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Abstract: In this article, local time of mixed Brownian motion and subfractional Brownian
motion is studied. By using an alternative expression of subfractional Brownian motion, it is
proved that the local time is a Hida distribution through white noise approach. Moreover, the
chaos expansion of the local time is given by S-transform. Lastly, regularized condition of the local
time is also obtained. Some results of local time of Brownian motion are popularized.
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1 Introduction

Let S§ be a subfractional Brownian motion (sfBm) with parameter k € (—3, 1) on R<.

Sk is a centered Gaussian process with representation

gk — C(lk) /R[(t )+ (t+8)E — 2(—s)E]dB, (L1)

where c(k) = [2(/ ((1+8)F =57+ 2k1+ 1

0
B; is a Brownian motion (Bm). It is well known that subfractional Brownian motion is an

)]%7a+ = max{a,0},a_ = max{—a,0} and

extension of Bm.
The object of study in this article is the local time of mixed Bm B; and sfBm S} (mBs),
which is formally defined as

T
Li(T,b) = / §(aB; + BSF —b)dt, (1.2)
0

where b is some fixed point, T" > 0, §(z) is a Dirac delta function, o and (3 are two real
constants such that («, 3) # (0,0). The local time L (T, b) characterizes time of the mixed

process spending on the interval [0, T7).
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In recent years, some authors focused on the research on fractional Brownian motion
(fBm), due to its interesting properties and its applications. Moreover, some authors intro-
duce another Gaussian process so called sfBm instead of fBm. In spite of sfBm has many
properties analogous of fBm such as self-similar and long-rang dependent, sfBm has non-
stationary increments and is weakly correlated in comparing with fBm. Indeed, sfBm is
intermediate between Bm and fBm. At the same time, local times of sfBm were studied by
many authors as well, see e.g. Liu et al. [1], Yan et al. [2] and Guo et al. [3].

In this article, motivated by [3—4], in order to deal with problem of complexity structure
of sfBm, we use an alternative expression of sfBm in Guo et al. (2015), and study the
existence of local time of mBs in white noise analysis framework. The outline of the paper
is as follows. In Section 2, we give some background materials in white noise analysis. In

Section 3, we present the main results and their demonstrations.

2 White Noise Analysis

We briefly recall some notions and facts, and for detail see Refs. [4-6]. The first real
Gelfand triple is Saq(R) C L*(R,R??) C S;,(R), where Sp4(R) (resp. S;,(R)) is the space
of the vector valued Schwartz test functions (resp. tempered distributions). We consider
2d-tuple of Gaussian white noise & = (&1, @) = (w11, ,W1dy W21, ,W2.4)-

Introduce the following notations

d d
n=(ngy, - ,ng), n= E ng, n!:Hni!.
i=1 i=1

Let (L?) = L?*(S;,(R),du) be the Hilbert space of square integrable functionals on S;,(R)
with respect to measure p. By the Wiener-It6-Segal isomorphism theorem, we have the

chaos expansion F(&;,ds) = Y. Y (3% : @ : G%% 1 f,1) for each F € (L?).
meNd keNd

Let T'(A) be the second quantization of A, where A is defined by (Ag);(t) = (—% +
t? 4+ 1)gi(t). For each integer p, let (S,) be the completion of DomI'(A)? with respect to

the Hilbert norm || - [|,=[| T'(A)?- |lo, where we denote the norm of (L?) by || - [lo. Let
(S) = N (S,) be the projective limit of {(S,) | p > 0}, and let (S)* = |J (S-,) be the
p=>0 p>0

inductive limit of {(S_,) | p > 0}. Thus there is the second Gelfand triple (S) C (L?) C (S)*.
Elements of (S) (resp. (S)*) are called Hida testing (resp. generalized) functionals. For
each test function f = (fi,fs) = (fi1,- -, fra, fan, -, f2.a) € S24(R), S-transform of Hida
generalized functionals @ is defined by S®(f) =< ®,: exp(-,f) > .

Lemma 2.1 [4] Let (2, F, 1) be a measure space, and let ® be a mapping defined on
with values in (S)*. We assume S-transform of ®:

(1) ® is an p-measurable function of A for f € Sy4(R); and

(2) ® obeys a U-functional estimate

| SD(2f) [< C1(N) exp{C2(N) | 2 [7] A%F |3} (2.1)
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No. 3
for some fixed p and for C; € L'(u), Cy € L>°(u). Then
du()) € (S)° and 5 / au(N))(E) = / (S®)(E)du(N)

Q Q

/
3 Local Time of Mixed Independent Bm and SfBm
Let Bm and sfBm be independent processes. For any € > 0, we define
T
Ly (T,b) = / pe(aB, + BSF — b)dt, (3.1)
0
e )

2t
Lemma 3.1 [3] Let k € (—3, 1) be given. S} has a continuous version of (-
o 1
145)"—s*)%d 2.
(15)—sPds )]

where p.(z) = \/21? exp {—
a3
denotes the odd extension of Iy ;) and c(k) = [2(
The following lemma is very useful to prove our main results. Bender [7] gave the similar
) and f € S;(R) be given. Then there exists a non-

