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Abstract: In this paper, one kind of general form of hyperbolic differential equation with
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boundary condition respectively, and by defining some nonlinear operators and checking some
properties of theirs in view of the result of almost equality of the ranges for maximal monotone
operators presented by Reich, we prove that the hyperbolic boundary value problem has a unique
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1 Introduction and Preliminaries

Elliptic differential equations, parabolic differential equations and hyperbolic differen-
tial equations are three kinds of important differential equations. Inspired by Calvert and
Gupta’s perturbation result on the ranges of nonlinear m-accretive mappings presented in
[1], the elliptic p-Laplacian boundary value problems and their general forms were exten-

sively studied in work of [2-6]. Actually, [6] can be regarded as the summary of the work
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done in [2-5]. Namely, the following elliptic equation involving the generalized p-Laplacian

operator with Neumann boundaries is studied

(1.1)

{ — div[(C(z) + |Vu>) = V] + e|ul*2u + g(z, u(z)) = f(z) ae. in Q,
— 9, (C(x) + |Vu>)*> Vu) € B,(u(z)) ae. on T,

where (3, is the subdifferential of a proper, convex and lower-semi continuous function. It

was shown in [6] that (1.1) has solutions in L*(£2) under some conditions, where -2- < p <

N+1
s<—|—oo,1§q<+ooifp2N,and1§q§NN—f;ifp<NforN21.

Recently, the work done in [2-6] is extended to the following one

— div(a(|VulP)|[VulP2Vu) + A Jul?2u + Ao |u|""2u + g(z,u(z), eVu(z)) = f(z),
— < ¥, a(|Vul")|Vu|P~2Vu >€ B,(u(x)) a.e. on T.

(1.2)
By using the properties of H-accretive mappings, it is shown in [7] that (1.2) has solutions
in L?(92) under some conditions, where ]\2,—11 <p< 40,1 <gqgr < 4ooif p> N, and

1§q,7’§NN—f;ifp<Nf0rN21.

As for parabolic differential equation, Wei and Agarwal [8] studied the following one

%1‘ — div(a(Vuw)) + elul?%u = f(x,t), (2,t) € Qx (0,T),

— (0, (V) € Bu(z, b)) — h(z,t), (x,t) €T x (0,T), (1.3)
u(z,0) = u(x,T), z €.

By using some results on the ranges for bounded pseudo-monotone operator and maxi-
mal monotone operator presented in [9, 10], they obtained that (1.3) has solutions in
LP(0, T;WhP(Q)) for 1 < g < p < +o0.

How about hyperbolic differential equations? Can we use the perturbation theories for
nonlinear operators to do the analysis?

In this paper, we shall study the following hyperbolic problem with mixed boundaries

0 ou
“a
(x,t) € Q x (0,7T),
— (9, o (|VulP)|VulP2Vu) € B(u(z,t)) — h(z,t), (z,t) €T x (0,T),
yu(z,t) = w(z,t) ae. (x,t) €l x(0,T),
u(z,0) = u(x,T), x€Q,

ou ou

\ a1(a($7T)) = al(a(az,())), x €,

) = div(az(|Vul")[Vul""*Vu) + Ml "u+ Xolul ™ "*u = f(,1),

(1.4)

where «; is the subdifferential of j, i.e., a; = 94, and j : R — R is a proper, convex and
lower-semi continuous function; as : R (J{0} — R* is a continuous nonlinear mapping
such that pta(t) + (p — Daa(t) > 0, 0 < as(t) < ky for t > 0, tlir+n as(t) = ky > 0,
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where ki and ko are positive constants; 5 : R — R is maximal monotone. More details of
(1.4) will be presented in Section 2. We shall discuss the existence of solution of (1.4) in
L7(0,T; WhP(Q)).

