: 301-386.

[2] Bondy J A, Murty U S R. Graph theory[M]. GTM, Vol. 224, American: Springer, 2008.

[3] Cohen N, Dimitrov D, Krakovski R, et al. On Wiener index of graphs and their line graphs[J].
MATCH Commun. Math. Comput. Chem., 2010, 64: 683-698.

[4] Wang T, Wu L X. Decomposition of planar graphs without 5-cycles or K4[J]. J. Math., 2016, 36(2):
223-233.

[5] Zhang X E, Jiang W. Complements of distance-regular graphs[J]. J. Math., 2016, 36: 234-238.
[6] Dankelmann P, Gutman I, Mukwembi S, et al. The edge-Wiener index of a graph[J]. Disc. Math.,
2009, 309: 3452-3457.
[7] Dobrynin A, Entringer R, Gutman I. Wiener index of trees: theory and applications[J]. Acta Appl.
Math., 2001, 66: 211-249.
[8] Don Y, Bian Y, Gao H, et al. The polyphenyl chains with extremal edge-Wiener indices[J]. Match
Commun. Math. Comput. Chem., 2010, 64: 757-766.
[9] Gutman I, Klavzar S, Mohar B, et al. Fifty years of the Wiener index[J]. Match Commun. Math.
Comput. Chem., 1997, 3: 51-259.
[10] Iranmanesh A, Kafrani A S. Computation of the first edge-Wiener index of TUC4Cs(S) nanotube[J].
Match Commun. Math. Comput. Chem., 2009, 62: 311-352.
[11] Li S C, Song Y B. On the sum of all distances in bipartite graphs[J]. Disc. Appl. Math., 2014, 169:
176-185.
[12] Liu M, Liu B. On the variable Wiener indices of trees with given maximum degree[J]. Math. Comput.
Model., 2010, 52: 1651-1659.
[13] Luo W, Zhou B. On ordinary and reverse Wiener indices of non-caterpillars[J]. Math. Comput.
Model., 2009, 50: 188-193.
[14] Merris R. An edge version of the matrix-tree theorem and the Wiener index[J]. Lin. Multi. Alg.,
1988, 25: 291-296.
[15] Pisanski T, Zerovnik J. Edge-contributions of some topological indices and arboreality of molecular
graphs[J]. Ars. Math. Contemp., 2009, 2: 49-58.



No. 6 On the sum of k-power of all distances in bipartite graphs 1117

[16] Wu B. Wiener index of line graphs[J]. Match Commun. Math. Comput. Chem., 2010, 64: 699-706.

[17] Zhang X D, Liu T, Han M X. Maximum Wiener index of trees with given degree sequence[J]. Match
Commun. Math. Comput. Chem., 2010, 64: 661-682.

[18] Zhou B, Trinajsti¢ N. Mathematical properties of molecular descriptors based on distances[J]. Croat.
Chem. Acta, 2010, 83: 227-242.

[19] Zhou B, Trinajsti¢ N. On the largest eigenvalue of the distance matrix of a connected graph[J].
Chem. Phys. Lett., 2007, 447: 384-387.

[20] Zhou B, Trinajsti¢ N. Further results on the largest eigenvalues of the distance matrix and some
distance based matrices of connected (molecular) graphs[J]. Intern. Elec. J. Mol. Des., 2007, 6:
375-384.

[21] Zhang H H, Li S C, Zhao L F. On the further relation between the (revised) Szeged index and the
Wiener index of graphs[J]. Discr. Appl. Math., 2016, 206: 152-164.

— AR E RV BE B kX 75 A a) R

17 T AR A R 7= Vi
(L 22 B TR0 5 R b, B HERS 232001)
(24 TVE R 2B RCE S Gt 2 b, 1k BRI 430079)
WE: ASUE N Sk(G) N G ATH s BEE B kK7 2 F0. R T KI5 7 549 80 T BAR N
d B9 n BUROEE = S, (G) BT A, FFIE 1TIEE] R A LA e .
XHIR R B R
MR(2010)E 88 4 # S:  05C50; 05C35 FESES: 01576