= [2(

where Tf 0.)

estimate in discussion the local time of {Bm
Lemma 3.2 [3] Let k € (—3,3
negative constant C} such that
Lo
| f(x)c(k (121 1) (z)da [< G [ E ]| ] (3.2)
R

(1 + s)% — s%)2ds + T 1)]%, C is some constant independent of f
) and given b € R, the local time of mBs given by

where c(k)
and || f [|=sup | Fla) | +sup | £'(2)
Theorem 3.1 For each ke (-3, %
T
L) = [ pifai+ 5t 1)
k 2
aB; + 2ﬂaSt b) Vit

__! /OTeXp{—(

(2me)®

is a Hida distribution. Moreover, S-transform of Ly .(T',b) is given by
1

S(Lk,s(Tv b))(f) _/0 (277(5+a2t+ﬁ2(2 _ 22k)t2k+1))%
(o [ s+ 5 [ £ 514 )51 =)
22k)t2k+1))

.exp{_ 2(5+O¢2t—|—52(
:<f1,1a"'afl,dafZ,la"'7f2d)682d(R)'
1 4 By + Sk —b
5eXP{—(a +2ﬂ€ )},

)

for all f = (fl, fg)

Proof Set
P, (D) =
k() (27r8

Yt

(3.3)

(3.4)



662 Journal of Mathematics Vol. 37

where & = (&1,d2) = (w11, ,wW1,d, W21, " ,waq). For each f € Sy4(R), calculate S-
transform of Ly (7, b) as follows

1
(2m(e + a’t + 5%(2 ?mﬁﬂwﬁ

(/0 ds+ﬁ/ IkI[OOt))(s)ds b)?

2(6 + a2t + ﬁ2 22k)t2k:+1)) }

S(Pho(@)(F) =

. exp{_

For the bounded condition we observe that

- 1 d

| S(q)k,a(w))(Zf) ‘: (27T(8+()52t+ﬁ2( 22k>t2k+1)))2
(za/o f(s) ds—l—zﬁ/ I’“]I(”))(.s)cls—l))2

- | exp{— 2e + a2t + B(2 — 22k)t2k+1)) H

1

t
W+2unmmn/f@w|
0
on(e + a2t + B2(2 22k)t2k+1))

2(e + a2t + [32(2 — 22k)2k+1)) }
2110151 [ F6) I T ehds|
2(e + a2t + 32(2 22k)t2k+1)) }

HHIMWI/ @@H/ ﬂ%n@@|

ol

<(

expq

-exp{

-exp{ €+a2t—|—,82 22k t2k+1 ) }
uP2|/ mﬁ+u|ﬂ|/ ﬂ%m@wﬁ
~exp{ 2(c + at + F2(2 — 22F) t2k+1 1

for any complex number z and each f € Sy4(R). By Lemma 3.1 and Lemma 3.2, we can

obtain the following inequalities

2uuwﬁH/ﬂs o o) ()ds | 2z lall 8] Cert | £

<
e+ e 22k)t2k+1)) s elgT Ty g o))
|z 7 2’/ 5)d3|2 |22 a2 | f|?
<
P o+ P2 2% ) < PG o T e — ey
|z > 5% | / S) Ik]I[Ot )(s)ds |2 B Clith 2282 | £

exp{ (e + a2t + ﬂz — 92k g2k L)) y < exp{z(g a2t + G2(2 — 22R)g2kLY) b

2| zllal|l o / s)ds |
- el o 2lzllallallt]

(8 + Oé2t + 52 22k t2k+1 2(5 + a?t + /62(2 _ 22k)t2kp+1)) ’
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20z Flall o [ f6as | [ )T 0)is

2(e + a2t + B2(2 — 22%)¢2k+1)) i
! 2Ckat |z Pl || B £ £l )
2(e + a2t + F2(2 — 22k)g2k+1)) L

exp{

2d
where f = (f;, f5) € Su(R), [f|=20 /i,

i=1

2d

I £ Hzf(zij(sgg | filz) | +sup | fl() )2,

i=1 *

and C} ;1 is some constant, which dependents on parameter k. Hence we obtain

| S(@(2f) |
! (P2 Pt LT E 2 Il ]
om (a2t + (2(2 — 22k)2ke1) ) P o (a2t + B2(2 — 22F)(2h+1)
{2ﬂ2||bllﬁ|Hf||+CkJ\2|2|a||5|\f|Hf|Dt+-C%1|Z|2ﬁ2|\fH2t2}
p 2 (a2t + 32(2 — 22k)(2k+1) ’

<(

We see that the first part in above inequality is integrable as a function on [0,7], and the
third part is bound on [0,7]. Then by an application of Lemma 2.1, the proof is completed.
Similar to [4, 5], we can prove that Ly .(T,b) convergence to Li(T,b) in (L?). The
following theorem provides the chaos expansion of the local time of mixed independent Bm
and sfBm. For simplicity, we only consider the expansion of Lx(7,0) and case a # 0 is
similar.
Theorem 3.2 For each k € (—1, 1), the local time of mBs

Li(T,b) = /'/mMMa&+BW—®MMt

is a Hida distribution for b € R. Moreover, kernel functions of chaos expansion of Ly (T, 0)

are given by

Gm,k(uh'" y Um, U1,y - 7Uk)
_(i)%(1>m;—k 1 (m+k)'
o’ 2 (= mlk!