We may notice that the traditional part f%
replaced by f%(al(%)), which leads to the differences in the proofs of the main result.

in hyperbolic differential equations is

Furthermore, if we set j = I, aa(t) =1+ ﬁ, for t > 0, and if \y = Ay = A, then (1.4)

becomes to the following hyperbolic capillarity equation with mixed boundaries

A div[(1 + %MVUV’*QVU] + ANu| 2w+ Au|? e = f(z,t)
o N o
(x,t) € 2 x(0,T),
[Vul? -2
— 9,1+ )IVulP=*Vu) € pu(x,t)) — h(z,t), (x,t) eI x(0,T),

(1.5)

yu(z,t) = w(z,t), ae. (x,t) € x(0,7),
u(z,0) = u(z,T), =€,
ou ou

a(x,T) = E(az, 0), z €.

For 1 <p<2 ifwesetj=1I, as(t)=(C+t:)=t s ,t>0,C >0, and Ay = 0, then (1.4)
becomes to the following hyperbolic equation involving generalized p-Laplacian with mixed

boundaries
— ?)2151; —divi[(C(x) + |Vu|2)¥Vu] + M u" e = f(x,t), (z,t) € Qx(0,T),
— (9, (C(x) + |Vul’) "= Vu) € Blule, 1) = h(x,t), (z,t) €T x (0,T),
yu(z,t) = w(z,t) ae. (z,t) eI x(0,7), (1.6)
u(z,0) = u(z,T), x€Q,
0 0
\ %(x,m - 34:(:,;,0), zeq.

If, in (1.6), C(x) = 0, then (1.6) becomes to the hyperbolic p-Laplacian boundary value
problem.

For s < 0,if weset j = I, an(t) = (L+t2)5t 7 ,t>0,m>0m+s+1=np,
and \g = 0, then (1.4) becomes to the following hyperbolic curvature equation with mixed

boundaries
82”& . 2\ £ m—1 ry—2
= T {1+ V) V] + Ml = e t), (1) € @ (0.7),
— {9, (1 + |Vu?)2|Vu|™ " Vu) € B(u(x,t)) — h(z,t), (x,t) €T x (0,7T),
~yu(x,t) = w(x,t) a.e. (x,t) €T x (0,7T), (1.7)
u(z,0) = u(z,T), z€Q,
ou ou
\ g(x,T) = E(m,O), x € €.
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We need the following knowledge to begin our discussion.

Let X be a real Banach space with a strictly convex dual space X*. We shall use (-, -) to
denote the generalized duality pairing between X and X*. We shall use “ — 7 and “w —lim”
to denote strong and weak convergence, respectively. Let “X — Y” and “X << Y” denote
that space X embedded continuously or compactly in space Y, respectively. For any subset
G of X, we denote by intG its interior and G its closure, respectively. For two subsets G4
and G, in X, if G; = G, and intGy = intGy, then we say G is almost equal to G, which is
denoted by G; ~ G5. A mapping 7 : X — X* is said to be hemi-continuous on X (see [11,
12]) if w — }E%T($ +ty) = Tz for any z,y € X.

A function ® is called a proper convex function on X (see [11, 12]) if ® is defined from
X to (—o00,400], not identically +o0o, such that

(1= Nz +Ay) < (1= N)0(x) + A (y),

whenever z,y € X and 0 < A\ < 1. A function ® : X — (—o0, +0o0] is said to be lower-semi

continuous on X (see [11, 12]) if liminf ®(y) > ®(z), for any = € X. Given a proper convex
y—

function ® on X and a point x € X, we denote by 0®(z) the set of all * € X* such that
O(z) < @(y) + (v —y,z7)

for every y € X. Such element x* is called the subgradient of ® at z, and dP(z) is called the
subdifferential of ® at = (see [11]).
Let J denote the normalized duality mapping form X into 2%~ defined by

Jr={fe X" (z, f) = =lllfll, IIFII = ll=ll}, VoeX.

Since X* is strictly convex, J is single-valued.