T
1 d+m+k k
'Agﬁ+ﬁ(2%WH ZQ:H%NWBH I%H(W

for each n € N? such that n > N. All other kernel functions G  are identically equal to
ZETO.
Proof To show this result, we need apply Lemma 2.1 to the S-transform of the integral

with respect to Lebesgue measure dt on [0,T]. For f € Sy;(R) and any complex number z,
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by the definition of S-transform, these is

S(6(aBy; + BSF —b))(f)
1

:(27T(a2t +62(2 — 22k>t2k+1)))%
(ZOZ/O f(s) ds+zﬁ/ Ikﬂ(]t))(s)ds—b)z
- | exp{— 2(a2t + £2(2 — )t2k+1)) Hl
. d b2+2|z||b|a||/f(5)ds|

=Gt 2 — e Pl S e ey )

1 X
22151181 [ ()i IF T, ) (s)ds |
R C(k)
exp{ 2(a2t + (2(2 — 22k)g2kT1)) t

2|Z|allﬁ|/ ds|/ 1*1, ) (s)ds |
-exp{ 2(a2t + B2(2 — 27) t2k+1 }

L 2|/ s |2+ |z P 5 |/ YR () ds |2
~exp{ 2(a2t + (2(2 — 22k g2k 1)) i

| s @ 2P £P42] 2 b0 81 Ck ]

§(27T(042t + ﬁ2(2 _ 22k)t2k+1))) eXp{ 2(a2t + ﬁ2(2 _ 22k)t2k+1)) }

-exp{

C%J|2|2ﬂ2HfH2+2\ZIIbHaI\fI+2Ch1IzP|a|H3Hf|HfH}
2(a2t + 52(2 _ 22k)t2k-+1)) )

where the first part is integrable as a function on [0, 7], and the third part is bound.
Given a f: (f1717 e 7f1,d7 f271, te ,fgyd) S Sgd(R), there is

S(L(T;0))(f)

ot [ > om0 T m >

i=1 m;+k;=2n;

w\m

(m; + k;)! )
omilk! /ﬁﬁ% ﬁk/ﬁ IET6, 1)) (s)ds) " dt
DTy % w1
ok {H 2 2 ) A RN }
7T n>N ny, - ,ng m;+k;=2n; i=1 a t+ﬂ -2 )t * )) 2 ‘

(m; + k;) .
{H ) / fi(s)ds)™ 3% ( /fz IkHOt))(s)ds)kl}.
Comparing with the general form of the chaos expansion,

=3O WP @ wf G,
m k
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the kernel functions of chaos expansion are obtained.

4 Regularized Condition of Local Time

Next we discuss the regularized condition of local time of mBs.
Theorem 4.1 For k € (—3, 1), local time of mBs is a Hélder continuous function with

fractional order

1
1 — = max {a?u, 3%(2 — 22F)u? 1},
2 ue(s,t)

i.e., there exists some constant C 2 such that

1-3 max {a%u,f?(2-2")u® 1}

Bl L= Ly [ < Cra | t—s |
Proof Set
t t
L, = / §(aB, + BS¥)du, L;.= / pe(aBy, + 3S¥)du
0 0
For s < t, consider

EH Lt,E - Ls,s ”
I ,
=5 / /IR Blexp{i¢(aB, + 8S})}] exp{—e&*}d¢du
1 /! 1
== Elexp{—=&*(a*Var(B., 2Var S’; <pf —e2Vdedu
TI'/S/R [exp{ 25( (Bu) + 6 (Su))H exp{—e&§~}d€

<o / / eXp{J&Q(a?u + 3%(2 — 22 )u ) dedu

o //\/a U+62 22’“) i exp{—a” dadu

= du
\/ﬁ/ \/a u+/@2 2 22k)u2k+1
< / L s
. tlfﬁuren(asxt {a2u,5%(2—220)u 2k 1Y B 817%uren(i”ft){a2u’ﬂ2(2722k)u2k+1}
<
V27 1-1 m(ax {a?u, 3%(2 — 22F)y2k+1}
ue

+ max {a 2u,B%(2—22F)u 2Rty

<Cha | t—s | ,

1
V2r(1—1 max {a2u,32(2—22k)t2k+11)"
2
u€(s,t)

By Fatou’s lemma, we get

where Cj o =

EH Ly — L, ” :E[lii% | Lt,e - Ls,s H

<lim iélf El| Lie — Ly ]

—1 max {a 2u,52(2—22F )2ty
<Chp|t—s| PR
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Therefore L; is a Holder continuous function.
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