A multi-valued operator B : X — 2% is said to be monotone (see [12]) if its graph
G(B) is a monotone subset of X x X* in the sense that (u; — ug, w; — we) > 0, for any
[u;, w;] € G(B), i = 1,2. Further, B is called strictly monotone if (u; — ug, w; —ws) > 0 and
the equality holds if and only if u; = us. The monotone operator B is said to be maximal
monotone if G(B) is maximal among all monotone subsets of X x X* in the sense of inclusion.
Also, B is maximal monotone if and only if R(B + AJ) = X*, for any A > 0. The mapping
B is said to be coercive (see [12]) if

m (2, 27,)/[l2n]| = +oo
n—-+o0o

for all [z,,z%] € G(B) such that lir+n |z, || = +oo.
Let B : X — 2% be a maximal monotone operator such that [0,0] € G(B), then the
equation J(u; — u) + tBuy; 3 0 has a unique solution u, € D(B) for every u € X and ¢t > 0.

The resolvent JP and the Yosida approximation B; of B are defined by the following (see
[12)): JPu = us, Bou = —1J(uy —u), for every u € X and t > 0. Hence, [JPu, B;u] € G(B).
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Let 1 < p < 400, then LP(0,T; X) denotes the space of all X-valued strongly measurable
functions z(t) defined a.e. on (0,7") such that ||z(t)||% is Lebesgue integrable over (0,7"). It
is well-known that LP(0,7T; X) is a Banach space with the norm defined by

T
1
T / () |Fde) b
0

If X is reflexive, then L?(0,T}; X) is reflexive, and its dual space coincides with L?' (0, T; X*),
where % + i = 1. Moreover, LP(0,T; X) is reflexive in the case where X is reflexive and
L?(0,T; X) is strictly (uniformly) convex in the case where X is strictly (uniformly) convex.

For 1 <r <p< 400, if X =Y, then L?(0,T; X) — L"(0,T;Y).

Lemma 1.1 (see [12]) If A : X — 2% is a everywhere defined, monotone and hemi-
continuous mapping, then A is maximal monotone.

Lemma 1.2 (see [12]) If & : X — (—o00,+400] is a proper convex and lower-semi
continuous function, then 9% is maximal monotone from X to X*.

Lemma 1.3 (see [12]) If A; and A, are two maximal monotone operators in X such
that (intD(A4;)) N D(As) # 0, then A; + A, is maximal monotone.

Theorem 1.1 (see [10]) Let X be a real reflexive Banach space with both X and its
dual X* being strictly convex. Let J : X — X* be the normalized duality mapping on
X. Let A and B be two maximal monotone operators in X. If there exist 0 < k < 1 and
C4,Cy > 0 such that

(a,J Y (Bw)) > —k||Bwl|]* — C1||Bw|| — Ca, Yv € D(A),a € Av

and ¢t > 0, where B; is the Yosida approximation of B. Then R(A) + R(B) ~ R(A + B).
Lemma 1.4 (see [13]) Let © be a bounded conical domain in RY. If mp > N, then
WmP(Q) < Cp(Q); if 0 < mp < N and ¢ = 52—, then W™P(Q) — L(Q); if mp = N and
p > 1, then for 1 < g < 400, then W™P(Q) — LI(Q).
Lemma 1.5 (see [13]) Let Q be a domain of RV with its boundary I' € C!, then we
have the following results

(i) if w € WLP(Q), then the trace yu € W'~ »?(T') and ||7u||W1 < Ki|lullwie);

1
P
(ii) ifv € Wl_%’p(F), then there exists v € W'?(Q) such that v = yu and ||[ullw1.r) <

K2H”U||W1_%,p(r), where v : WP(Q) — W'~#P?(T) denotes the trace operator.

Lemma 1.6 (see [12]) Let A : X — 2% be a maximal monotone operator and
let B: X — X* be a hemi-continuous, bounded, coercive and monotone operator with
D(B) = X, then R(A+ B) = X*.

2 Main Results

In this paper, unless otherwise stated, we shall assume that N > 1, 2 <p < +oc0, 1<
r<pfori=1,2And I+ 5 =1, L4 =1land =+ 5 =1
1 2

’ory T,
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In (1.4), Q is a bounded conical domain of a Euclidean space R" with its boundary
' € C! (see [2]), T is a positive constant, A\; and X\, are non-negative constants, and

denotes the exterior normal derivative of T,
~: LP(0, T; WHP(Q)) — LP(0, T; W 5#(T))

denotes the trace operator. We shall assume that Green’s Formula is available.

Suppose that a; = 0j is continuous, where j : R — R is a proper, convex and lower-
semi continuous function. Suppose as : RT(J{0} — R™ is a continuous nonlinear mapping
such that ptab(t) + (p — Daz(t) > 0, 0 < aq(t) < ky, for t > 0, tEI_glOOCXg(t) = ko > 0,
where k; and ks, are positive constants. 3 : R — R is maximal monotone such that, for each
w(z,t) € LP(0,T; LP(T")), B(w) € LP(0,T; LP(T)).

Now, we present our discussion in the sequel.

Lemma 2.1 (see [14]) For u(x,t) € LP(0,T; WP (Q)),

T
T / / Vuldedt) + ka,
0 Q

where ks and k4 are positive constants, ]\2,—{:1 <p<4ooand N > 1.

Lemma 2.2 Define the mapping B : L?(0,T; W'?(Q)) — L? (0, T; (W'?(Q))*) by

T
(w,Bu) = / /(ag(Vu|p)|Vu|p_2Vu,Vw)dxdt
0o Jo

T T
+/\1/ /|u|”2uwdxdt—|—)\2/ /|u|r22uwd:cdt
o Jo o Ja

for any u,w € LP(0,T; W'P(§2)). Then B is everywhere defined, bounded, hemi-continuous,
monotone and coercive.
Here (-,-) and | - | denote the Euclidean inner-product and Euclidean norm in RY.
Proof Step 1 B is everywhere defined. Yu,w € L?(0,T; W?(Q)),

T T
|(w, Bu)| < / /k:1|Vu|p1|Vw|dxdt—|—)\1/ /u|”1|w|d:cdt
o Ja_ 0o Ja
+)\2/ /|u7'2_1|wdxdt
0o Ja .
z &
< kl”““iﬂ(O,T;lep(Q))HwHL"(QT;Wl'P(Q)) + >‘1||w| L71(0,T;Lm1 (Q))HuHLm (0,T;L71 ()

7
A
Lr2(0,T;L72())"

Since WP(Q) — LP(Q) — L™ (Q), WP (Q) — LP(Q) — L"2(Q), then Yo € WP (Q),

+A2[lw 72 0,75 172 (2)) 1]

vl @) < Esllvllwie), [vlloe@) < ksllvllwie@),

where ks and kg are positive constants. Hence,
r1

((w, Bu)| < /f1||UHZ; 0,7;W 1P (Q [wllze 0,10 (02) Alkf)””“illp 0,T; W1 (Q [wllze .m0 (02))
( ) ( ()
T2

+/\2/€6”U

4
Li(o,T;Wl,p(Q)) ”wHLi“(O,T;Wl”’(Q))7
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which implies that B is everywhere defined. Actually, from the above proof, we know that
B is bounded.
Step 2 B is strictly monotone. Yu,v € LP(0,T; W1P(Q)),

T
(u—v, Bu— Bv) > / /(042(|Vu|”)|Vu|”1 — (Vo) [VolP~ Y (IVu| — |Vo|)dzdt
Q

T 0 T
A / / (la = — Jo ) (Ju] — [o])dedt + Ao / / (™ = o) (fu] — Jo)dadt.
0 Q 0 Q

If we set f(s) = s' pay(s), s > 0, then
£ = [(1= J)aas) + saj(s)}s+ > 0

in view of the assumption of oy, which implies that f is strictly monotone. And then B is
strictly monotone.

Step 3 B is hemi-continuous. In fact, it suffices to show that, for any u,v,w €
LP(0,T;WhP(Q)) and t € [0, 1], (w, B(u + tv) — Bu) — 0, as t — 0. Since

|(w, B(u + tv) — Bu)|

T
/ / loa (|Vu + tVolP)|[Vu + tVo[P~3(Vu + tVv) — as(|Vul?) | Vul|P~*Vu||Vw|dzdt
o Ja

T
+X\1 / / [+ to| 72 (u + tv) — |u|™ " ul|w|dzdt
0 Q

T
+)\2/ / [+ tv|"2 72 (u + tv) — |u|™ " 2ul|w|dzdt
o Ja

by Lebesque’s dominated convergence theorem and noticing that as is continuous, we know
that 11_{1(1)(10, B(u+tv) — Bu) = 0, and hence B is hemi-continuous.

Step 4 B is coercive. For u € LP(0,T; W'?(Q)), let ||u|pro,r;wr.0(0)) — +00. Using
Lemma 2.1, we find

(u,Bu)

el e 0,7 w 1 (22))

T
/ /a2(|Vu|p)|Vu|pdzdt / /|u”dmdt / /u|”2dxdt
0 Jo

Hu“LP(OTwl p(n)) HuHLP(OTwl \P () ”“HLP(OTWI \P(Q))

[ Fryre— / /|Vu|pd$dt+)\1/ /|u|”dajdt+/\2/ /|ur2dazdt

H“”Lp(o 7wl P(Q))

This completes the proof.
Lemma 2.3 Define

V

S:D(S) = {ulx,t) € LPO,T;WP(Q)) : u(z,0) = u(z, T), (g;b(x 0)) = al(gj(x 7)),
8 3u P’ . 1,p %
yu=w, m(alg(,1))) € L7 (0,15 (WHP(Q))")} — (00, +od]
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T ou ou
j(=)dzdt, j(=) € L'(0,T;9Q),
oo | [ iGhasa. iGp e oo

400, otherwise.
Then the mapping S is proper, convex and lower-semi continuous.
Proof It is only need to show that S is lower-semi continuous on L?(0,T; W1?((Q)).
For this, let {u,} be such that u,, — u in L?(0,T;W"?(Q)) as n — oo. Then there
exists a subsequence of {u,}, which is still denoted by {u, } such that

Oup(x,t)  Ou(z,t)
ot ot

a.e. (x,t) € Qx(0,7).

Since j is lower-semi continuous, then j( “(‘” ) < lim inf j(au’b(tz’t)) a.e. on Q x (0,7).

Using Fatou’s lemma, we have

T
/ /j(au(x’t))dxdtglim inf/ / 8“"“ )dadt.
0 Q 8t n—oo

Therefore, Su < lim inf S(u,), whenever u,, — w in LP(0,T; WP(Q)). The result follows.

n—oo

This completes the proof.
Lemma 2.4 Let S be the same as that in Lemma 2.3. If w(z,t) € 0S(u(x,t)) then

w(z,t) = —%(al(aa—?:)) a.e. in Qx (0,7).

Proof Let w(x,t) = %. In view of the definition of subdifferential, we have if

w(z,t) € 0S(u(x,t)), then

// —j)d:rdt<// (. 8)[u(e, ) — vz, t)]dwdt
//m“ 2, t) — v(z, )| dedt = // (z,)( 31; g”)ddt (2.1)

Let E be any measurable subset of €2 such that for t € (0,7),

Bl t) = { v(z,t), x€F,

u(x,t) x € EC,

where E© is the complement of E in €. Taking v(x,t) = w(x,t) in (2.1), we have

// )+ (mt)}(?; g”)d it <0,

In as much as F was any measurable subset of €2, we have

J(= )—](g:) —w(x, t)(?;: %) a.e. (x,t) € Q@ x (0,7).
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Thus
ou ou

w(a,t) = ~0j(5)) = (G

) a.e. (x,t) € 2 x(0,T).

Then 5 5
w(z,t) = —&(al(a—?)) ae. (z,t) € Q x (0,7).

This completes the proof.
Theorem 2.1 For each w(z,t) € LP(0,T; Wlfi’p(lﬂ)) and f(z,t) € LP (0, T; (WP (Q))*),
there exists u(z,t) € LP(0,T; W'P(Q2)) which is the unique solution of the following bound-

ary value problem

— 2 (n(22)) — div(as([Vul?) VulP~2Vu) + Aful2u + Aoful"*2u = £(z,0)
(z,t) € Q@ x (0,T),
yu(x,t) = w(z,t) a.e. (x,t) €T x (0,7T), (2.2)
u(z,0) =u(z,T), x€Q,
al(%(x,T)) = al(%(x,O)), x € €.

In the following of the paper, we denote u,, ; the unique solution of (2.2).
Proof From Lemmas 1.2, 2.3, 1.6 and 2.2, we know that there exists

u(z,t) € LP(0,T; WHP(9)),
which satisfies
0S(u(x,t)) + Bu(x,t) = f(x,t). (2.3)
Then Vo € C§°(0,T;Q2),

/ / N (cr ( )godxdt+/ / o (|VulP)|VulP~2Vu, V)drdt

—I—/ /A1]u|T12u<pdxdt+/ //\2|u|r22ucpdxdt:/ /fg@dxdt.
o Jo o Jo o Jao

From the properties of generalized function, we have

0 ou
_Q( (at

Combining with the definition of S, we know that (2.2) has a solution in LP(0,T; W?P(Q).
Uniqueness: let both u(x,t) and v(z,t) be solutions of (2.2), then they satisfy (2.3).
Thus (v — v, Bu — Bv) = —(u — v,0S5(u) — 0S(v)) < 0, since S is monotone. But B is

monotone too, so (u—v, Bu— Bv) = 0, which implies that u(x,t) = v(z,t) since B is strictly

) —div(as (|Vul?) [ VulP2Vu)+ A1 |u] " 2utdo|u|™ " ?u = f(z,t) ae. in Qx(0,T).

monotone.
This completes the proof.
Lemma 2.5 Define the operator

A L0, T; WP (1)) — (LP(0, T; W5 7(I)))"
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by
Aw = (9, as(| Vi 1P) |Vt ¢ |P "2Vt £), Yw € LP(0,T; W57 (T)),

then A is maximal monotone on L?(0, T Wlfi’p(lﬂ)).
Proof Step 1 A is everywhere defined. Ywi,wy € LP(0,T; Wlfi’p(f‘)), noticing
Lemma 1.5, there exists wy € LP(0,T; W1?(Q)) such that for t € (0,T), yw; = w, and

12| e 0,7;w10(2)) < K2||w2||Lp oTW BRIy

Using Green’s formula and (2.2), we have
T
|(we, Awy)| = / / < 19,a2(|Vuw17f|”)|Vuu,l,f|p72Vuw1,f > wodl(x)dt|
o Jr
T
— 1 [ @Vt )Tt 72V, Vi)
o Ja

T
+ / [ vl0n( i )Vt 5, o]

0 w
< / /wwlfv’ IVw2|dxdt+/ /| “ l’f))@|dxdt
+/ /|)\1|uwhf|r12uw17f+/\2luw1,fyr2Qle,f_f(xvt)Hw?ldxdt
0
z A
S (k1‘|u1u1,f| LP(0,T;W1r(Q)) + >\1”u'wl,fHLlp(O’T;Wl,p(Q))

Iz
+)‘2||uw17f”22;(0,T;W11P(Q)) + 1Al o 0. 250w 10 ()
8uw f .
+||a o ( atl )HLP'(O,T;(WLP(Q))*))Hw?”L”(QT;Wl’p(Q))?

which implies that A is everywhere defined.
Step 2 A is monotone. Ywy,ws € LP(0,T; Wlfi’p(f‘)), using Theorem 2.1, there exists

Uy, fy Ywsy, f € LP(O,T; Wl’p(Q))

such that for ¢ € (0,T), Yuw,,r = wy and Yy, r = wy. Using Green’s formula, we have the
following

(w1 — Wa, Aw1 — AU)Q)

T
= / / <V, (| Vit £°)|Vitw, P2V, 5 > widl(z)dt
o Jr
T
—/ / <V, (| Vs, 1 P) Vb, P72V Uy, > wodl(z)dt
o Jr
T
—/ / <V, (| Vg, ¢ [P) [Vt P73V, ¢ > widD(z)dt
o Jr

T
+/ / <V, 02|Vt 1 [P) [V P72V Uy ¢ > wodl(z)dt
o Jr
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T
/ / (s (| Vttan 1 17)| Vit 17> Vit . Vit st
0 Q

T
0 Oy,
[ M7 B Nl 7 = 0 (P i

/ / o ([Vw, 1) |Vt ¢~ Vuwl’f,VuW27f>dxdt

{O

T
0 8le,f
U = Ml Pt = el Pt 5+ 5 (L s

Q-

T
/ (o[t 5 P) [Vt P>Vt . Vit gl

ZO

T
0 Oy,
U = Ml Pt = ol T+ 5 (L, s

Q-

T
+/ / Ao (|V,, £ P) Vi, P 2Vuwzf,Vuw2 pydxdt
Q

T
0 Oy,
e A AL e 2
Q

= (Uwy,f — Uy, 5 (B + 0S) Uy, f — (B ~+ 0S)ty,,f) > 0.

Step 3 A is hemi-continuous. It suffices to show that for w, we, w3 € LP(0,T; Wl_%’p(F))
and k € [0, 1],
(’U)3,A(’LU1 + k‘wg) — A’U)l) — 0

as k — 0.
In fact, notice again that for ws € L?(0,T; Wlfi’p(l“)), there exists w3 € LP(0,T; W1P(£))
such that ywz = w3 for ¢t € (0,7).

Now we shall compute the following

|(w3, A(w1 + k‘w2> — Aw1)|

T
- |/ /<197a2(|vuwl+sz,f|p)|vuw1+k’w27f|p2vuw1+k’w27f>w3dr(x)dt
0 . T
[ [0.08(0 Tt )Tt P, gy @)
; T
= |/ /<O‘2(|vuw1+szﬁfp)|vuw1+kw2,f|p_zvuw1+kw2,fvVw3>dxdt

/ /le (V' 4w, £ 1) [V, 1k, 1 P72V g, 4k |03t

2

T
[ sVt PV sVt g Vi

D

T
/ div]ae |V, 11P) |V, P>V, fJwzdzdt]

=)
2

T
| / /042 (Vttar s g P) [Vt g [PV i 2 VT3Vl
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8 auwl Yhwi+kws, f\\—
T 5t ))wzdxdt

|, fae
.,

+/ / )\2|uwl+kw2’f|rz_2uwl+kw’fw73dxdt
0 Q

fwsdxdt +/ / /\1|uw1+ka f| uw1+kw2 fUJgdZEde

T T
0 Oy,
—/'/mmv%ﬁmw%ﬁwkmwﬁwwmm+/‘/mm“hﬂmwMt
0 Jo o Jo Ot ot

T T T
+/ /fwgdxdt—/ //\1|uw1,f|“2uw1,fwgdxdt—/ //\2|uwl7f|r22uwhfwgdxdt|
0o Jo o Jo 0

__ g O, 4 kws f O, f | OW3
<5 Btwrinns ~ B )+ [ [ lon(Pettnty g, Oty Oy o)
0 Q

Notice that

Vs +kws, f = W1 + KWa = YUy, + kYUy, 5 a.e.onT x (0,7),

then by using Lemma 1.5, we have

Unpy +hws, f = Uy, f + Ky, pa.e. in Q x (0,7).

Thus Lemma 2.2, (2.4) and the assumption on «; ensure that

as

(w3, A(wy + kwy) — Awy) —

k — 0, which implies that A is hemi-continuous.
Therefore, Lemma 1.1 implies that A is maximal monotone. This completes the proof.
Definition 2.1 Define a mapping P : L?(0,T; Wlfi’p(lﬂ)) — R by

Pw(z,t) / / U | 2y pddt + )\2/ / Uag, |2 21y, pddt,

Yw € LP(0,T; W' #?(T

where u,, ; is the unique solution of (2.2).

Theorem 2.2 If

T meas(T) / / (z,t)dl(z dt—l—/ /f:btdmdt € R(B+ T meas(F)P)’

then nonlinear problem (1.4) has a solution in LP(0,T; W?(Q)).

LP

Proof Let A be defined in Lemma 2.5. Then A is maximal monotone operator on
(0, T; W' #2(T)) or in L?'(0,T; L (T')). Define Lw = B(w), where

D(L) :={w e L (0, T; L¥(T)) : B(w) € L*(0,T; L*(T))},

then L is maximal monotone in L? (0, T; L” (")) since /3 is maximal monotone.
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Next, we shall verify that the conditions of Theorem 1.1 are satisfied in L?' (0, T'; L” (T")).
(Aw, J7H(Lyu(w)))

T
_ //(ﬁ,a2(|vuw,f|fj)|ww,f|f'QVUu,7f>J1(gu(w))dr(x)dt
T
OT
- / / Aiv[aa (Vg 7) Vit 12Tt 181t )27 By () Byt P2l
0

T
T / / (Vg [P) [Vt 4 P2Vt 5, VT (Bt )l
0 Q

T
0 Oy,
= / /(_at(al( ot f)) + )\1|uw f| uw Ni
+)‘2|uw f| uw S )||ﬂu(uw,f)Hiipﬂu(uw,f”,@u(uw,f)’pizdxdt

(b—1) / [ (1) T 18t )75 )l

Oy, 3
> =5 (aa(—~ ))HLP o.r:wre@)ys) e o, mvie @)y + Al fll L 0, T;Whp(Q
ot at )

7’2

ettt o o (@) o 02520 -

Thus from Theorem 1.1, we have R(A) + R(L) ~ R(A+ L).
For h(x,t) € LP(0,T; LP(TI")), we rewrite it as h(x,t) = g(z,t) — [g(x,t) — h(z,t)], where
g € L*(0,T; L*(T")). For g(z,t), we write it as g(x,t) = g1(z,t) + g2(x,t),where

91(@%) 9@,t) = T - meas(T) / / - T -meas(T) / / fdx

and
g2(x,t) = T meas( F)/ /fdmdt—l—/ /hdI‘
—)\1/ /|uw’f|”_2uw,fda:dt—/\2/ /|uw,f|’”2_2uw’fda;dt)
0o Ja 0 Ja
1 T
S h — g)dl'(z)dt
T-meas(F)/o /1“( g)dl'(z)
Then

T
/ /gl(:c,t)df‘(:c)dt
o Jr
T T T
—/ /fd:z:dt—l—)\l/ /|uw’f|”2uw,fd1:dt+)\2/ /|uw,f|r22uw’fdmdt

= / /le (6] |Vuwf|p)|Vuwf|p QVuwfdxdt+/ /815 1 auwf d dt
Q
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T
- / / div]as (| Vg, 1P|Vt [P~ 2V, fldzdt
o Ja

T
= / /(19,ag(|Vuw,f|p)|Vuw,f|p_2Vuw’f>dI‘(x)dt
o Jr

- / ) / AwdT(x)d,

which implies that g; € R(A).

On the other hand, for the small perturbation h — g € L?(0,T"; L?(I")), from the given

condition that

T oas(®) / /f(xtdxdt+/ /th Jdt) € R(B + meas(F)P)’

we can easily know that go € R(L). Therefore, g € R(A+L), which implies that h € R(A+L).
Thus

—(0, 02 (| Vit [P) [Vt P>V ) € Bt f) — h(, T).

That is, (1.4) has a unique solution in L?(0,T; W?(€2)). This completes the proof.
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